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4 Summary

In chapter 2, we started with the DSR formalism by MS where the modified dispersion
relation, in order to incorporate an invariant energy scale «, is given by (2.1). But in the
case of photon gas, it is simply € = p. Since there is a cut-off on the maximum en-
ergy and the minimum length, the expression of the thermodynamic quantities changes
accordingly. We started by considering a model of a photon gas obeying Bose-Einstein
statistics in grand canonical ensemble and went on calculating various thermodynamic
quantities such as energy density, pressure, entropy, specific heat and equilibrium num-
ber of photons with such an ultraviolet cut-off. We found one to one correspondence
between the behaviour of photons with an ultraviolet cut-off and the acoustic phonons in
the Debye theory. The Stefan-Boltzmann law got modified which will give correction to
the dynamics of many stellar objects. We found that the non-perturbative nature of the
thermodynamic quantities in the SR limit is a general feature of the theory with an ultra-
violet energy cut-off. We also noted that the values of all the thermodynamic quantities
are less than the SR values because of this cut-off. We then studied the change in the
phase space measure for exotic spacetimes at Planck scale and discussed the example of
classical ideal gas for illustration. We found that the classical ideal gas in case of modified
phase space measure has a non-trivial volume dependence in its expression for the par-
tition function leading to the modification in the thermodynamic quantities like pressure
accordingly. We went on calculating the possible change in the thermodynamic quantities
due to the change in the phase space measure. Because of this modification, Planck’s

energy density distribution and the Wien’s displacement law got modified. Note that all

93
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the thermodynamic quantities reduce to the usual SR result in k — oo limit. We have plot-
ted the temperature dependence of various thermodynamic quantities. We can clearly see
from the plots of various thermodynamic quantities that we start getting the deviation of
the results obtained in the modified case from the SR case at % ~ 107!, We found that the
modified Wien’s law can be observed at comparatively lower temperature than the ther-
modynamic quantities. Next, we discussed the possible realization of the modification at
Planck scale by considering its effects near the Big Bang. The effectively lower Planck
scale cosmological observations and modifications of DSR have also been discussed. The
leading behaviour for T — 0 and 7 — « have been analysed. We observed that in the
case of modified phase space measure the values of the thermodynamic quantities might
be less than, equal to or greater than the SR values depending on the choice of a,,,. As
was seen both for the case with only an ultraviolet cut-off and the modified measures,
the nonanalyticity in the special relativistic limit is a general feature of the energy cut-off
introduced in the theory. In the last section, we have given the possible scenarios of the
physical observation of results obtained in effective low energy by suggesting a quantum
mechanical table top experiment. Note that the present work only deals with the study
of massless bosons i.e. photons, but the analysis can be extended to massive bosons and
fermions as well. This will give us an insight into the invariant energy scale effects in
well-known phenomenon such as Bose-Einstein condensation and the behaviour of de-
generate Fermi gas. This, in turn, leads to the study of the stellar objects such as white
dwarfs and neutron stars. It would certainly be interesting to see whether the nonpertur-
bative effects appear in such massive cases too. Analysis of this chapter can be used to

study early Universe thermodynamics.

In chapter 3, we started with the study of the effect of a relativistically invariant energy
scale on the thermodynamics of a degenerate Fermi gas. We considered the model of
Modified Dispersion Relation(MDR) with an invariant ultraviolet cut-off on the single
particle energy. We found the correction to the thermodynamic pressure and the total

energy of the degenerate Fermi gas in all the three cases m < x, m = k and m > k. We
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discussed the number density n and mass m dependence of the degenerate pressure for
m < k case. We found that the degenerate pressure is perturbative in the SR limit, a result
unexpected for the theory with an ultraviolet cut-off. We also, briefly discussed the two
extreme non-relativistic and the ultra-relativistic limits of the pressure. We took the white
dwarf stars as an example and studied its modified dynamics. For the usual particle i.e,
in case of m < «, as is obvious from figure 3.2, we found that the equilibrium degeneracy
pressure is greater than, equal to and less than the SR value for particular masses of the
considered compact object such as white dwarf. Also as shown in figure 3.3, for given
masses the value of the radius of the white dwarf is found to be less than, equal to and
greater than the usual SR value. Since energy density is related directly to mass density
so denser compact objects are expected to show better measurable correction due to such
a modification. We do not get the Chandrasekhar limit in the other two cases as expected.
The Chandrasekhar mass limit for a white dwarf in this case is greater than the usual SR
value which is clearly visible from the plot. One of the major predictions of our theory
is that it makes an attempt to explain the observed lower radius white dwarfs and also
predicts the white dwarfs having radius greater than that predicted by the present SR
theory. The correction (see (3.81)) is purely perturbative in the SR limit which is quite
unusual for a theory having an ultraviolet energy cut-off. Therefore we conclude that
this correction is solely because of the modified dispersion relation. The other two cases
m = k and m > k has also been studied where we do not get any limit on the white dwarf
mass. Note that the presence of observed white dwarfs having radius lesser than the SR
case may find an explanation if they are modeled using a modified dispersion relation.
This result has also been found using the modified Lane-Emden equation assuming radial
density distribution. General modified structure equation has also been discussed in detail.
Along with this it was shown in [89] that the Stefan-Boltzmann law gets modified in
DSR and so does the luminosity. We therefore calculate the the luminosity of such a
white dwarf in such a modified relativistic theory both in non-relativistic and relativistic

cases. We noted that since the correction in pressure is negative for a given mass and
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temperature and so is the correction in the luminosity as well. The correction to the
luminosity of a white dwarf is nonperturbative in SR limit as expected because of the
presence of an ultraviolet energy cut-off. In future, one can also do similar analysis of
other dense and compact stars like neutron stars etc. Since neutron stars are denser than
the white dwarfs, one expects more prominent signature to the DSR correction. Given
the modification of degenerate fermions in the formalism discussed in this thesis, one can
further explore the general modifications in the thermodynamics of a massive fermion gas
(not necessarily degenerate) and also the study of massive ideal boson gas is in order. To
study the thermodynamics of a black hole one needs to formulate the DSR on a curved

spacetime.



Synopsis

In this thesis, we study the effective theory formed out of the modification of the known
relativistic theory which incorporates another invariant ultraviolet scale also known as
Doubly/Deformed Special Relativity or DSR. The first chapter consists of the Introduc-
tion. In chapter 2 we look into the modified thermodynamics of Ideal photon gases in
such a deformed relativistic theory and its possible realization at low energy and near Big
Bang. In Chapter 3 we explore the modification in the thermodynamics of the degenerate
ideal Fermi gas and as an example we look into the modification in the dynamics of the

white dwarf stars. In Chapter 4 we conclude the whole thesis and give future directions.

0.1 Deformed/Doubly Special Relativity: An Effec-

tive Theory

Almost all the theories in physics are effective theories i.e, they are valid till a certain
scale. This scale may be a length scale or conversely an energy scale. There are many
ways to see the effects of an effective theory. One of the ways to realise it is by putting
an ultraviolet cut-off on the energy of a relativistic particle. This cut-off acting as an
effective scale has to be invariant as different inertial observers must observe the same
effective scale till which the theory is valid. This leads to the modification of the known
relativistic theory. Now, the question that naturally one encounters is that how one goes

about modifying the relativistic theory and what might be the possible implications?

1



Although as stated before the formalism is valid at any scale provided that scale is invari-
ant. Earlier motivation of such a modification appeared as the range of theories called
Doubly/Deformed Special Relativity or DSR [1] [2] [3] [4] [5]. The motivation of DSR
theories is also derived from the observation of interesting effects such as deformation of
dispersion relation etc. at very high energy scales [1,6—9]. The introduction of an observer
independent energy scale in DSR formulation, say «, leads to such a modification in the
dispersion relation of a free particle [1-4]. The energy threshold also acts as a cut-off on

the highest possible energy value in the physical (sub-Planckian) world [4, 10].

All the candidate Quantum Gravity (QG) theories encounter a natural scale where the
effects of the theory become visible. This is the Planck scale usually donated by Planck
energy (E, = k) or Planck length (L,). This scale acts as a threshold where a new de-
scription of spacetime is expected to appear. But the existence of such a, let’s say, length
scale is in conflict with the equivalence principle as different observers will see different
scales i.e they won’t agree on the same L,. It is possible to have the equivalence principle
by deforming special relativity (SR) in order to incorporate this threshold as an invariant
quantity under a relativistic transformation. In such a theory apart from the constancy of
the speed-of-light , the Planck length, equivalently, Planck energy is also constant under
coordinate transformation from one inertial frame to another. The modification puts an
ultraviolet cut-off on the energy of the particle and gives us a modified dispersion relation.
Such modifications in the SR will have implications in the known physics. But all these
modifications are only the remnants of the Quantum Gravity theory. Therefore in the limit

Kk — o0, as expected, we get the usual SR.

We can achieve the above condition by modifying the Poincare algebra. There are many
ways to modify the algebra. One possible way is to modify the generators in-order to
incorporate the scale « as an invariant scale. Various ways of modifying the generators
leading to modified Poincare algebra are the known as different bases. Such a modi-

fication in the algebra is also known as «x-Poincare algebra [11-16]. This modification



0.1 Deformed/Doubly Special Relativity: An Effective Theory 3

naturally happens in the momentum space, so we will only consider that. Although the
whole phase-space modification is still a topic under study. The modification we will
particularly be considering was the one suggested by Magueijo and Smolin (MS) [3] [4],
where we keep the rotation generator as it is but modify the boost generator. Such a
modification keeps the Lorentz sector of the algebra unmodified but modifies the action
on the 4-momentum part of the Poincare algebra i.e, we get modification in the action
of the Lorentz group on the momentum space representation. Preserving the Lorentz

group/algebra keeps the theory simple and intuitive.

The introduction of an observer independent energy scale « leads to a modification in
the dispersion relation of a free particle and gives a modified invariant mass. The en-
ergy threshold also acts as a cut-off on the highest possible energy value in the physical
(sub-Planckian) regime. Similar cut-offs appearing in other candidate quantum gravity
theories like noncommutative geometry, string theory, loop quantum gravity and GUP
(Generalised Uncertainty Principle) etc [2, 17-28]. This sub-Planckian regime which is
characterised by the energy E < k and the momentum p < « is the result of the choice of
the U-map (this is a map between the standard Lorentz generators and the modified ones
resulting in the modification of the Poincare algebra keeping the Lorentz sector intact).
This choice of U-map is in sync with the expectation of the emergence of the granular

structure of spacetime at Planck scale.

Such a theory can also be realised as curved momentum Ads and/or ds-space with curva-

ture given as k.

With such a modified relativistic theory, the natural question one asks is about its possi-
ble implications on the known physics. Although various implications of DSR has been
extensively studied in the literature, the thermodynamics of the relativistic particles is a
special concern that one may look into. There are earlier studies of the thermodynamics

and its implication on compact objects in literature [10, 12,29-34].

This thesis arises exactly in the above mentioned contexts and comprises of two parts: the



first part deals with the corrections to the thermodynamics of photons and its implications
and the second part discusses the correction to the thermodynamics of the degenerate
Fermi gas, with white dwarf as a toy example. In the subsequent discussions, we will

concentrate only on such modifications and its implications.

0.2 Correction to Photon thermodynamics and its im-

plications

One of the easiest thing one may look into is the modification or correction to the massless
particle i.e, photons. Since these are massless the modification appears only as ultraviolet

cut-off as the dispersion relation is the same as the usual SR.

0.2.1 Modified ideal photon gas thermodynamics

We started by considering a model of an ideal photon gas obeying Bose-Einstein statistics
in grand canonical ensemble and went on calculating various thermodynamic quantities
such as energy density, pressure, entropy, specific heat and equilibrium number of pho-
tons with such an ultraviolet cut-off. We found one to one correspondence between the
behaviour of photons with an ultraviolet cut-off and the acoustic phonons in the Debye
theory. The Stefan-Boltzmann law got modified which will give correction to the dynam-
ics of many stellar objects such as Luminosity etc. We found that the non-perturbative
nature of the thermodynamic quantities in the SR limit is a general feature of the theory
with an ultraviolet energy cut-off. We also noted that the values of all the thermodynamic
quantities are less than the SR values because of this cut-off. The leading behaviour for
T — 0and T — « have been analysed. We start getting the deviation of the results

obtained in the modified case from the SR case at % ~ 1071,

Note that all the thermodynamic quantities reduce to the usual SR result in k — oo limit



0.2 Correction to Photon thermodynamics and its implications 5

in accordance with the correspondence principle.

0.2.2 Modified Measure and Photon gas thermodynamics

Another aspect of such Planck scale modification is that we also expect exotic spacetime
to emerge at Planck scale. This will reflect as the modification of the phase-space measure
at such scale.To list a few examples where similar modification appears, we note that in
noncommutative physics, which is one of the quantum gravity candidate, the change in
phase space appears as a change in the density of states as discussed in [35]. Another can-
didate of the quantum gravity theories, namely Loop Quantum Gravity also predicts the
change in phase space measure/density of states at very high energies [36—39]. We have
considered the most general modification of the phase-space by assuming the spacetime

to be isotropic and to be Taylor series expandable in the powers of (i) and (f)

We first considered the example of classical ideal gas for illustration. We found that the
classical ideal gas in case of modified phase space measure has a non-trivial volume de-
pendence in its expression for the partition function leading to the modification in the
thermodynamic quantities like pressure accordingly. We went on calculating the possible
change in the thermodynamic quantities due to the change in the phase space measure.
Because of this modification, Planck’s energy density distribution and the Wien’s dis-
placement law got modified. We observed that in the case of modified phase space mea-
sure the values of the thermodynamic quantities might be less than, equal to or greater

than the SR values depending on the choice of expansion parameter a,, .

We found in case of modified Wien’s law that 4,,,, is a monotonically decreasing func-
tion of T. Also that A,,,, for modified phase space measure decreases more rapidly with
increasing T than the case of unmodified measure. The significant change in the values
occur only if the order of the change in temperature is non-negligible with respect to «.

That is why in SR limit gives the standard Wien’s displacement law.



Note that again that all the thermodynamic quantities reduce to the usual SR result in

k — oo limit and with a,,,, = 1.

0.2.3 Effects in Big Bang and astrophysics and cosmology

The Friedmann equations (more specifically FRW equations) and its relation is standard
and well studied cosmology subject [40]. We considered the radiation dominated epoch
where we have the modified energy momentum tensor 7, this leads to the modified
energy conservation equation and hence we get modified Hubble parameter H, which

characterises the rate of expansion of the Universe.

We found that His;a < 1 always, which implies that the expansion of the Universe was at a
slower rate in the radiation dominated era than the rate of expansion without such mod-
ifications. Because of the slower expansion, all the epoch would eventually get delayed

resulting in the modification in the age of the known Universe.

Next we may consider such photons at an effective lower scale due to other parameters
in the theory like mass, number density etc. These parameters may effectively lower
the Planck scale such that its effects can be observed in very high temperature and high
density regimes. To probe such effects we need to observe the stellar objects with very
high temperatures and densities. For example, the astronomical data from gamma ray
burst during the merging of neutron stars (which has the core temperature of T = 10'? K)
may give a bound on effective k value. We can also explore the Chandrasekhar limits and
its possible modifications which we will discuss later. It will also be interesting to see if
one gets a better bound on « in case of luminosity calculation of neutron stars using the

results obtained for the blackbody radiation.

Another aspect is the possible application of this theory in bouncing loop cosmology. In
“bouncing" loop quantum cosmology theories (see [41] [42] [43], we normally consider

specific modifications to the spacetime geometry which effectively puts a bound on the



curvature and in this way the Big Bang singularity can be avoided. But for such “bounc-
ing" models, we cannot use the perturbation technique at the curvature saturation, as the
energy density of the cosmic fluid diverges. What one can do to still avoid the Big Bang
singularity is to consider an inflation model where we can safely use the perturbation the-
ory. We have obtained the energy density of the cosmic fluid which saturates to the Planck
energy, which of course is finite. Then we may combine both the results obtained and the
“bouncing" loop quantum cosmology to study the possible way out to avoid the Big Bang

singularity.

In the SR limit the modified Hubble parameter becomes nearly equal to the normal SR
one, as K is very large, so the correction terms go to zero as expected. Note that the
modification in the age of the Universe and possibility of using the results obtained by us

to avoid the Big Bang singularity.

0.3 Correction to Degenerate Fermi gas and White Dwarf

Dynamics

Since the thermodynamics of classical ideal gas and the gas of ideal photons, in such a for-
malism, have also been studied in detail, studying Fermi gas becomes the next immediate

thing.

We have a modified dispersion relation (MDR) and a cut-off on the highest single par-
ticle energy/momentum, this in effect will give a correction to the thermodynamics of
the degenerate Fermi gas which becomes nontrivial. As we have a new invariant mass,
the study of thermodynamics for massive particles gets separated in three different cases
m < k, m = k and m > k. The modified the degenerate pressure and energy is calculated
in all the three cases. We can also make a contour plot of the pressure and energy with the

parameters mass and number density and « to see the possible sectors of the observable



effects of such modification. The degenerate pressure comes out to be perturbative in the

SR limit which is unexpected result for such theories.

As is well known, the model of degenerate Fermi gas is used to study the dynamics of
many compact stars such as white dwarf stars, neutron stars etc. We will consider a simple
model of white dwarf stars to study the possible implications of the obtained results. The
correction to the Chandrasekhar limit for white dwarf in all the three cases is looked into.
For the usual particle i.e, in case of m < k, we found that the equilibrium degeneracy
pressure is greater than, equal to and less than the SR value for particular masses of the
considered compact object such as white dwarf. Also for given masses the value of the
radius of the white dwarf is found to be less than, equal to and greater than the usual SR
value. Since energy density is related directly to mass density so denser compact objects
are expected to show better measurable correction due to such a modification. One of
the major predictions of our theory is that it makes an attempt to explain the observed
lower radius white dwarfs and also predicts the white dwarfs having radius greater than
that predicted by the present SR theory. The correction is purely perturbative in the SR
limit which is quite unusual for a theory having an ultraviolet energy cut-off. Therefore
we conclude that this correction is solely because of the modified dispersion relation. In
the other two cases we do not get any limit on the white dwarf mass as expected. Note
that the presence of observed white dwarfs having radius lesser than the SR case may
find an explanation if they are modelled using a modified dispersion relation. This result
has also been found using the modified Lane-Emden equation assuming radial density

distribution.

Amongst many results presented in blackbody radiation case, we note that the Stefan-
Boltzmann law gets modified in such theories and this result can be used to study various
stellar objects. We consider the model of degenerate core with a radiative envelope of non-
degenerate matter and use it to calculate the luminosity of the star, which gets a negative

and nonperturbative correction. We anticipate the nonperturbativity in SR limit due to the
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presence of ultraviolet cut-off.

Note that the modified Chandrasekhar limit and Lane-Emden equations are the important
results obtained along with possibility of the model explaining the anomalous white dwarf

behaviour.



Introduction

Almost all the theories in physics are effective theories i.e, they are valid till a certain
scale. This scale may be a length scale or conversely an energy scale. There are many
ways to see the possible effects of such an effective theory. One of the ways to realize it is
by putting an ultraviolet cut-off on the energy of a relativistic particle. This cut-off acting
as an effective scale has to be invariant, as different inertial observers must observe the
same effective scale till which the theory is valid. This leads to the modification of the
known relativistic theory. Now, the question that naturally one encounters is that how one
goes about modifying the relativistic theory and what might be the possible implications?
This requires us to rewrite the known relativistic theory keeping in mind that we should

be able to retrieve the original relativistic theory in some limit.

1.1 Doubly/Deformed Special Relativity

One such method of the modification of the relativistic theory was first proposed by G.
Amelino-Camelia [1, 2] and was later studied and extended by Lee Smolin and Glikman
and others. The proposition is simply to modify the known relativistic algebra i.e, the
Poincare algebra, in order to incorporate along with the speed of light ¢ another invari-
ant scale namely x. When this scale is Planck scale then such theories are called Dou-
bly/Deformed Special Relativity (DSR). The general modification of this kind is called

k-Poincare algebra and which is related to the well studied subject in mathematics called

13
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Quantum Groups. In next section we will see the motivation behind the DSR theories.

1.1.1 Motivation behind DSR theories

Almost all attempts to combine gravity with quantum mechanics i.e, in all candidate
quantum gravity (QG) theories a natural scale emerges and that is the Planck length
(lp = \/%) which acts as the scale at which the quantum effects of gravity show up
[20,22,44-52].This scale acts as a threshold where a new description of spacetime is
expected to appear. Since it being a length scale, the existence of such a scale is in con-
flict with the equivalence principle as different observers in different inertial frames would
not agree on the same /p due to the Lorentz-Fitzgerald contraction. Another way to under-
stand the same is that if the Planck scale is to play the role of the threshold for the discrete
spacetime or the scale where QG effects show up, it may arise in the quantities involving
the metric (or for that matter the action). Now for physics at that scale to be independent
of the inertial frames the action and so the Planck scale has invariant under the relativistic

transformation.

It has been shown that it is possible to hold the equivalence principle by deforming or
modifying the known Special Relativity (SR). As stated before, such classes of theories
fall under the name Doubly/Deformed Special Relativity [2, 5,53, 54]. Since DSR is a
more general theory therefore, according to the correspondence principle, in some limit
it must reduce to the usual SR. Such a limit, also known as the special relativistic limit

is when Planck length/energy — 0/co and the symmetry group goes to usual the Lorentz

group.

The motivation of DSR theories is also derived from the observation of interesting effects
such as deformation of dispersion relation etc. at very high energy scales [1,6-9]. Such a

modification in the dispersion relation is one of the features of the DSR.

There are various ways to modify the algebra, in the next section we will how to rewrite
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relativity and see some of the consequences of modified algebra.

1.1.2 Rewriting Special Relativity and the Modified/Deformed
Algebra

With enough motivation of introducing another invariant scale «, next question is about
the mathematical structure. As stated before the Poincare algebra is no longer valid but is
modified to k-Poincare algebra with deformation parameter « as an invariant scale. Such
algebra is more generally called quantum Hopf algebras. DSR has also been explored
from the point of view of k—Poincare algebra by many (see for example [11-16]). Briefly,
given a Lie algebra we can construct what is known as quantum deformed algebra. For
example, given Lie algebra S O(3, 1) we have deformed algebra S O,(3, 1), where g is the
deformation parameter, whose particular limit gives the usual undeformed algebra. The
general procedure in the usual Lie algebra is to define the quantities called the generator of
the algebra and write the commutation relation of the generators, whose right hand side is
some linear combination of the generators and is called the basis. For quantum deformed
algebra the right hand side of the commutation relation are some analytic function of the
generators and therefore we can use any analytic function of the generators to define a
new basis of the quantum deformed algebra. These different choice of bases has given
rise to different DSR theories such as Bi-crossproduct basis, the Magueijo Smolin (MS)
basis and the classical basis. In all these constructions the common feature is that the
Lorentz sector of the x-Poincare algebra remains unchanged and only Poincare sector

gets deformed.

Another question naturally arises is why to deform only the Poincare part not the whole
algebra including the Lorentz part as well. The first and the foremost reason is that it
keep the theory simple and intuitive. Also, if the generators of boosts and rotations are
interpreted physically in such a way that they give us the rules to transform measurements

made by different inertial observers into each other, then they must exponentiate to a
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group as the group properties follow directly from the physical principle of equivalence
of inertial frames. But if we deform the Lorentz sector as well, then the exponentiation
would not give us a group but a quasi-group i,e, some of the group properties may be

constrained (see [55] and [2]).

Of the various formulations corresponding to different deformations of the algebra, for
this thesis we will focus on the modification suggested by Magueijo and Smolin ( MS
basis) [3,4], the corresponding deformations and its possible implications. In order to ob-
tain the necessary modification let us first look at the set of principles required to develop
such a theory. As described in [4], we will rewrite the usual SR principles to get the DSR

principles by adding two more, as follows :

1. The Relativity of the Inertial Frame : Ignoring the gravitational effects, all the
observers in free and inertial motion are equivalent. Therefore, there is no preferred

state of motion and so the velocity is a purely relative quantity.

2. The Equivalence Principle : Under gravitational effect, freely falling observers

are all equivalent to each other and to the inertial observers.

3. The Observer Independence of the scale « : All observers agree on an invariant

energy scale «.

4. The Correspondence Principle : At energy scale which is much much smaller

than «, the usual SR is valid (in our case this limit is k — ©0).

So, according to the above principles the symmetry group is still Lorentz group but now
it acts non-linearly on the momentum space. We want to achieve this such that it leaves «
invariant. As DSR naturally formulates in the momentum space, for this formulation we
will work in momentum space only with the four momentum given as (p, = py = €; p1 =
Dx: P2 = Dy; p3 = p;). There have been some attempts to study the representation on the

position space as well [56—59]. But it is non-trivial and open to debate as there is still no
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agreement on its relation to the momentum space representation. In this thesis as usual,
we have used the momentum space representation only. Unless stated explicitly we will
use the metric signature (+, —, —, —) and the Greek numerals take values (0, 1, 2, 3) while
the Roman numerals take the values (1, 2, 3). Equipped with the above understanding we

will now look into the modified/deformed algebra.

The standard Lorentz generators L, are,

0 0

— —pp— (1.1)
aps P Opa

Laﬁ = Pa

As is obvious from the transition from Galilean to Lorentz, the trick is to keep the rotation
generators M; = € L;; the same, but modify the boost term by adding a dilatation term
as,

p'D

N =Lj+~— (1.2)
K

where D is the dilatation generator D = pa£ and satisfying D op, = p,. These modified

generators give the usual Lie algebra for the Lorentz sector,
M, M'] =ie’*M,, [M ,N’]=ie*N,, [N',N']=iée"*M,. (1.3)

The action on the momentum generators p,, which gives the rest of the Poincare algebra,

gets modified to,

and
[N p°] =i (1 - %0) P (1.5)

Note that other commutators are trivially satisfied. One easily obtains the quadratic
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Casimir for this algebra and that has the following form

m = ——- (1.6)

& - p = (1 - f)z. 1.7)

As speed of light ¢ was the cut-off on the maximum speed of the particle in physical
regime when we go from Galilean to SR. Here also « acts as cut-off on the maximum
energy/momentum of the relativistic particle in DSR i.e, the physical world lives in 0 to «
or the sub-Planck regime. Therefore, the main features of the DSR theories that emerge
out of the above formulation is the presence of ultraviolet cut-off on energy/momentum
and the modified dispersion relation (MDR). In the next section we will look into the

details of the non-linear nature of the modified transformations.

1.1.3 Non-linear Transformation Laws

The immediate question that comes to ones mind is how do the modified Lorentz transfor-
mations look like corresponding to the above defined modified algebra. We take the cue
from the standard SR formulation which marks the transition from Galilean to Lorentz
transformations. The Galilean transformations are linear in velocity and therefore do not
keep any velocity scale as invariant. In order to have an invariant velocity scale we must
use the Lorentz transformations which are nonlinear in velocity. Thus, if we want to make
Planck length/energy scale as an invariant scale then the relativistic transformation has to
be nonlinear in position/momentum space. The symmetry group must act nonlinearly
in the position/momentum space representation to keep Planck length/energy invariant.
As stated before J. Magueijo and L. Smolin have argued that it is possible to keep the

symmetry group for the DSR transformations to be the Lorentz group [3, 4], but will act
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nonlinearly on the position/momentum space to give us another invariant scale «. They
defined an energy dependent U-map as a map between the standard Lorentz generators
and the modified ones resulting in the modification of the usual Poincare algebra keeping

the Lorentz sector intact.

For example, the modified boost generator is given as
N' = U Y (e)LyU(e) (1.8)

where U(e) = exp(%) and D is the dilatation operator defined before. The nonlinear

representation is generated by U(g) such that,

(1-%)

Also, note that U(¢g) is not unitary and therefore there is no unitary equivalence also that

U(e)op =

(1.9

it is singular at € = «, a signal of emergence of a new invariant scale «. Therefore, the
exponentiation now gives the nonlinear representation of the Lorentz transformation ( in

this case the transformation corresponds to the boost along z-axis ) on momentum space

as,
A(V) e — 8/ — ’}/(8 - sz) — 7(8 - va) (1.10)
1+(y—l)f—)/v% a
) Y(p; —ve) ¥(p: — ve)
AV p= P = IO T E T e (1.11)
’ Px Px
AW) : py = =— 1.12
() px = Pl [+ -Df-pE (1.12)
. ro_ Py _ Py
A(v).py—>py = T+ - DE -k == (1.13)
with y = \/1;_7, c=1land @ = 1+ (y - 1) — yvE. Note that in compact form it looks

very similar to the SR case. Another interesting fact is that they also satisfy the group
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multiplication law of the usual Lorentz group, i.e.,

AWAW) = A( ury )

1.14
1+ uv ( )

With the above modified transformation laws it is easy to see that « is preserved. If we
boost in z-direction with velocity v then (k, 0,0, 0) goes to (k, —vk, 0,0) and under boost
in the photon’s direction of motion we have («, «,0,0) — (k, k,0,0). Since the modified

Casimir diverges at E = k so E = « has to be invariant from the invariance of (1.6).

Another offshoot of this formalism is that the transformation gives us an invariant mass

(-9

m=———"_ (1.15)

This is not the same as the rest mass energy my ( which is obtained by putting p = 0 in

m,

the dispersion relation ), but is related to the same by following transformation,

(1.16)

where, 0 <my <kand 0 < m < oo,

Therefore, the momentum space representation of the modified algebra is given by (1.10)
— (1.13) which in turn leads to the modification in the dispersion relation discussed above
and given by (1.7). The space of 3-momenta is no more the flat R* manifold, but is
maximally symmetric space with constant curvature « [60]. If the curvature of the space
is « then it is de Sitter space of momenta and when the curvature is —«, we have Anti-de

Sitter space.

This whole formalism, in turn, gives us three sections as in case of SR and the energy
threshold « acts as a cut-off on the highest possible energy value in the physical (sub-
Planckian) world as stated before. This sub-Planckian regime which is characterized by

the energy E < k and the momentum p < « is the result of the choice of the U—map.
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This choice of U—map is in sync with the expectation of the emergence of the granular

structure of spacetime at Planck scale.

Although in this thesis we have only explored the MS formalism of DSR. But, similar cut-
offs in momentum and/or energy and MDR are seen in other DSR formalisms as well [11].
Also, DSR is not the only theory where such cut-off appearing, but we see similar cut-offs
appearing in other candidate quantum gravity theories like noncommutative geometry,
string theory, loop quantum gravity and GUP (Generalized Uncertainty Principle) etc. [2,
17-28]. The existence of such a cut-off is also suggested by black hole physics [50,61,62].
Similarly, the existence of MDR and its possible implications has been seen in many
candidate QG theories as well, as in low energy relativistic theories [32, 63-72]. DSR
formalism can also be extended to curved spacetime. One such extension was proposed

by MS and has since then been studied from various perspectives [73—77].

1.1.4 Relation to Non-Commutative Geometry

As stated before the x-Poincare quantum algebra is an algebra that describes only the
energy-momentum sector of the DSR theory, there is yet no coherent formulation and
interpretation of whole configuration space formulation of DSR. One of the many ways
proposes that, in order to go from momentum space to configuration space we define co-
algebra, which is an additional structure of the quantum Hopf algebra. The form of the
commutator algebra on the whole of the phase space can be derived using the co-algebra.
The co-algebra is dual to the algebra we derived in the previous section. J. Kowalski-
Glikman in the article [59] gives the step by step construction of the whole phase space
using the co-algebra. DSR can be promoted to the usual x-Poincare quantum Hopf al-
gebra by a homomorphism and we can then use the co-product of this algebra and the
Heisenberg double construction of k-deformed phase space to get the non-commutative

spacetime structure and the whole phase-space of DSR. The obtained commutation rela-
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tions are as follows,

[x°, x'] = L X, [x,x]1=0 (1.17)
K

0 i i 0 .0 . 2190 i . i 0 I
[P, x1=--p', [p . x1=ill-—), [P, ¥]=-i6y;, [p,x1=--p'. (1.13)
K K K
Another fact to note is that this algebra satisfies the Jacobi identity. It is obvious from
(1.17) that we have non-commutative spacetime and such a non-commutative space-time
is called k-Minkowski. This seems to be related to the theory with non-commutative
spacetime which was proposed by Snyder [78,79]. The authors in [80] discuss the
canonical phase space approach to the deformed algebra. The relation of DSR with non-

commutative geometry is still not fully formulated and is a topic under study.

1.2 Modified Thermodynamics of Ideal gases

The consequences of the modified dispersion relations and the ultraviolet cut-off on the
thermodynamics are being studied extensively to infer the effect of Planck scale physics
[29,32,81-85]. The effect of modified dispersion relations in loop-quantum-gravity on
black hole thermodynamics was studied in [81]. As is true with many high energy theories
such as Noncommutativity etc. which finds application at lower energy scales as well [86]
[87] [88], the same is true with DSR. Although it was originally formulated to study the
effects at the Planck scale but the formalism can be valid at any scale depending on the
choice of the modification parameter x. Choosing the scale « gives us an effective theory
and such scale has to be invariant, as all observers must agree on the same effective scale.
This, in turn, means that the effects of such a modification can be observed not only at
high energies but effectively at low energies as well (see for example [89]). DSR as a
Lorentz violating phenomena on the thermodynamics of macroscopic systems (like white
dwarfs) [32,82,83] and as a noncommutative phenomena on cosmology and astrophysical
systems [84, 85] have also been studied. Moreover, photon gas thermodynamics in the

context of modified dispersion relations [29] and DSR [34] are being investigated. In this



23

thesis, we study the photon gas thermodynamics and its implications in MS formalism.
We will see its implications with regards to both high and low energy physics. We will also
explore the effects of the modification of the phase-space at Planck scale on photon gas
thermodynamics. Along with that we will also study the thermodynamics of degenerate

Fermi gas and the effects in case of white dwarf stars as an example.

The organization of the thesis is as follows: In the second chapter we study various equi-
librium thermodynamic properties of blackbody radiation (i.e. a photon gas) with an ul-
traviolet energy cut-off. We start with calculating various modified thermodynamic quan-
tities. We show that the energy density, specific heat etc. follow usual acoustic phonon
dynamics as have been well studied by Debye. Other thermodynamic quantities like pres-
sure, entropy etc. have also been calculated. The find that the usual Stefan-Boltzmann
law gets modified. We observe and note that the values of the thermodynamic quantities
with the energy cut-off is lower than the corresponding values in the theory without any
such scale. The phase-space measure is also expected to get modified for an exotic space-
time appearing at Planck scale, which in turn leads to the modification of Planck energy
density distribution and the Wien’s displacement law. We find that the non-perturbative
nature of the thermodynamic quantities in the SR limit (for both the case with ultraviolet
cut-off and the modified measure case), due to nonanalyticity of the leading term, is a
general feature of the theory accompanied with an ultraviolet energy cut-off. We have
also discussed the possible modification in the case of Big Bang and the Stellar objects.
We discuss both the low and high temperature limit of the thermodynamic quantities and

have suggested a table top experiment for verification in effective low energy case.

The third chapter discusses the invariant ultraviolet scale correction to the thermody-
namics of the ideal Fermi gas. We have considered the modified dispersion relation
and the cut-off to the maximum possible momentum/energy (Planck energy) of the non-
interacting ideal degenerate Fermi gas particles. With such a modification the expression

for the degenerate pressure and the total energy gets modified accordingly. We discuss
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the number density » and mass m dependence of the degenerate pressure. We found
that the degenerate pressure is perturbative in the SR limit which is quite unusual for a
theory having an ultraviolet energy cut-off. We then take the example of white dwarfs
to explore the possible implications. Using this modified degenerate pressure, we cal-
culate the possible modification to the Chandrasekhar limit for white dwarfs using the
Magueijo-Smolin (MS) modified dispersion relation. The mass-radius M-R plot shows
that the modified/corrected radius of the white dwarf can be greater than, equal to and
smaller than the usual special relativity (SR) value for particular masses. We found that
the Chandrasekhar mass limit gets a positive correction i.e, the maximum possible mass
for white dwarf increases in this formalism. We note that the presence of observed white
dwarfs having radius smaller than the SR Chandrasekhar limit may find an explanation if
they are modeled using a modified dispersion relation. The correction, as stated before,
is purely perturbative in the SR limit. Therefore this correction is solely because of the
modified dispersion relation. The value of the obtained degenerate pressure for a given
mass is found to be greater than, equal to and smaller than the usual special relativity
(SR) value for particular masses as expected. It is shown by Mishra et al [89], that the
Stefan-Boltzmann law gets a correction in such a theory with an ultraviolet cut-off. Using
this result we have calculated the luminosity of the white dwarf by taking the model of
partially degenerate gas and considering the modified radiative envelope equation. In such
an analysis we observe that the pressure for a given mass and temperature value is less
than that predicted by the usual SR theory. The luminosity also gets a negative correction.

The correction to luminosity is nonperturbative as expected for such a theory.

We summarise our obtained results in the last chapter and give further future directions.



Photon Gas Thermodynamics

The materials presented in this chapter are the result of an original research done
in collaboration with Nitin Chandra and Vinay Vaibhav, and these are based on the

published article [89].

2.1 Prologue

In this chapter we will try to explore the modification in the photon gas physics given
an ultraviolet cut-off in the relativistic theory and its implications. Interestingly as ex-
plained in detail in the introduction, as has been studied by many, it is possible to keep
the Lorentz group/algebra intact for the DSR theories. On the other hand, the represen-
tation of the Lorentz group/ algebra becomes non-linear to accommodate the invariant
energy/length scale (for example see [3, 4] and the references therein). Preserving the
Lorentz group/algebra keeps the theory simple and intuitive. As stated before for our
present study, we will follow the DSR formulation developed in [3,4] by MS where we

have an ultraviolet cut-off on energy/momentum and the dispersion relation modifies to,

2 2 _ 2 _fz
e—p =m-|1 2.1
K

The Special Relativistic (SR) limit, i.e. Kk — oo gives the usual dispersion relation,

g -p=m (2.2)
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We will stick to the natural units (7 = 1,¢ = 1, kg = 1) if not stated explicitly.

As mentioned in the introduction, it is obvious that the modification in dispersion relation
and the presence of ultraviolet cut-off in energy introduced in the DSR theory will affect
the thermodynamics of many well studied systems [10, 12,29-34]. In [10] an extensive
study of classical ideal gas thermodynamics has been done using MS formalism. On the
other hand [34] studies the photon gas thermodynamics in the same DSR formalism. It
should be noted that the study in [34] contains flaws. They have considered the photon
gas as a canonical ensemble obeying classical (Maxwell-Boltzmann) statistics. On the
other hand, it is a well known fact that photon gas follows a grand canonical ensemble
(due to non-conservation of the photon number) and obeys the quantum (Bose-Einstein)
statistics. Because of this error in their formalism, the results obtained do not match with
the usual photon gas thermodynamics (for example see section 7.3 of [90]). Surprisingly,
they match their results to the massless limit of the classical ideal gas thermodynamics in
SR. For a photon, the mass being zero, dispersion relation remains same as in the case of
SR, i.e. € = p. The DSR effect for the equilibrium properties of blackbody radiation is
basically due to the ultraviolet cut-off « in energy. We model the blackbody radiation in
equilibrium as a grand canonical ensemble of photons obeying Bose-Einstein statistics as
usually done. We have also considered the most general possible modification in the phase
space measure for exotic spacetimes appearing at Planck scale. To list a few examples
where similar modification appears, we note that in noncommutative physics, which is
one of the quantum gravity candidate, the change in phase space appears as a change in the
density of states as discussed in [35]. Another candidate of the quantum gravity theories,
namely Loop Quantum Gravity also predicts the change in phase space measure/density
of states at very high energies [36—39]. We, in this chapter, being non specific will proceed
with the most generalized (isotropic and Taylor series expandable) modification in phase
space integration measure. In [10], a momentum dependent measure has been considered
which is a special case of our generalized approach. There have been many interesting

attempts to incorporate the additivity of energy and momentum of composite systems in
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DSR [61,91-96]. In this chapter, we will not follow any particular prescription as the

issue is still not well settled.

The present chapter starts with calculating various thermodynamic quantities such as en-
ergy density, pressure, entropy etc. with an ultraviolet energy cut-off. Next, we study
the possible changes due to the change in phase space measure at Planck scale. We then
go on calculating various thermodynamic quantities as energy density, pressure, entropy
etc. with such a modified measure. The possible realizations in case of Big Bang and
Stellar objects have also been discussed. We have then analysed the low and high tem-
perature limits of all the thermodynamic quantities in both cases. Finally, we have also
discussed the possible physical realizations of the results obtained in effective low energy
case. In doing so we have suggested a very simple and intuitive table top experiment to
test our results. We, therefore, have discussed the DSR effects in three scenarios. The
general development with an ultraviolet energy cut-off is discussed in Section 2.2. The
modification at Planck scale, as a change in phase space measure, is discussed in section
2.3. The Planck scale effects and effective Planck scale effects are studied in section 2.4.
And finally, the low energy effective cut-off effects has been explored in section 2.6. We
have also summarized the whole chapter at the end. Some of the results are listed in the

appendix, in order not to break the continuity of the chapter.

2.2 Equilibrium properties of blackbody radiation with

an ultraviolet cut-off

In this section, we will see the possible changes in thermodynamic quantities of photon
gas with an ultraviolet energy cut-off. The model contains an ideal gas of identical and
indistinguishable quanta namely, photons, [90]. There are n, number of photons each

with energy € = w. The mean value of n,, is,
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n,=0 1
(o) = "2 = - (2.3)
Ze_nu;w
n,=0
giving mean energy as,
w
(&) = w(ny,) = 71 (2.4)

In the large volume limit, the volume of the phase space can be used to find the number

of modes between the range w and w + dw which are given by,

2 5 5 Vewldw
alwde = o (4rp*dp) f Px= (2.5)

/4

Note that photons obey the dispersion relation w = & = p. Factor 2 comes due to the 2
transverse polarizations of a photon. It is also to be noted that the above expression will
get modified when we consider the change of the phase space measure in case of DSR.

The energy density distribution therefore becomes,

a(w)dw (&) = i wdw

- w
ac ﬂ267_1

(2.6)

u(w)dw =

This is the usual Planck energy density distribution.
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2.2.1 Energy Density

Integrating (2.6) from w = 0 to w = k we get the energy density of the photon gas as,

u

Ve e —1 2

Here we have changed the variable to x = Z. Note that at finite and non-zero T', as k — oo
this expression reduces to the one given in (12) on page 203 in [90], giving usual law.
Also, Z,(x) is the incomplete zeta functions or “Debye functions"(refer to section 27.1

of [98]), and is given as,

1 -l
2,0 = 7o f S (2.8)

We note that Z,(0) = {(n) where {(z) is the Riemann-Zeta function, in particular Z,(0) =
[4) = ’9%. It is remarkable that (2.7) is exactly same as in the case of acoustic phonons
[99] with the replacements k — @p (Debye temperature), 2 (number of photon polariza-
tions) — 3 (number of acoustic modes in monoatomic Bravais lattice) and the velocity of
acoustic phonons has to be taken to be equal to 1 for correct matching as we are work-
ing in natural units '. In case of acoustic phonons the cut-off on the possible frequencies
comes due to the finiteness of first Brillouin zone which itself is restricted by the number
density of ions in the lattice. On the other hand the energy cut-off « in (2.7) comes from
the quantum gravity considerations. We expect the specific heat Cy = (g_[T])VaC =T (g—i)vﬂ

for a photon gas with such an ultraviolet energy cut-off to follow the behaviour of Cy as

in the case of acoustic phonons. For a mathematically rigorous treatment of Debye theory

'Note that there are many theories that predict phonon like behaviour like Non-commutative geometry
(see for example [84]) etc., but we have explicitly derived and shown that any theory with an ultraviolet
cut-off will have this one to one correspondence in the thermodynamics of photons and usual acoustic
phonons.
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see [100]. Debye functions Z,(z) are related to the polylogarithm function Li,(z) by (see

(16.2) in [101])

n—1 k
2, = Y Livale 2.9)
k=0 ’

for n > 0. Especially Z,(0) = Li,(0). Here polylogarithm functions themselves can be

series expanded for |z] < 1 as (see (8.1) in [101])

Li(z) = ZZ— (2.10)
a=1

The integral representation of Li,(z) is, for Re(n) > 0, as follows (see (1) in [101])

A L
Ll"(z)_F(n)L ef—zdt (2.11)

In particular Li1(z) = —In(1 — z) (see (6.1) in [101]). Thus the energy density can be

written in terms of Li,(z) as given below

Note that the first term corresponds to the usual Stefan-Boltzmann law. All the other terms
modify the law which in turn, will give a correction to the temperature measurements
of different stellar objects. These correction terms vanish in the SR limit. Note that

the SR limit % — 0 is nonanalytic in nature and hence the energy density cannot be
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perturbatively expanded in a Taylor series around this limit. This observation has also
been seen in case of classical ideal gas with an invariant energy scale [10]. As the only
contribution for a photon gas is due to the ultraviolet cut-off introduced, it is clear that the
non-perturbative nature of the modified thermodynamics is a consequence of this cut-off.
Also for all possible temperatures, the argument of the polylogarithm in (2.12) i.e. e™7
is a positive quantity making (2.9) a positive number which leads to the correction term
in the expression of energy density being negative. This fact is clearly visible from the
plot of energy density (see figure 2.2a on page 41) where the plot with modified energy
density is always lower than the corresponding SR plot. This fact can also be understood
from the integral expression in (2.7) where the integrand is always a positive quantity and

a positive contribution 6%24 4 (7) = ITr—j fj ;‘j—i”l‘ has been removed from the SR value to get
T

the corresponding modified value.

2.2.2 Specific heat

We put % = u% and use (2.12) along with using the derivatives of polylogarithm given
by (see (4.1) in [101]) %[Lin(e")] = Li,_i(e") and obtain the expression for specific heat

as,

ou
e (57
VT
KXV, 1 ATV, (24T3V,.\ . ., « 24TV, \ .. [
e R e e [ e R e R

12TV, \ . 1 ey AV, & XV, 1 U
(B () - T (o) |- -G o (F) @

As we have already seen that the energy density u in the modified case has one to one
correspondence with that of the acoustic phonon modes in Debye model, therefore the

specific heat Cy = Vac("_“)

_ (Z)3 Ve (T xtedx
or -

<) =) ‘oo Will also follow the same correspon-

ac
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dence (see (17), (18), (19) etc. of section 7.4 in [90]). Again the SR limit gives the usual
result Cy = 4U/T ( note that V,. — V in this limit). The extra negative contribution in
(2.13) is non-perturbative in the SR limit along with the non-perturbative contributions
from the term 4U/T. Obviously, overall Cy takes a lower value than the corresponding
SR values. This fact is visible from the plot also (see figure 2.2d on page 41). The be-
haviour of Cy for the full range of % € [0, 1] is also shown in the figure 2.2f on page 41
which certainly mimics the Debye theory. In the Debye theory, however, T may go up to

infinity in which case the specific heat goes to a constant value.

2.2.3 Radiation Pressure

The grand canonical partition function for the photon gas (with fugacity z = 1) is [90]

O(Vye, T) = [1, — leading to the expression for g-potential as g = % =InQV,,T) =

_E
1-e'T

— 3. In(1 — ¢~7). In the large volume limit doing integration by parts we obtain,

T«® T* (T Xdx
P=—"Sin1- .
3n? i eT)+3ﬂ2£ er—1
T« . 1
- __37'; In(1 =) + Zu. (2.14)

Thus the equation of state for the blackbody radiation field, i.e., the relation between the
pressure and the energy density got modified and goes to the correct SR limit Pgp =
(Tsp)*

%(u)s r = —5—. The explicit temperature dependence of the radiation pressure is given

by,
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The correction term in the above expression is negative (see figure 2.2b on page 41 ) and

non-perturbative in nature (see discussion in section 2.2.1).

2.2.4 Entropy

The Helmholtz free energy is given by (the chemical potential u = 0),

TV, . (U
A=uN—PV, =PV, = — L% — ety - (—) (2.16)
32 3
The entropy becomes,
U-A &V, . 4U
S = = K e — et —(—). 2.17
T 3 e+ s\ @17)

In SR limit, the first term vanishes and the expression goes to the correct result Sz =

%(%)SR (see (19) of section 7.3 in [90]). As done in case of radiation pressure if we
write the explicit temperature dependence of the entropy, the negative non-perturbative
contribution will be very apparent which can be seen from the plot as well (see figure 2.2¢
on page 41). The decrease in the entropy value for the modified case can be explained by
the presence of ultraviolet cut-off which restricts the number of available microstates to

the system.

2.2,5 Equilibrium number of photons

The equilibrium number of photons can be obtained by integrating the product of mean

number of photons (2.3) and the volume of the phase space (2.5),
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i- [t - B o) e
Here Z3(0) = {(3) is also called Apery’s constant. This with the proper replacements
corresponds to the equilibrium number of acoustic phonons in the Debye theory. In the
k — oo limit Z,(7) — Oand V,. — V and we get the usual SR result (N)sg = %(2{(3)) as
given in (23) of section 7.3 in [90]. Like other thermodynamic quantities the equilibrium
number of photons also gets a negative non-perturbative correction. The decrease in the
N value for the modified case is also due to the cut-off which restricts the number of

available normal modes.

2.3 Photon gas thermodynamics at Planck scale for ex-

otic spacetimes

In this section, we will discuss the possible modifications in the known thermodynamic
quantities if we consider a change in phase space measure along with an invariant ul-
traviolet cut-off. Almost all the thermodynamic quantities for well studied systems en-

counter the large volume limit where discrete summation over energy values goes to the

1

integration over phase space i.e. ), — o

[ [ d®xd®p. But for exotic spacetimes ap-

pearing at Planck scale, we expect the phase-space to modify (see for example [10]) as

e (27103 f f d*xd’ pf(X, p). Here we have considered the most general possible mod-

ification. The thermodynamic quantities are derivable from the partition function of the

1
@n)?

(27103 [ [ @xdpf(X, P)F(&). Assuming the spacetime to be isotropic and f(¥, ) = f(r, p)

form

f f d’xd’ pF(g) which due to the change in phase space measure modifies to

to be Taylor series expandable in the powers of (i) and (£) we get,
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(o)

o 5, 5 (1)

n=0,1’=0"""

with app = 1 as for k — oo we expect f(r, p) — 1. This expansion is valid only when
¢ L < 1 throughout the integration range, this requires & < « and » > 1. Thus « acts
K rK K

as highest energy cut-off while % acts as the lowest length cut-off. Finally the integral

changes to,

1 _ nw
(27'()3 g+’ f f d3Xd3p8 ( ) F(e), (2.20)
n=0,n"=0

R being the radius of the spherical volume considered. Here we have interchanged the

double summation and the integration which is allowed if (see appendix A),

(o)

|an,n’| R “ 3 3 n 1 "
Z 199/ Vgt +n’ d’xd pe |F(8)| < 0. (221)
nn K r:% p=0 r

n=0,n'=0" "

Performing the integration over the coordinate space we obtain

(o)

1 Z App 4r
e’ nln’ k"3 (3 —n’)

(2711)3 [ [ &xd®pf(r, p)F(e)
( 3Vi? )%3” .
' 4r
n=0,n"=0
n’#3

LN G [4n 3V f" 5 .
= d F 2.22
+(27r)3;n!3!l<n+3 ( 3 ) n( Ar o p (&)"F(e) ( )

f K d’p ()" F(e)
p=0

where V = %nR3 is the volume of the spherical ball of radius R. The accessible part of the
volume for the particle is V,. = V — 5. For the large volume limit the minimum length

% << R implying V«* >> 1 which in turn implies V,. ~ V. Note that a small volume 347”3
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is inaccessible to each particle. This inaccessible volume can be extracted out at any point
in the space as volume being large, all the space points are equivalent. We have extracted

out this volume at the centre r = 0. n’ > 4 as the powers of # increases.

2.3.1 Classical Ideal gas in canonical ensemble: an example

Let us take a particular example of F'(¢) to illustrate this further. We consider the classical
ideal gas in canonical ensemble obeying Maxwell-Boltzmann statistics with the partition

function [90],

1
Zy (Vaer T) = ) expl=BE] = 5121 (Vae TI". (2.23)
4 .

where Z,(V,., T) is the single particle partition function, N is the total number of con-
stituent particles, S = % and the total energy E of the system is E = ), n.e. Here n, is the
number of particles corresponding to the single particle energy € and satisfies ) . n, = N.
The single particle partition function is given by Z; (V,., T) = ). exp[—B(e — my)] In the
large volume limit using (2.22) for F(g) = exp(—B(e — myp)) and following the arguments

given in [10] we obtain,

3-n’

© 3 3V a\"
7 LT = -1 - = Zw,.T
1 (Vau ) n;ﬂn!n’![(" ((3 — n’)(K3VaC)) ( 47‘[ ) (mO 6,8) 1 (Vac’ )
n’' #3
N a3 4 Vi3 o\ o
+ ’ ] A, 2.24
;nw(l&évac) n( 4n ) (’"O (9,8) 1 (Vae: ) 2.24)

where Z(l) (V,e, T) 1s the single particle partition function with the unmodified measure,

Vac .
Z) (Ve T) = =2 f d’p exp(~Ble = my)). (225)
(2n)” Jp=0
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The expression for Z; (V,., T) has now non-trivial dependence on V unlike in the case
of Z? (V4e, T). With this modification the value of thermodynamic quantities, especially
pressure, changes. Let’s not digress anymore and continue with the study of the photon

gas thermodynamics.

We will now consider the change in phase space as described above. This leads to the
modification of the energy density distribution as well as the g-potential which in effect

modifies all the thermodynamic quantities.

2.3.2 Modified Planck’s energy distribution and Wien’s law

It is clear that the change in phase space is going to modify the Planck distribution for the

energy density of the blackbody radiation. In such a scenario (2.5) modifies to,

= Ay 47 3Vi3 =
dw = — —1|w"d
a(w) w 7T)2 n:O,n’:On!n,!Kn+3 (3 _ n/) ( 4dn ) }w w
' #3
1 < a,; [(4n 3V
+ 3 (27 ( ) 2 2.26
(ﬂ)znzz;‘n!3!/<"+3( 3 )in (T Jor (2:20)

Now the Planck energy density distribution (2.6) changes to,

(5]

3-n’
1 a4 (1 \[(3Ve\T | wdw
d _ n,n ( ) - 1 w
H(w)de (n)* n;n’:on!n,!/(n (3 =n)\V,e? ( an ) } er —1
n’ #3
1 a4 3V \w™d
e L e -

+ m
(n)? cdn!3lk KV, 4 ) e — 1

A typical plot of the modified energy density distribution in comparison to the usual
Planck distribution is shown in figure 2.1a on page 38. Let us first express the above

distribution in terms of wavelength A. The energy density between w and w + dw or the



W
@®

Photon Gas Thermodynamics

c0.12 1.0
Rel
3 0.10 0.81
k0 ] (e
[a) 0.08 Il 0.6
20.06 5
s x 0.4
8 0.04 =
> ]
$0.02- 0.2
@
5 0.00 , , , ' 0.0 | | | |
70 2 4 6 8 10 "~ 50 52 54 56 5.8
Wavelength Xmax = 21/(AmaxT)
(a) Modified Planck’s Distribution (b) Modified Nature Of Wien’s Law

Figure 2.1: The plot (a) shows the Planck energy distribution as a function of wavelength A for both mod-
ified and unmodified measures. Here the blue and the green colour correspond to the cases of unmodified
and the modified measures respectively. We have taken app = 1.0, ap;1 = a1 = 0.2 and all other a’s are
zero, temperature is 7 = 0.6, volume is 10% and « = 1 in Planck units. The plot (b) shows the modification
in the Wien’s displacement law. The usual Wien’s law would have given us a constant value of x,,,, corre-
sponding to the point where f(x,,.x) = 0. We can clearly see from the plot that this value is x,,,, = 4.965.
The coefficient a; o has been taken to be 1. We have chosen the range such that % lies between 0 and 1.
Although to decide the actual range of the possible T-values one needs more thorough and careful thinking,
on the other hand in this chapter for our purpose we have discussed the only cases where T lies between 0O
and k = 1.

corresponding A and A + dA is u(A)dA = u(w)dw which implies u(d) = u(w)de = <1

2
where w and A are related by w = 2. From (2.27) we can write u(w) = Yoo A, _a%n:

where,

’

3-n
1 = Ay 4 1 3Vt 3
Ay =— : -1
n? Z nln’ k" (3 - n’) K3 Ve ( 4r )

n’=0,n"#3
1 a,s 4 3Vi?
72 n!31k" (3K3Vac) n( Ar ) (2:28)

is a constant and is independent of both 4 and 7. We then have,

[

n+4
u(l) = — Z:(; % (2.29)

Differentiating with respect to 4 we get
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du(2 2 "+4A o

ud) _ Z ( ’T) n+s-— —(”)2” . (2.30)
da /16 eAT — ] 1—-e1r

Note that in the case of unmodified measure, we have Ay = 1/7%,A; = A, = ... = 0 and

the above expression reduces to

du() 1 Qn? [ s

(%) (2.31)
da _/lé(eiT—l) 71,2 | .

l—ear

Thus u(A) is maximum at 4 = A,,, which can be found by the extremum condition

du()
da

21
/lmax T :

~ 4.965, = A, T =~ 1.266. This behaviour of

= 0 giving 5 = —2¢— where X, =

1—e~*max

The above equation can be nu-

/lmax

merically solved to get X, =

Amax T

Amax On temperature T is called Wien’s displacement law. Now for the case of modified

measure the extremum condition becomes,

> 1A [n b5 Tme |y, (2.32)

J— —Xmax
oy I-e

It is obvious that the solution of x,,,, is now dependent on 7. Thus the value of x,,,, =

2n

ﬂmax

= 1s no more constant, but a function of 7. To understand the behaviour in a better
way, we keep the leading order terms in % and ﬁ and neglect all the higher order terms

ie. Ag~ 1/m*, Ay ~%2, A, ~ Az~ ..~ 0. The extremum condition then becomes

K XmaxA1 0

X
1 5 - l_erf(;’;mx
6 _ Xmax

1—e~*max

) = ). 233)

We have plotted this function with respect to x,,, (see figure 2.1b on page 38). For a fixed
value of y—axis, i.e., a fixed %— value the corresponding value of x,,,, can be obtained

from the plot. As visible from the plot x,,,, = is a monotonically increasing function

21
/lmax T

of T,ie., f! (%). This implies A, = is a monotonically decreasing function of 7'.

Tfl()

Note that A,,,, for modified phase space measure decreases more rapidly with increasing

T than the case of unmodified measure where x,,,, = f‘l(%) takes a constant value.



40

The significant change in the values of x,,,, occurs only if the order of the change in

temperature is non-negligible with respect to x. That is why in SR limit, i.e., % — 0,
the x4, = ﬂz’f = is almost constant giving the standard Wien’s displacement law. The

extremum condition for the unmodified measure corresponds to f(x,,,) = 0. As it is

visible in figure 2.1b on page 38 this gives the usual value x,,,, ~ 4.965. Note that the

value of f~! (%) is always greater than the SR value 4.965. Hence ﬁ = f‘f'?((’f) <1

Thus, the frequency at which the energy density distribution of blackbody radiation at a

given temperature peaks, gets a positive correction. Now, suppose we demand at least 1%

correction i.e., % - ff-l9(6%5) = 2 then we get f~' (%) = 5.015. The corresponding
% from the plot is 0.01. So, to get an observable effect of DSR using modified Wien’s
displacement law one needs to consider a system having temperature in the range of 100th
part of the effective « value. Note that some exotic phenomenon in the semi-classical
regime of quantum gravity may reduce the effective value of the energy cut-off in certain

specific systems. A similar reduction in the effective value of high energy cut-off has been

suggested in a simple quantum mechanical table top experiment in section 2.6.

2.3.3 Various thermodynamic quantities with modified measure

We have calculated various thermodynamic quantities with the modified measure. The
exact results in form of lengthy expressions are listed in B.1 and here we proceed further
with physical analysis only. Note that in this case all the thermodynamic quantities reduce
to the unmodified case for n = 0 and n” = 0. Also in the SR limit, we get the usual SR
result as expected. The value of the thermodynamic quantities, in this case, can either be
less than or equal to (for certain T-values only) or greater than both the SR value and the
values in case with only an ultraviolet energy cut-off, depending on the choice of a, . To
plot these quantities we have chosen the a,,, values in such a way that the value of the
modified case is more than the unmodified case and less than the SR case. Though it is not

visible in the plot because of the chosen a,,,, values, but it is a fact that for certain choices
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Figure 2.2: The plots show the variation of energy density, radiation pressure, entropy, specific heat and
equilibrium number of photons with temperature for thermodynamic quantities with an ultraviolet energy
cut-off and also with the modified measure. The blue solid, the green dotted and the red dashed lines
correspond to the SR, the case with the ultraviolet energy cut-off and the case with the modified measure
respectively. As is visible from the plots it matches with SR at low T and with increasing T it deviates from
SR significantly. Here xk = 1 and V = 10% in Planck units and app = 1, ap1 = a;p = 0.2 and all other a’s
are taken to be zero. Note that all the quantities above become approximately linear near 7 — «. In the low
temperature regime, energy density « and radiation pressure P follow ~ T* behaviour, while the entropy S,
the specific heat Cy and the equilibrium number of photons N follow ~ T3 behaviour. The behaviour of
Cy for the full range of % € [0, 1] is shown in the figure at bottom right corner, which certainly mimics the
Debye theory. In the Debye theory however T may go up to infinity in which case the specific heat goes to
a constant value.
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of a,,, the modified DSR value becomes equal to the value of SR at some temperatures
and can even overshoot the SR curve. The nonanalytic nature in the SR limit for the case
of modified measure is similar as in the unmodified case. The leading order behaviour in

the low and high temperature limits are discussed in the next section.

2.4 Effects of DSR in Big Bang and cosmology

In this section we will explore the possible effects of the behaviour of DSR photons near
the Planck scale with an invariant ultraviolet energy cut-off. To see the physical applica-
bility of the results with such an invariant ultraviolet energy cut-off one has to, in general,
probe near the Planck scale. The results can then be used to study the early Universe
thermodynamics especially Big Bang cosmology. Since we have the modified energy
density u and Pressure P, therefore we have a modified energy-momentum tensor 7.
In general, we should use the modified metric when we are exploring the early Universe
near Planck scale. In DSR, Smolin has suggested one such metric called the Rainbow
metric [73] [55] [102-104], but we will not attempt to discuss this here. With the above
quantities at hand, we can then solve the Friedmann equations (more specifically FRW
equations) and see the possible modification in the known results of the expansion of the
Universe after Big Bang at such a scale. This is very involved and a more detailed study
can be done separately in future. But we can still consider a scenario where we can see
the possible modification near the Big Bang. The FRW and its relation is a standard and
well studied cosmology subject. We, for our analysis, will follow chapter 8 of [40]. We
will consider the radiation dominated epoch where the modified energy density and pres-
sure is given by (2.7) and (2.14) respectively. With such a modification of 7}, the energy

conservation equation (8.54) in section 8.3 of [40] gets modified to

NN

-. (2.34)
u

a

B (4 a—’fln(l - e‘?)) a
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We then express u in terms of T to get,

g T|2A0-Z(5)] - (5) Li(e7) 035
@ T124[z,0) -z (£)] + (5) Lis (7)

Here a is the dimensionless scale factor and H is the Hubble parameter which character-
izes the rate of expansion of the Universe. It is easy to see that the numerator is always
less than the denominator. Therefore His;a < 1 always, where Hgg = —%, which implies
that the expansion of the Universe was at a slower rate in the radiation dominated era than
the rate of expansion without such modifications. Because of the slower expansion, all
the epochs would eventually get delayed resulting in the modification in the age of the
known Universe. In the SR limit the modified Hubble parameter becomes nearly equal to

the normal SR one, as 7 is very large, so the correction terms go to zero as expected.

We can also see its application in case of “bouncing" loop quantum cosmology theories
(see [41] [42] [43] and the references therein), where normally we consider specific mod-
ifications to the spacetime geometry which effectively puts a bound on the curvature and
in this way the Big Bang singularity can be avoided. But for such “bouncing" models, we
cannot use the perturbation technique at the curvature saturation, as the energy density
of the cosmic fluid diverges. What one can do to still avoid the Big Bang singularity is
to consider an inflation model where we can safely use the perturbation theory. Here we
have obtained the energy density of the cosmic fluid which saturates to the Planck energy
which of course is finite. Then we can combine both the results obtained in this chapter
and the “bouncing" loop quantum cosmology to study the possible way out to avoid the

Big Bang singularity.

Next we consider the DSR photons at an effective lower scale due to other parameters
in the theory like mass, number density etc. These parameters may effectively lower
the Planck scale such that its effects can be observed in very high temperature and high

density regimes. To probe such DSR effects we need to observe the stellar objects with
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very high temperatures and densities. For example, the astronomical data from gamma
ray burst during the merging of neutron stars (which has the core temperature of 7 = 102
K) may give a bound on effective k value. We can also explore the Chandrasekhar limits
and its possible modifications. The application of the theory developed here has been
explored in detail for white dwarfs in [105] and will be discussed in detail in the next

chapter.

2.5 The leading behaviour forT — Oand 7" — «

We have plotted various thermodynamic quantities as a function of temperature (see fig-
ure 2.2 on page 41). Let us now analyse the behaviour near 7 = 0 and 7' = «. In the low

temperature regime we take % = € << 1. The low temperature behaviour is as follows,

N oktet K N Tt N T4

" TR T s T s

AV, T3 AV, 2T?  _ 2V,.0(3)T3
Sx S Cyx—E—, A= % (2.36)

Here we have used the fact that Li,(z) — z as z — 0. In the expression for energy density,

we have neglected the second term with respect to the first. We can see this by putting

X = é and as x — oo the ratio of the second term to the first, in the above equation

goes to zero. Note that the second term e« is the nonanalytic piece which makes this
limit non-perturbative i.e. this expression cannot be Taylor series expanded in the low

temperature limit. Let us consider the energy density relation in the % = € << 1 limit,

n2itet P

given by u ~ == - pee‘é. Now assuming that we get at least 1% correction i.e.,

> — (2.37)
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which, in turn, gives a bound on € as 0.10 < € < 2.1. But since we have taken € << 1,
therefore the equality holds at € = 0.10. This fact is also visible from the plots of the
thermodynamic quantities in which the modified behaviour starts deviating from the SR
result at % ~ 107", Another point to note is that the value of €, for at least 1% correction,
in case of modified Wien’s displacement law came out to be around 0.01 (See section
2.3.2). Thus, the modified Wien’s displacement law starts giving an observable correction
for the systems having temperature one order less compared to the systems used in case
of modified thermodynamic quantities. For pressure we do the similar analysis where
the first term in (2.14) is nothing but (%) Lii(e7). A similar analysis follows for other
thermodynamic quantities as well. Thus in low temperature regime, energy density u and
radiation pressure P follow ~ T* behaviour, while the entropy S, the specific heat Cy
and the equilibrium number of photons N follow ~ T3 behaviour. The nonanalyticity in
this limit is a general feature of all the thermodynamic quantities. For high temperature,

T =~ k(1 — €) such that e << 1 which gives = =~ 1 + €. We will expand all the quantities

T
to the leading order in € and finally put e = 1 — % to get the leading high temperature
behaviour. The results are listed in B.2. Note that to get the linear dependence of Cy on
T in (B.12) by differentiating the high T behaviour of U, we need to expand U up to T
order. All these linear behaviours for 7 — « are very clearly visible in the plots. For the

modified measure we get essentially the similar behaviour for both the limits. The results

of the leading behaviour in case of modified measure are listed in B.3 and B .4.

2.6 Effective low energy realizations of the theory

In this section, we present the possibilities of physical realization of the results obtained
with an effective cut-off for the photons such that they behave as phonons. As is clear
from the description this cut-off might not be invariant which was the case in the other
applications discussed above. But this is an interesting case in its own regard, as we have

a way to get a bunch of photons behaving as phonons and they can be observed in a lab-
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Coolant

Measuring
Instrument

Figure 2.3: A quantum mechanical table top experiment for testing the theory. Here B is a perfect
blackbody surrounded by a spherical cathode C, which is enclosed by a spherical anode A and the circuit
is completed using a high resistance resistor R. All the radiations above the frequency v, corresponding
to the photoelectric threshold of the cathode are absorbed and will be lost as Joule heating through R. The
resistor is continuously being cooled by coolant, shown in blue colour, to avoid the melting of the resistor.
The photons below the frequency vy, stay inside the cavity surrounded by the cathode C and behave as
acoustic phonons as shown in this chapter. The properties of these photons acting as acoustic phonons can
be measured by inserting a probe P connected with the measuring instrument.

oratory as well. To start with here we will be suggesting a simple table top experiment
to test the result obtained in section 2.2. Note that due to no change in dispersion re-
lation the only effect on the thermodynamics of a photon gas is due to the high energy
cut-off. If one can introduce such a cut-off on the photon energy in some experiment then
the photons will start behaving like acoustic phonons. Consider a perfect blackbody (see
figure 2.3 on page 46) surrounded by a spherical cathode which is enclosed by a spher-
ical anode and the circuit being completed using a high resistance. Now, suppose the
cathode has the photoelectric threshold v, such that all the radiations above frequency
vy gets absorbed by the cathode. These absorbed radiations lead to the Joule heating of
the resistor which is then cooled by an appropriate coolant. Since, we do not want the
heating of the resistor, in any way, to affect the radiations inside the cathode, therefore
the cathode may be coated with an insulating material. Another possible alternative is to
drill a small hole in anode then connect the resistor outside and far away from the anode
where it can be cooled. Now, we are left with photons in the cathode cavity, with energy
less than « = v,, which is the desired cut-off in the theory. We, therefore, have generated

photons inside the cathode which mimic acoustic phonons. To observe this we can now



47

drill a very small hole in both anode and cathode, through which a probe, connected to
the measuring instrument, can be inserted to test the properties of the photons. To observe
at least 1% deviation (see the discussion in section 2.5) from the usual photon thermody-
namics at room temperature 7 = 293 K the material of the cathode can be selected with
kgT
0.1

threshold vy, = g% = 6.1 x 10"*Hz (here we have put the actual values of & and k). Many

commercially available materials fall into this category.

2.7 Summary

In the present chapter we considered a model of a photon gas obeying Bose-Einstein
statistics in grand canonical ensemble and calculated various thermodynamic quantities
such as energy density, pressure, entropy, specific heat and equilibrium number of pho-
tons with such an ultraviolet cut-off. We found one to one correspondence between the
behaviour of photons with an ultraviolet cut-off and the acoustic phonons in the Debye
theory. The usual Stefan-Boltzmann law got modified. We found that the non-perturbative
nature of the thermodynamic quantities in the SR limit is a general feature of the theory
with an ultraviolet energy cut-off. We also noted that the values of all the thermodynamic
quantities are less than the SR values because of this cut-off. We then studied the change
in the phase space measure for exotic spacetimes at Planck scale and discussed the ex-
ample of classical ideal gas for illustration. We found that the classical ideal gas in case
of modified phase space measure has a non-trivial volume dependence in its expression
for the partition function leading to the modification in the thermodynamic quantities like
pressure accordingly. We went on calculating the possible change in the thermodynamic
quantities due to the change in the phase space measure. Because of this modification,
Planck’s energy density distribution and the Wien’s displacement law got modified. Note
that all the thermodynamic quantities reduce to the usual SR result in k — oo limit. We
have plotted the temperature dependence of various thermodynamic quantities. We can

clearly see from the plots of various thermodynamic quantities that we start getting the
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deviation of the results obtained in the modified case from the SR case at % ~ 1071, We
found that the modified Wien’s law can be observed at comparatively lower temperature
than the thermodynamic quantities. Next, we discussed the possible realization of the
modification at Planck scale by considering its effects near the Big Bang. The effectively
lower Planck scale cosmological observations and modifications of DSR have also been
discussed. The leading behaviour for 7 — 0 and T — « have been analysed. We observed
that in the case of modified phase space measure the values of the thermodynamic quanti-
ties might be less than, equal to or greater than the SR values depending on the choice of
a, . As was seen both for the case with only an ultraviolet cut-off and the modified mea-
sures, the nonanalyticity in the special relativistic limit is a general feature of the energy
cut-off introduced in the theory. In the last section, we have given the possible scenarios
of the physical observation of results obtained in effective low energy by suggesting a

quantum mechanical table top experiment.



Degenerate Fermi gas

Thermodynamics

The materials presented in this chapter are the result of an original research done in
collaboration with Nitin Chandra, and these are based on the communicated article

[105].

3.1 Prologue

Modified Dispersion relation and effective theory with an ultraviolet cut-off are one of
the aspects which gives us a possible way to explore beyond the known physics. Since
the photons have been studied in the previous chapter, therefore studying Fermi gas be-
comes the next immediate thing. Since DSR gives us a modified dispersion relation and
puts a cut-off on the highest single particle energy/momentum, this in effect will give a
correction to the thermodynamics of the degenerate Fermi gas which becomes nontrivial.
As is well known, the model of degenerate Fermi gas is used to study the dynamics of
many compact stars such as white dwarf stars, neutron stars etc. We will consider a sim-
ple model of white dwarf stars to study the possible implications of the obtained results.
The white dwarf stars are the final stage of the stellar evolution after the nuclear processes
inside the star have died down. Inside a white dwarf, which has used up almost all its fuel,

practically no fusion is occurring. Therefore there is no source of thermal energy to sup-

49
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port against the huge gravitational collapse. The stability, in this case, is provided by what
is known as degeneracy pressure which is the quantum pressure inside a degenerate Fermi
gas. This idea was was suggested first by Fowler [106] and Chandrasekhar [107]. The de-
generacy pressure at 0 K (considering relativistic quantum gas) is much much larger than
non-degenerate thermal pressure at very high density of stellar medium (density keeps
on increasing as the star keeps on collapsing under self gravity) and it is this degeneracy
pressure that supports the white dwarf against the gravitational collapse. We, therefore,
can calculate the thermodynamic degenerate pressure and equate it to the pressure due
to gravity to get the mass and radius relationship at equilibrium. This in turn gives the

Chandrasekhar limit for white dwarfs in the ultra-relativistic regime.

Various stellar objects and their Chandrasekhar mass limit have been studied in other such
formalisms as well [82] [32] [85] [83]. The effect on a compact star core is well studied
in [108]. [109] and [33] study white dwarfs and their Chandrasekhar limit in detail using
GUP (Generalized Uncertainity Principle). [89] studies in detail the modification of the
equilibrium properties of blackbody radiation in a theory with an ultraviolet cut-off using
MS formalism. Amongst many results presented we note that the Stefan-Boltzmann law
gets modified in DSR and this result can be used to study various stellar objects. It is
a known fact that white dwarfs radiate much less than any other massive celestial white
body and that too, is mainly a surface phenomenon. The interior is completely degenerate
but the surface, which radiates, is non-degenerate matter. Since the degenerate pressure
and the density goes to zero at the surface of the white dwarf, we have a thin envelope
of non-degenerate gas which is responsible for the radiation instead of the whole bulk
(see section 5.3 of [110]). This model of degenerate core with a radiative envelope of
non-degenerate matter can then be used to calculate the luminosity of the star, which gets
a negative and nonperturbative correction in DSR. We anticipate the nonperturbativity in

SR limit due to the presence of ultraviolet cut-off (for details see [89] [10]).

In this chapter our aim will be to study the thermodynamics of degenerate Fermi gas with
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such a modified dispersion relation and an ultraviolet cut-off. Since we are considering
massive Fermi particles, the study of the thermodynamics of such a massive particle gets
separated in three different cases m < x, m = « and m > « (for details see [10]) . In
section 3.2 the modified thermodynamic pressure and the total energy in all the three
possible mass cases has been discussed in detail. We will especially look into the mass
and number density dependence of the degenerate pressure for m < « case in detail, both
in SR (as almost no literature discusses this dependence) and the modified case. We will
also briefly discuss the two extreme non-relativistic and the ultra-relativistic limits of the
degenerate pressure. In section 3.3 white dwarf is taken as an example to show one of the
possible implications. The correction to the Chandrasekhar limit for white dwarf in all
the three cases will be looked into. We will also study the modified Lane-Emden equation
and the general modified structure equation for the white dwarf in section 3.4. And in
section 3.5 we consider the radiative envelope model of white dwarf and study in detail
the modified luminosity-mass relationship for white dwarfs in both the relativistic and
the non-relativistic regimes separately. Finally, we will summarize the whole chapter and

suggest works that may be done in future.

3.2 Thermodynamics of degenerate Fermi gas

The dispersion relation of a particle gets deformed in a relativistic theory with an invariant
ultraviolet energy scale. In the MS model of the DSR [3] [4] usual dispersion relation

E? — p?> = m? gets modified to (2.1) i.e.,
Ez—pzzmz(l——) 3.1

Here E, p and m are the total energy, magnitude of the 3-momentum and the rest mass
energy of the particle and « is the invariant energy scale of the DSR theory (i = 1,¢ =1

and kg = 1 unless or otherwise stated explicitly). Note that the parameter m is “invariant
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mass" and is not the physical rest mass of the particle. To obtain the physical rest mass

my, we put p = 0 in the dispersion relation (2.1). The dispersion relation (2.1) gives,

(3.2)

where, 0 < myp < kand 0 < m < oo. For a detailed calculation see [10]. Note that
m increases monotonically with increasing m,. We will now proceed to see the possible

corrections to the Chandrasekhar limit of a white dwarf in DSR.

We will start by considering a grand canonical ensemble of a degenerate Fermi gas com-
posed of N relativistic electrons obeying Fermi-Dirac statistics. The total number of par-

ticles can be calculated as (here the spin degeneracy g = 2s + 1 = 2),

_ gd’xd’p V.. (*  pldp
v [ Jot St =5 [ S )

Here (n,) is the mean occupation number and fugacity z = €, u being the chemical

potential of the gas. For the Fermi gas at T = 0K, the mean occupation number is
(n,) = 1 for E < py and (n,) = 0 for E > uy. Here py = Er is the chemical potential at

T = OK. In such a case the number of particles become,

PF d3xd3p Vacp?:
N = 2= 34
fv,w fo h3 372 34

Here the accessible volume for a particle V,, = V — 347”3 [89]. This gives the Fermi mo-

mentum,

pr = 3r'n)'” (3.5)

where n = Vﬂ is the electron number density of the star. The grand canonical partition

function for such a gas is given by (see [90]),

OV TY = | | (1+2¢77) (3.6)

E
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The g-potential therefore becomes,

_ Pth Vac

=10 Q@ Ve, T) = ) In(1+2¢77). (3.7)
E

Taking the large volume limit we get,

P thVac _ 8 Vac pr —BE(p) 2
( - )_(2ﬂ)3f0 In[1+2e0] dmp?dp (3.8)
Note that in such a large volume limit V,, = V — ~ V. The dispersion relation (2.1)
for an electron gives
dE
=PI (3.9)
dp 4 ( -~ ’,'f—z) E
Using the above equation along with (3.3) we obtain,
T |pr BE 1 dE
ch—ﬂ2[3 1n[1+ze F] +3n a’p
NT\ 1 dE
:1 1+ -BEF + — D — 310
n[l +ze ](Vac) 3n<pdp> (3.10)

Since we are taking Fermi gas at 7 = 0K, so the first term vanishes. Using equations
(3.4) and (3.9) and then changing the integration variable to energy the expression of the

thermodynamic pressure P, comes out to be,

PF d“xd3p dE
1 bk Ve s 2P 1
Py = 3" T P Wf dE [f(E)]'" (3.11)
fac @ny 2 o
where f(E) is given by,
E 2
F(E) = Ez—mz(l - ;) — (E - E))E - E») (3.12)

with Ey = mg and E; = 75 = 2mo . The total energy is the next thing that we look into.
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The expression for total energy U is given as,

U= Z E(ng), (3.13)
E

which in large volume limit for degenerate case becomes,

V PF
U= f p*dp E (3.14)
0

s (1 - E)] [EZ — (1 - 5)2]2 dE (3.15)

As stated before (i.e, in massive case) and also looking at the expressions of the integrals,

we have three different cases namely (see for example [10])

l.my<5om<xk
2.my=5om=«
3.my>5 o m>«

We will now consider each case separately.

321 Casel:mg<j o m<k

In this case we have —oco < E; < 0 < Ey = mg < 5. The signature of f(E), therefore,

changes as follows

e f(E)is +ve for the regions E < E, and E > E| = my

o f(E)is-vefor E, < E < E; =my
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The integrand in equation (3.11) remains real throughout the range of integration and for

this case we have

2\3/2 2/, \ e
m m-/k m
LB = (1 - ?) (E+ mz) - —| - (3.16)
—e) (=)

The expression of pressure for this case becomes,

1 2032
Py=5(1-5 f dE'(E” = m™)2. (3.17)

3n? K? o

Note that P,, is always positive, therefore we are considering the positive root only. Here,

2
E =g+ X (3.18)
-4
and
m = (3.19)

K2
We now change the variable to x such that E’ = m’ cosh x. This change is perfectly al-
lowed as we are considering the positive root only. Note that the limits of E’ ensures

E’ > m’ giving coshx > 1 (as Ey can take values from m to «). With the above substitu-

tion we have,

4

& ) 1273/2 a [ . 14 m= (1 . ) 3
dE'(E"” —m'*)’* =m dx sinh™ x = 1 (3 sinh 4xr — sinh 2xr + Exp 3.20)
m 0

’

Here we choose xf as the positive value of x corresponding to the Fermi energy (E = EF),
but choosing the negative value of x will not change the answer either. Therefore the

expression of the thermodynamic pressure becomes,

1 24\3/2 m* 3
P, = ) (1 - ?) 2 (§ sinh4xp — sinh 2xp + EXF (3.21)
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Note that the dispersion relation (2.1) gives

2
m? m? [k m?
P%:f(EF):(I—F) [EF+ e — (3.22)
=) (1-%)
The above equation leads to the value of Fermi energy as,
VP (1= 1)+ m2 =
Erp = — (3.23)
s
which in turn gives,
E’ \/p%(l—%z)+m2
coshxp = —L = (3.24)
m m

For the familiar version, we will now express various expressions in terms of a new vari-

able zp to give,

2
sinhxy = yJcosh? xp — 1 = %[ 1- ’%] =z (3.25)

sinh 2xp = 2 sinh xp cosh xp = 275 /1 + z% (3.26)
cosh 2xy = sinh® x + cosh® xp = 1 + 27> (3.27)
sinh 4x = 2 sinh 2xp cosh 2xp = 4zp /1 + 22 (1 + 2} (3.28)

Note that xg, cosh xp, sinh xz, cosh 2xg, sinh 2xp, sinh4xp, etc are all positive valued.

Putting the above expressions, the thermodynamic pressure (3.21) becomes,

m* m2 3/2
P, = Tﬂz(l - ?) [ZFwH +z12¢(2z,2F —3) +3ln[zF + 4/1 +z§”

4

m m\ "
- (1 _ F) CGzr) (3.29)

where C(u) = [u V1 + 2 (2u2 - 3) +31n [u + VI + u2]]

Note that the it is obvious from the expression of pressure (3.29) that we have explicit



3.2 Thermodynamics of degenerate Fermi gas 57

dependence on three parameters namely modification parameter x, mass m and number
density n. The dependence of the degenerate pressure of Fermi gas on mass and number
density is almost absent from the literature. Therefore, for comparison let us, for this case

explore the results in SR case as well. The degenerate pressure in SR case comes out to

be,
sk _ Mo 2 my
Pir = 24 [Zm(zz ~3)+3In|c+ m” = 24 @ (5-30)
here z = % We may now plot a contour map for the pressure in mass and number

density. Note that each colored line in the contour plot would represent the constant
pressure value i.e, P(m,n) = Constant. We can also define the tangent or slope of such a

curve as,

dn B _ainf
— =% (3.31)

We can calculate the tangent j—; for both the SR and the modified case. The slope in the

SR case 1s,

dn

dmy

— - , 3.32)
mo) o (2) () (

’ — 2 w 2 N 2 3 ou\ —
where C'(u) = VI+12Q2u? = 3) + F= 2 - 3) + VI+12(4ud) + =, (&) =

(;T%) (3n*n)'3 and (%) = (:TZ) (3n*n)~%3. In modified case the slope comes out to be,

) (el =)
K2 K2 C’(u) (%) K2 »

(3.33)

_(—4) cw (5
SR_

A e

i\l cw g\

with (24) = (3) 32*n)'* and (%) = (=) (3z*n). Figure 3.1a and 3.1b shows the

m2

counter plots for the SR and the modified cases for typical values of mass and number

density in Planck units. It is clearly visible from the figure 3.1 that the contours in plot
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Figure 3.1: The plot (a) shows contour plot of degenerate pressure of the ideal Fermi gas with mass m and
number density n. The plot (b) shows the modified pressure contour plot. The plot (c) shows the (P,, — P)
contour plot. Each colored line here represents a constant pressure value and we have chosen the values in
Planck units with k = 1. We can clearly see that the difference is positive for this particular range of the
plots. Another point to note is that contours in plot (a) have positive tangent g—; but the contours in plot (b)
have negative tangent. Also the correction is more for larger n and m values.
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3.1a have positive slope 57’:1 whereas plot 3.1b shows that the slopes are negative. This
transition may be attributed to the dominance of the extra negative term that we get in the
modified case which was not present in the usual SR case, which becomes more and more
dominant for the larger mass m values. Note that the plot 3.1c shows that the correction
is positive for this particular range of mass and number density. But the correction can be
positive or negative depending on the selected range of the m and n. And another thing
to note is that the correction is more prominent for larger n and m values for the chosen
scale k = 1. Note that the value of the scale here is k = 1 for illustration, but can be
appropriately chosen for the given scenario. Another important thing that we can now

look into are the two extreme non-relativistic and ultra-relativistic cases.

1. z << 1: Non-relativistic SR case
Using equation (4.6.31) of [98], the expression for the degenerate pressure becomes

(keeping only the lowest orders),

SR _ mg (§ 5 ‘_1 7) _ (Bn)> 3 3 (3m)Pn’3 (3.34)

S 24e\5° 7T )T 5 me . Am my

This clearly implies the inverse dependence on the mass.

2. z>> 1: Ultra-relativistic SR case
Here again, using equation (4.6.31) of [98], the expression for the degenerate pres-

sure becomes (keeping only the highest order),

PR~ l 27 = NS
th = 2472 1272

(3.35)

Note that there is no mass dependence in this case.

We may now play the same game in modified case as well using the expressions (3.29)

and (3.24). The corresponding expressions in modified case are as follows,

1. zr << 1: Non-relativistic SR case
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The expression for the degenerate pressure becomes (keeping only the lowest or-

ders),

m4 ( mZ)—S/Z(S S 4 7) (37T)5/3 n5/3 (37()7/3 n7/3 ( m2)
— 1 - ?ZF = - .

ng 1572 m 4272 m3

Note that the correction comes in the next order.

2. zrp >> 1: Ultra-relativistic SR case
The expression for the degenerate pressure becomes (keeping only the highest or-

der),

m* m2\ " (3m)*3 m2\ "/
Py ~ 2(1 - —) Zp = T (1 - F) n*. (3.37)

Note that there is a mass dependence in this case as opposed to the SR one. It is

obvious that the SR limit gives the usual SR results given before.

Another very important point to note at this juncture is to see whether the expression
for pressure (3.29) is nonperturbative or perturbative in the SR limit as we expect the
expression to be nonperturbative in theories with an ultraviolet cut-off (see for example

[10] and [89] ). To see such a behavior we expand the above expression in m?/k* to get,

m* |5 m* _ 3 3 3
Py = Pth + e EPth ey {(1 +u?)1? (u4 + §u3 + Eu) +(1+ud)'? (3u2 + Eu)}]
4
+ 0(%). (3.38)

This expression clearly shows that the the expression in the SR limit in perturbative as
oppose to the expectation. In typical DSR case the SR limit takes the upper limit of
the integral over the single particle energy, describing the thermodynamic quantities, to
infinity which is nonperturbative in nature. On the other hand no such thing happens for a

degenerate Fermi gas. The Fermi energy Er remains the upper limit of the integral in both
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SR and DSR. This explains the absence of nonperturbativity. Therefore, what separates

the results of DSR and SR in case of degenerate Fermi gas is the presence of the modified

dispersion relation.

The expression of total energy U can be similarly calculated using (3.15) as,

V. 2\3/2  ~E},
U — : 1 _ m_2 f dElEIZ(EIZ _ m/2)1/2
7T K ml
Ve m?\"* (m?\ [ 2 241
_ Jac - o P2 0 2N\1/2
37r21 e (K)fm dE'E'(E'*“ —m
Vac 2\ o .
=—=(1- m_2 m'* [f dx (cosh x — 1) sinh? x cosh x}
T K 0
Ve[, m2\"? (1 | 1., 1
= p 1- Z m (3—2 sinh4xyp — 3 sinh” xp — gxp)

Ve m’ 2 4o 3 2 m* Ve
= 5 (1 - F) m [SZF(w“ + 25— 1) - C(ZF)] = S (1 -

where D(u) = [8u3 ( V1 +u? - 1) — C(u)] and C(u) is as defined above.

322 Casell:my=35©m=x«

For this case the f(E) becomes,

ﬂ@:%@-@

Putting the above in (3.11) we get the expression of the pressure as

2(2x)%* K\
B (F J

P, =
" 152
Now using the dispersion relation (2.1) and (3.5), in this case we have

kP Gt
Kk _Pp_ Grnp?

2 2% 2K

m

K2

2\~

32
) D(zr)

(3.39)

(3.40)
(3.41)

(3.42)
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The expression of the total energy, therefore, in this case becomes,

o P

K5/2 K K3/2
Z(Er-2) -Z|Er-= 4
32 S(F 2) 3(F 2) ] (343)

3.23 Caselll:my >3 © m>«

In this case we have 0 < £

2
changes as follows

< Ey = my < k < Ey < oo. The signature of f(E) therefore

e f(E)is -ve for the regions E < E; =mpand E > E,

o f(E)is+veformy=E, <E<E,

Again the integrand in equation (3.11) remains real throughout the range of integration
and is given by

m2 3/2 m2 mz/K 2 3/2
LFE)? = (; - 1) (=1 [E T ]

(3.44)
m
Thus the pressure therefore becomes
1 2 32 gy
Pp=—|% -1 f dE'(m" - )" (3.45)
3m2 \ k2 -
where
E} = -E% (3.46)
and
m' =-m', (3.47)

where E7; is corresponding to (3.18) and m’ is given by (3.19). Here, E}. and m” take only

positive values and 0 < E7. < m”. Now we again make the change of variable to y such
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that

E' = -m" cosy (3.48)

Limits of E” ensures that 0 > E’ > —m"” = 0 < cosy < 1. Using this substitution we get,

14

~Er VF m 1 3
f dE'(m'"”* — E*)’? = m"* f dy sin*y = 1 (g sin4yy — sin 2yy + 5yF) (3.49)
-m'’ 0

Here yr is the value of y corresponding to the Fermi energy £ = Er and 0 < yr < 7. The

expression of the thermodynamic pressure therefore becomes,

1 m2 3/2 m//4 3
Pth = ﬁ (F - 1) 4 (g sin 4yF —sin 2yp + Eyp) (350)
Now, the dispersion relation (2.1) gives
) m? m? m?*/k ’
Pr = f(EF) = el = |Er— . (3.51)
(=-1) C
Rearranging the above equation we have,
= (2 - 1)
E. = - (3.52)

m2

K2

Note that in this case E}. is —ve. The Fermi Energy Ey is therefore given by

m* _ 2_ 2 (m _
Ep= = ‘/m i (i ) (3.53)

m2

K2

Note that for all values of pr € [0,«], the expression inside the square-root is always
positive. But the value of py can at most be « and in this case m > «, therefore we only
get the non-relativistic particles or at most relativistic particles. Physically this means

that the particles are so heavy that their ultra-relativistic motion is not possible. The
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above value of Fermi energy Er gives us,

E, \/m2 - P (% - 1)
m

CoOSyp = ——- = (3.54)
m
As seen before, we will express the various quantities in terms of variable g as,
sinyr = 41 —cos?yr = gqr (3.55)
sin 2yp = 2sinyp cosyr = 2qr A/l — g% (3.56)
cos 2yp = cos> yp —sin’ yp = 1 — 2q7 (3.57)
sindyr = 2sin 2y cos 2y = 4qr |1 - g% (1 - 24}) (3.58)

In this case also yg, cosyp, sinyg, cos2yg, sin2yg, sin4yp, etc are all positive valued.

Putting the above values in (3.49) we get,

14

By m - /
f dE'(m"z _ E/2)3/2 — T [3 sin 1 (qF) —qr 1 - q% (zq% + 3)] (359)

Hence, the thermodynamic pressure (3.50) becomes,

m//4 mZ 3/2 . ) m4 m2 -5/2
_ - 2 _
Py, = Tnz(?_l) [351n (QF)—QF\II—QF(2QF+3)] = m(ﬁ—l) J(qr)
(3.60)
where J(u) = [3 sin”' () —u V1 —u? (2u2 + 3)] Using (3.15) the total energy in this case

can be easily calculated as,

Vac 2 o2 ~E
U — : m_z _ 1 f dE/EIZ(mIIZ _ E/2)1/2
2\ k —
Vie (> N (m2\ [
" =1 — f dE'E'(m'"* — E™)'/?
3m2 \ k2 K ) Jomr
Voe (2 \*? e .
=== -1] m f dx (cos y— 1) sin’y cos y
2\« 0
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Ve (m* \" 1 1 1
= (m_ - 1) m' (—— sindyp — = sin’ yp + —yF)

2\ k2 32 3 8
Ve [(m? 52 ., f m*V,. m2\ "
" 2412 (? - 1) 't [8%%( L= - 1) " C(QF)] = D4n2 (1 - F) K(zr)
(3.61)

where K(u) = [8u3 ( V1 —u? - 1) + J(u)] and J(u) is as defined above.

The discussion till now is a modification in the thermodynamics of ideal relativistic Fermi
gas in an effective theory with invariant ultraviolet cut-off. These results are valid at any
energy depending on the choice of the of the parameters n, m and the scale k. One of
the places which finds direct application of the degenerate Fermi gas is the study of the
dynamics of the white dwarf stars. In the next section we explore the modified dynamics

of such a typical white dwarf star as one of the examples of this formalism.

3.3 White Dwarf: An Example

A typical model of a white dwarf star consists of N free electrons and % helium nuclei.

The mass of the star is given by (m,, ~ m,,)
N
M = Nm, + = (2m, +2m,) = Nm, + 2Nm,, = N(m, + 2m,). (3.62)

Here m, and m, are the rest masses of the electron and the proton respectively. In such
stars the pressure support is given by the non-interacting (ideal) gas of degenerate elec-
trons and the mass density is mainly non-degenerate carbon or helium ions [110] [111].
We may neglect the presence of the helium nuclei contribution to pressure as they do not
contribute significantly to the dynamics of the problem but only the mass. The internal
temperature of the white dwarf is of the order of 10" K which is obviously not enough to
hold the star against the self gravitational collapse. It is easy to see that the Fermi energy

of the electrons Ey is of the order of 10° K, which is higher than the average kinetic en-
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ergy of the electron ( T). Hence the degeneracy condition holds and the gas of electrons
can be approximated as a zero-temperature Fermi gas [110-113]. For a similar reason
the effect of the radiation as well can be neglected as we choose T = OK. Since all the
levels upto the Fermi level are filled (system is in the ground state) and therefore there is
no radiation effect showing up in the dynamics as a first approximation. Note, however,
that it is an observed fact that the white dwarfs radiate and so have a finite luminosity
that leads to its cooling. Therefore, they must have a thin radiative envelope along with
a degenerate core. Thus, the complete degenerate matter approximation is valid except at
the thin non-degenerate surface envelope responsible for the finite luminosity of the white

dwarf star. This we will discuss in detail in the luminosity section later in this chapter.

We will take the star to be spherical in shape and therefore the change in the total thermo-
dynamic energy of the star (dE,;) due to infinitesimal change in the radius of the star (dR)
is given by

dEy, = PydV = 47R*P,dR (3.63)
Whereas the change in the gravitational energy is given by,

GM?

dE; = a——dR (3.64)

where « is of the order 1. The exact value of a will depend on the spatial variation of n.

At equilibrium we have dE;, = dE,, which leads to

th = % (3.65)
331 Casel:my<j; o m<k
Using (3.62), (3.5), (3.18) and (3.19) in (3.24)we get
coshxg = /1 + A2 M7 (3.66)

R2
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where

A=

N (R | [ S
)AL

1/3
= .67
Vmm’ \4m, + 8m,, 4m, + 8mp) (3.67)

me

Note that here A%ﬂ = £ ( NI ’;’—22) gives relation between A and pr, which in the SR

m

limit gives the correct expected result. We will now express various expressions in terms

M1/3
sinh xp = fcosh®xp — 1 = A R (3.68)

1/3 M?2/3

of A%ﬂ to give,

sinh 2xr = 2 sinh xp cosh xr = 2A (3.69)

cosh 2xp = sinh? xz + cosh’? xz = 1 + 24 (3.70)

M3 2/3
sinh 4xy = 2sinh 2xp cosh 2xp = 4A R 1+ A2 =

M2/3
(1+2A2 7 ) (3.71)

Putting the above expressions the thermodynamic pressure (3.21) becomes,

4 2\3/2 1/3 2/3 2/3
M M M
Py = — (1 —m—) {A 1+ 4 (2A2 —3)

- 2472 K2 R2 R?
1/3

AM + 4/1+ A2MZ/3
R R?

Equating equation (3.65) with (3.72) we get the mass-radius relationship of the white

+31n

(3.72)

dwarf star in DSR as,
m w2V 3 M2/3 M2/3
1-—| |A 1+ A2 2A% -3
2472 K2 R R? R?
M3 M23\||  aGM>
+3In|(A + 4/1 +[A? = 3.73
! ( R ) ( R ) AnR° (3.73)
1/3
In the SR limit (k — o) we have m’ — m, (see equation (3.19)), A — -- ( 4m’9+’%m ) /

(see equation (3.67)) and hence the above expression reduces to the correct relationship
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Figure 3.2: Figure showing the variation of degeneracy pressure (P) with mass (M). Here also the mass is
expressed in terms of the limiting mass Mg R and the radius in terms of the Characteristic length of the order
10*? in Planck units. In this case too the value of the parameter « is x = 10722, Here green line denotes the
SR and the red dotted denotes the modified relation. Note that the value of the modified pressure is greater

than the SR value for certain masses, equals and crosses to become less than the SR value for certain masses
of the white dwarf as expected.

as given in section 8.5 of [90], with the identification that x = AMT%. The M-R plot is
shown in figure 3.3. It is clearly obvious from figure 3.3 that the modified M-R relation
is below the SR one for some values, equals the SR value at the crossing point and is
greater than the SR value for certain masses of the white dwarfs. And figure 3.2 shows
that the equilibrium degeneracy pressure is greater than the SR value for certain masses,
equals and crosses to become less than the SR value for certain masses. This is easy to
see as for a given mass value the thermodynamic pressure is inversely related to radius
and since the radius for modified case is lesser than, equal to and greater than the SR
case and so the modified pressure is expected to be greater than, equal to and less than
corresponding the SR value. Since energy density is related directly to mass density
as Mass Density = Energyc—?enmy, therefore denser compact objects are expected to show
better measurable correction due to such a modification. Note that in the plots, the scale
k is chosen to be x = 107 for illustration. Similar scale is noted by many who attempt
to study the corrections to the dynamics of compact objects with modified dispersion
relations [114] [115] [33]. This is the effective semi-classical scale where the effects

starts to show up for considered white dwarf model. Note that this scale is of the order
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Figure 3.3: Figure showing the Mass-Radius relationship. The mass is expressed in terms of the limiting
mass Mg R and the radius in terms of the Characteristic length of the order 10** in Planck units. The value
of the parameter « is k = 10722, Here green line denotes the SR and the red dotted denotes the modified
relation. Note that the modified M-R relation is below the SR one for some values of mass, equals the SR
value at the crossing point and is greater than the SR value for certain masses of the white dwarfs. Note that
the fact that the modified Chandrasekhar mass is greater than the SR mass is clearly visible from the plot.

of the energy of the constituent particles as expected. In future compact stars which are
much denser can be studied where this scale might appropriately near the Planck scale.
We will now look at both the non-relativistic and ultra-relativistic limits of the above

obtained result.

1. R >> AM'/3: Non-relativistic case
In such a limit, as stated before, using equation (4.6.31) of [98], the pressure (3.72)

becomes,

/4 24\3/2 5/3
M
om (l_m) (As )’ (3.74)
V8

and the mass-radius relationship becomes

m*A> M°3?  3naG m2\ " M2
= aalt (3.75)
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This in turn gives

4m'* A3 m2\*?
R o (1 —~ —) M3 (3.76)

The SR limit gives the expected result (see for example equation (21) of section 8.5

of [90]).

2. R << AM'3: Ultra-relativistic case

Here again using equation (4.6.31) of [98], in this limit the pressure (3.72) becomes

m m? 3/2 M43 M2/3
,~——[1-—] [A* - A? , 3.77
" o2 ( K2 ) [ ] ( )

and the relationship gives

m* A M43 R 3naG (. m?\"? M?
r m\'Taen)t e Ve w® G-78)
We therefore have,
M\ 172
R~ AM'3 ll -~ (ﬁ) ] (3.79)
0
where
(m’'A)° m2\"*
Mo = W 1- F (380)

which is the modified Chandrasekhar mass limit, which is the maximum stable mass

for a white dwarf in this Chandrasekhar model (see [116]).

Therefore, using (3.19) and (3.67) the relation between SR and DSR case is,

My=—2— (3.81)

Here also this gives the correct SR limit equations (see equation (22) and (23) of section
8.5 of [90]) as expected. Since in this case m < «, so the denominator of the above equa-
tion is less than 1 , which implies that the Chandrasekhar mass limit of the white dwarf

has actually increased. This fact is clearly visible from the figure 3.3. Interestingly, the
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SR limit of the above relation is purely perturbative and has no nonperturbative signature
as was discussed before. The DSR correction to the Chandrasekhar limit comes solely
because of the modification in the dispersion relation as the energy cut-off does not effect

the calculation.

332 Casell:my=5 o m=«

In this case, for a spherical model of star we have n = % = Sﬂ;Mm and therefore the
P

thermodynamic pressure becomes

1 9 A Vel
Py = 3.82
" 15a1 Pk (4me + 8mp) R> (3:82)
Equating the above to (3.65) we get the mass-radius relationship as
4 or \"
R = M3 3.83
15rakG (4m6 + 8mp) (3:83)

We conclude that there is no Chandrasekhar limit in this case for the masses of the white-

dwarf stars.

3.3.3 Caselll:my> 7 & m>«

Playing the same game, using (3.62) and (3.5) we have

’ M23
cosyp = —— 1- B2 e (3.84)
where
1 O 13
B = 3.85
\Nmm’’' (4me + Smp) ( )



72 Degenerate Fermi gas Thermodynamics

. . .. . 1/3
As seen before, we will express the various quantities in terms of BMT as,

M1/3
sinyp = /1 —cos?yr = B R (3.86)
13 M2/
sin2yr = 2sinyr cos yr = 2B 1-B 7 (3.87)
M2/3
cos 2yp = cos’ yp —sin’ yp = 1 — 282 7 (3.88)
1/3 M2/3 M2/3
sindyp = 2sin2yr cos 2yr = 4B—— /1 - B? = (1 - 2B = ) (3.89)

In this case also yg, cos yg, sinyg, cos2yg, sin2yg, sindyr, etc are all positive valued.

Putting the above in (3.49)

~E} 14 M1/3
f dE’(m”z—E’2)3/2:mT[3 sin_l(B . )

m’

M1/3 M2/3 M2/3
-B 1- B2 2B +3 (3.90)
R R? R?
Hence, the thermodynamic pressure (3.50) is given by
mu4 mZ 3/2 L M1/3
Pth:m(?—l) [3sm (B R )
M1/3 M2/3 M2/3
-B 1-B2 2B +3 3.91
R R? ( R? )} ( )

Now at equilibrium we equate the above expression of pressure to (3.65) and get the

mass-radius relationship of the white dwarf star as,

14 2 3/2 1/3 1/3 2/3 2/3 2
M M M M GM
™™ _4) |3sin”!(B _B 1- B wr__ 13)|=2

2472 \ k2 R R R R? 47R*

(3.92)

The equation (3.86) tells us that 0 < B% <1 =R2>=BM"Pas0 < yp <Z The

asymptotic behavior R >> BM'/? of the mass-radius relationship, using equation (4.4.40)
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of [98], is given by

4m//4BS m2 3/2 '
~ - _ -1/3
R (K2 1) M (3.93)

Again, there is no limit for the masses of the white-dwarf stars as expected. Note that the

Chandrasekhar limit only in ultra-relativistic case which is not possible.

We conclude this section by noting that we only get the Chandrasekhar limit in ultra-
relativistic limit of the m < « case, which apparently is the physical case. We also note
that this correction is actually positive. Therefore the mass- radius relation has changed
and so the radius of white dwarf is lower, equal to and greater than the SR values for given
masses. The decrease in radius is theoretically predicted [109] [33] and experimentally
observed as well [117] [118] [119] [120]. This analysis may not be the only explanation
of the observed decrease but is surely an attempt. In future we may observe the white

dwarfs with radius greater than that predicted by the present SR theory.

3.4 Modified Structure equations

In previous sections we considered the matter density to be constant. In this section we
will consider variable matter density and obtain the static structure of the white dwarf
using stellar structure equations [113]. As is obvious from the analysis of the previous
section that the Chandrasekhar limit is obtained only for case I i.e., m < k. We will,

therefore, consider that case only for the present analysis.

3.4.1 Lane-Emden equation and the Chandrasekhar mass

For the stellar model we first need to express the expressions in terms of the matter density

p instead of number density. We will use the mean molecular weight 4 = -£—, where

H’

L = N, as the gas constant (Avogadro’s Number), my = 1.6605 x 10727 Kg is atomic

mH_

mass constant (equal to mass of hydrogen atom for all practical purposes) and n is number
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density as usual. Therefore, for m < k case the Fermi momentum is given as,

M\ m
PFr = (A )
R —
-5
1/3
= (3nn)'3 = (3772L) (3.94)
Hmy
The pressure in non-relativistic case becomes,
m' m2\*"? S M5/3 s
~ — /3
Pth = @ (1 - ?) (A RS ) = Clp s (395)
G2 - : L
where Cy = ~—= G Similarly, the pressure in ultra-relativistic case becomes,
m' m2\*? M3 A
~ _n _ /3
Pth = 127‘(2 (1 K2) (A R ) = Czp , (396)
1 m2\V2 2 o131 -
where C; = ; (1 - K_z) (3r7) G Therefore, we conclude that both in non-

relativistic and ultra-relativistic case the degenerate pressure depends on the density of
matter and the degenerate electron gas behaves as a perfect gas with the polytropic equa-
tion of state. Then assuming the mass density only depends on pressure, not on tempera-

ture, we can solve the structure equations. The general polytrope is of the form,

P=Kp (3.97)

where y = 1 + % and n is called polytropic index. Note that here the x dependence
is in the coefficient K. We will then use this in the Poisson equation to get the usual
Lane-Emden equation and which further gives the expressions for the radius R and mass
M. For a non-rotating fluid we have the hydrostatic equilibrium structure equations as

(see [L1O] [LTI][L13]),

4nr’p (3.98)
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and

dpP Gm(r)p
— == . 3.99
dr r? (3.99)
Combining the above two equations we get,
1 d(r*dP
—— === 3.100
r2dr ( o dr ) nGp ( )

Using (3.97) and the boundary conditions p(r = 0) = pg and £ = 0, we can obtain

dr( =0)

p(r) by solving (3.100). We will, instead, scale this to the dimensionless form using

n+ DKp/m\172
( me;o ) ¢ = aé, (3.101)

p(r) = pot(r) and r= (

here 6 and ¢ are the dimensionless density and radius respectively and a is the scale factor.
With the above substitution in (3.100) we get the Lane-Emden equation for polytrope

index n as,

L d(,d6\
7 (g d_g)‘ 0. (3.102)

. s — 0 — do
Using the boundary conditions 8(r = 0) = 1 and 5| 0

= 0, the above equation can be
integrated numerically, starting from & = 0 for a particular choice of x. One can see that
for n < 5, the solutions decrease monotonically with the zero at & = &; i.e. (&) = 0 or

p(ry = a&;) = 0. This r; = a&, = R is the radius of the star,

DK on(1-m/n\1/2
R:(("+ )Ko ) £ (3.103)

4dnG

Using (3.101) and (3.102) we get,

m+ DK o
M= f dnrtpdr = 4 ( = ) poC N (). (3.104)
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Figure 3.4: Figure showing the numerical solution of (3.102) for n = 3, i.e. the variation of §(¢) as a
function of £. It can be clearly seen from the plot that the value of £; = 6.89 corresponding to 6 = 0.

We get the mass-radius relation by eliminating the p, between R and M relation as,

(n+ DK

n/(n+1)
ypoe ) &IENG EDIREI, (3.105)

M=47r(

The interesting case is the ultra-relativistic case with y = ‘3‘ or n = 3 and the corresponding
values are & = 6.89 and £%|6/(£)| = 2.02 (refer to [116]). The numerical solution is

plotted in figure 3.4. The mass then becomes,

G2 (- w2\ (202 M3®
M, = 1-= = 1
0 [mHsz 2 2%l [ B m_zz]3/4 (3.106)

which is exactly the mass M, obtained in section 3.1.2 above, with the proper substitu-
tions. Note that the white dwarfs which are predominantly made up of 2C or 60, the
value of u =~ 2. The value can be written in terms of the mass of the sun with proper units

introduced as,

Mo, (3.107)
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where M, is the mass of the sun. Note that this mass is independent of radius R and the

central density py. The radius can then be written as,
3m)1/2 2\~ 1/4
r-|_GM (1 m )

_m 6.89 &)]/3 3.108
o )l @109

2u J\po

K2

3
MM,

2= 1is the critical density which defines a rough partition between non-

where p. =
relativistic and and relativistic regimes. Such that, p << p, corresponds to non-relativistic

case and p >> p, corresponds to ultra-relativistic case.

3.4.2 General structure equation

In the previous section we assumed a particular polytropic form, with polytropic index n,
of the density dependence of pressure. The non-relativistic and ultra-relativistic cases can
be understood by taking a particular values of n and solving the differential equation. But
we will now take a more general approach than just taking the two extreme cases. We
first express the number density in terms of matter density as n = W’:%H in (3.94) to give the
expression of density as,

M
A3F = Cux’ (3.109)

3 2\~3/2
o= umpgm - m-
3r2 K2

where C; = (1 — ’"—2)_3/2 S [1 — (&)2]_3/2 and x = AME e,

3n? K2 3,,2(1_@)3 K—m, R
211/2
1-50) - 13| g1 o
= ( )[ mE ) ] ( 4me9+ﬂSmp) ] M;/%. The pressure is given by (3.72) as,
Pth = CzF(X), (3110)
w (1 m) S . me V2 :
where C, = a2 (1 - K—z) = m [1 - (K_’:'le) and F(X) = X(2X - 3)(1 +

x%)'2 + 3sinh™!(x). Note that the dependence of « is in the coefficients C; and C,. The

spherically symmetric fluid in equilibrium with gravitational force is given by (3.100). In
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order to cast it into a convenient form, we will make a change of variable as 72 = (x* + 1)

and find that
1dP _ 8C, (dz (3.111)
pdr  Cu\dr ’
Using the above equation in (3.100) we get,
1d{,dz n(GCAu?\ ,
il 7 hug AN kel ) YOS DE/E 112
P dr (r dr) 2( c )& (5.112)

Let us take the value of z at r = 0 as z.. As was done previously, we will rescale the

variables as

_ _ 2L ),
¢=Qz and r=[—2 (Cl%)g_ag. (3.113)

Using the above scaling (3.112) can be written in terms of new variables Q and ¢ as,

2 9 1\?
d£+—@+ Q*-—=| =0 (3.114)
e " £ de 2
with the boundary conditions Q(¢ = 0) = 1 (by definition) and 42 = 0 (by assuming

dé =0

that the gradient of pressure at the origin vanishes). Given z. > 1, this can be numerically
solved for the given boundary conditions outwards from & = 0. The density can as well

be written in terms of the new variables as,

1 3/2
p:CWf:amf—N”=am#¢—;). (3.115)

C

For any star, p = 0 at the surface (i.e. at r = R or £ = &;). Therefore at surface we have,

1
x=0, z1=1, Q]ZZ— at f:é‘:]. (3.116)

C
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The expression of radius R is,

26, ( 1
R = = /=== 3.117
aé, e (CIIJZc)fl ( )

The total mass M of the system is,

R 0 1132 0
M :f(; 47rr2pdr =4n (C’l,ucﬁzg)‘f0 fz (Q2 - Z_f) dé = 4n (Cl,ua3z3) (—fzd—‘f)l

4r (2C; 3/2( 2dQ)
_ 2Ca) [ _2dQ 3.118
(Cw)z(ﬂG) i€ ), GH19)

As before (3.112) can be numerically solved for various values of Zl =0to Zi =1 (ie.

from x. = oo to x, = 0). Let us consider the two extreme cases:

1. z—1c=0: This case corresponds to the fully relativistic degenerate one. The numerical
integration gives the values as & = 6.89 and (—fz‘fl—g)l = 2.02. Therefore, the the

corresponding values are x. = oo, pg = o0, R = 0.

2. L=1: This case corresponds to the non-relativistic degenerate one. The numerical

Ze

249

integration gives the values as £ = co and (—f %

)1 = (. In this case the the values

are x, =0, p0 =0, R = 0.

The central density po = C;ux,. decreases with decreasing x, i.e. the relativistic compact
objects are denser compared to the non-relativistic ones. Another point to note is that
the radius of the system decreases with increasing x., i.e. the massive white dwarfs are

smaller in size.

3.5 Luminosity of a white dwarf

In this section we will explore the possible correction to the luminosity of a white dwarf in

DSR. Till now we saw the model of white dwarf where the whole white dwarf is assumed
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to be made up of degenerate gas, such that whole star is supported against the gravity
crunch by the degenerate pressure. But we know that a star has a non-uniform density
distribution i.e, the density goes to zero as radial distance becomes R i.e, at the surface of
the star. Hence the complete degenerate description of white dwarf is inapplicable (see
section 5.3 of reference [110], also see [111] [112] [113]). Therefore, we must consider
the situation where the white dwarf is composed of partial degenerate matter. We wish
to calculate the luminosity of a white dwarf using such a composition. We will start by
describing the model for such a white dwarf. The detailed calculation for the luminosity

will be shown thereafter. The assumptions involved will be stated explicitly.

3.5.1 The model

As stated above our model is that of a partial degenerate matter constituting the white
dwarf. What we mean is that upto certain radius ry from the centre the constituents of
the white dwarf behave as degenerate gas and beyond that it behaves as non-degenerate
matter. We have seen in the preceding sections that the degenerate pressure which holds
the white dwarf against the gravity is calculated using the Fermi gas with 7 = 0 K. On
the other hand we know that the white dwarf star has some non zero finite temperature.
To consider the radiative processes which leads us to understand the luminosity of the
star we must have the non-degenerate radiative envelope. It is a standard observation
that almost all the stars have a radiative envelope (see [110] [111] [112] [113] [121]). In
our model we will also consider a non-degenerate radiative envelope encompassing the
degenerate core of star such that up-to some r from the centre of star we have degenerate
Fermi gas and above which we have classical non-degenerate ideal gas till the surface.
The model is shown in figure 3.5. The transition point 7" = T, represents the transition
from quantum ideal degenerate Fermi gas to a classical ideal gas (note that this transition
is smooth). Due to very high conductivity of the degenerate gas, the interior of the white

dwarf upto the r = ry is isothermal with temperature 7). The temperature gradient starts
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Classical
ideal gas

Figure 3.5: Figure showing the partial degenerate model of white dwarf with radiative envelope. We
consider the transition from quantum to classical is occurring at r = rg and T = Ty. Below r = ry the
gas is quantum and the pressure is degenerate pressure and above r = ry we have the radiative envelope
and the gas is classical ideal gas. Therefore, above r = r the pressure is classical thermodynamic pressure
P="Yp,T.
u

as we enter the non-degenerate part and it is this part that is responsible for the cooling
of the white dwarf. As we move towards the surface of the star the temperature decreases

making a finite surface temperature lower than 7). We will consider both the relativistic

and non-relativistic cases for this partial degenerate model in the DSR theory.

3.5.2 The assumptions

Usually modeling a star is very complicated and for many aspects of the star we still do not
have a proper theory. But as is usually done we will take the standard set of assumptions

and proceed further.

1. We have a spherically symmetric star in steady state with all the physical variables

depending only on radial coordinate r.

2. The radiative envelope is in local thermal equilibrium, such that energy density is
given by Planck’s spectrum B, corresponding to local temperature (see section 2.4

and exercise 2.9 of [110] and also see section 9.2 of [112]).

3. The stellar fluid is stable against convection and so the entire flux is transferred

through radiative process only.

4. Only one of the various processes of scattering are dominant making the polytrope
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to follow the power law for the opacity in terms of density and temperature (see
section 2.4.1 of [110]). The opacity y is given by y = yo0"T~* (see section 2.2
of [110]). The proportionality constant y, depends on the composition of the star
while the power indices n and s depend on the nature of the dominant scattering

processes.

5. Pressure P follows ideal gas equation.

3.5.3 Variation of temperature and pressure and the expression

of pressure in radiative envelope

With the above model and assumptions in mind we will now attempt to calculate the
luminosity of a white dwarf. As was shown in [89], the energy density and pressure
get a modification in DSR and so does the energy flux etc. We note that at such a local

thermal equilibrium we have, for a given frequency, the following relations (see section

6.8 of [111])

43
2ny
eT —1

1. Intensity, I, = B, =

2. Energy density, U, ~ 4nB,
3. Luminosity, L, = (47rR2) Y
4. Pressure, P% = P53

Here P, is the radiation pressure for frequency v. Under such an approximation the energy

flux is given by (refer to equations (6.165)-(6.174) of [111]),

~16P¥ -1 9
~ ~ ———(P,6%), (3.119)

F® ~ —
pyy 0¥ py, 0x°

where v, is the opacity for a particular frequency v . Note that the above equation is true

for a frequency v. The actual equation is found by integrating over the frequency (refer to
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the C.1). Therefore, using the modified pressure and energy density relation in [89] and
the derivatives of polylogarithm given by (see (4.1) in [101]) %[Lin(e“)] = Li,_1(é"), the

required energy flux is given by (see section 2.2 of [110]),

B @ _ 1 _dPrad
F(r) B 471'}"2 B [(pyk)( dr ):|b0undary term "

)5

(3.120)

The expression for the boundary term is given by,

1 s « K4 1 T
—In(l-€e7)— —= — 3.121
(3pw)[ﬂ2 n(1=e7) ﬂzTe?—l]dr G120
and the other term is given by,
1 4T3 2473 | - 24kT? |
(Sp)/) BT + 2 Ll4(eT)+ 2 Ll3(eT)
126°T . /=y 43 — Kt 1 dr

+ 7'[2 le(eT)—?ln(l—eT)+ﬂ2—Tﬁ]E (3122)
Here vy is the mean radiative opacity of the star, yi = fOK i—v is the mean radiative opacity

corresponding to the boundary term (note that such a term is not present in SR case)
and p is the matter density of the star. The motivation for the above expression is that if
energy flux is F(r) then momentum flux is also F(r) (as ¢ = 1), therefore the momentum
scattered per second per unit volume will be (no)F(r) = (py)F(r) (here o is the cross
section and #n is the number density of scatterers) and this is force per unit volume due to
radiation on matter and is related to — v P,,,;. The above equation can also be understood
in terms of molecules in a room which are moving randomly but as soon as we open
the windows we get a flow of air outside or inside depending on the pressure difference.
Similarly, in a star the photons are moving randomly because of collisions. But since in
a star the temperature decreases outward and the radiation pressure is smaller at greater

distances from the center. This gradient in the radiation pressure is responsible for the net
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movement of photons toward the surface of the star that carries the radiative flux.

Assuming a fitting function for vy, and y(p, T') exists, we can then invert to get,

3oy« L(r)
d_T — 4rr?
dr 3 _x &1
pin(l-et) -5
3pyL(r)
+ 4nr?
47273 | 2473 7 - = 24kT2 71 - = 1262T 7+ = 463 = 1
[— 5t 2 Ll4(er)+ 2 Lt3(ef)+ = le(ef)— Fln(l —er)+ me;_]]
(3.123)

Note that this should be applied locally for each r. Following assumption 3, we have
assumed that the fluid is stable against convection and so the entire flux is transferred
through radiative process only. Also according to assumption 4, there are several sources
of opacity. The actual value depends on the medium and the various processes that are
occurring at relevant densities and temperatures. As stated before, we will assume that
the radiative envelope is in local thermal equilibrium, such that energy density is given
by Planck’s spectrum B, corresponding to local temperature. Ignoring the convection we

will first calculate the gradient as,

1dT 3PyL(r)
_ dinT 74 4nGM()
B ~ ldp 3 « 4
dinp P dr [—T—’gln(l—eT)+K—2%]
s T eT -1
3PyL(r)
4G M(r)
+
An2T4 24Ty (3K _ 243y (L35 _ 122727 (= 4T3 = NS |
I ULy (oF) - 2L (oF) - RSP L () + L8 In (1 - 07) - 55|

(3.124)

Here P is the pressure of the fluid in the white dwarf, which we wish to calculate. Note
that we have used equation (3.123) and the equation of hydrostatic equilibrium of a star

given by,

dP __ M()p(r)

dr r2

(3.125)
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This is true for the spherically symmetric star in steady state with all the physical variables
depending only on radial coordinate r. Here P(r), p(r) and M(r) are the pressure, density
at radius r and mass contained within a sphere of radius r. The gas equation for non-

degenerate gas is,

N N k NukgoT
P=—ksT = ( mH)(—B)pT _ DARBPT (3.126)
4 Vp J\mpy M
Here u = —£ is the mean molecular weight, £& = Nykg is the gas constant, my is
M N ght, - g

atomic mass constant, N, is the Avogadro’s number. Now using the dependence of opacity

v = yo0"T~* and equation (3.126) we get,

3y P'L
dT _ 4nGM
dP +5 3 _k +s—1
_T"% 1n(1 —e T) + K4Tnzv %
s T eT -1
3yiP'L
4nGM
+
47.(2Tn+s+3 24Tn+x+3 . =K 24KTn+s+2 . =K 12K2Tn+s+l . —K 4K3 Tn+s . =K K4Tn+x—l 1
[ 15 — Ll4(€T) p ng(er) p le(eT) ——Li; (eT) — e?_l]

(3.127)

Here y1 = yo(3-)" and yi, = You(3)" and we have used Li, (e%) = - ln(l - e%). There-

fore we have,

ArGM Tn+s 3 . 4Tn+s—] 1
Pap="""| " Em(1-et)+ "~ ——|ar

3Ly, 2 n? et —1
47TGM 47T2Tn+s+3 24Tn+s+3 ) » 24KTn+s+2 ) » 12K2Tn+s+l ) »

+ 30y, 5 i Liy (e 7 ) B Lis (e T ) Bl a— Li, (e T ) dT
ArGM 4 3Tn+s » 4Tn+s—1 1

P T (1-e7)-E ——|ar (3.128)
3Ly, n? et —1

Now we have to integrate this from P,, T}, (photospheric boundary conditions) near the

photosphere! to P(r), T(r) in the stellar envelope to get the radiative polytrope equation

Photosphere is the deepest region of a luminous object, usually a star, that is transparent to photons of
certain wavelengths, in other words it is the effective visual surface of the star. It is the region where the
observed optical photons originate.
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such that P(r) > P,, T(r) > T),. We will now use the expression of polylogarithm,

Lifo) =)=, (3.129)
a=1 a

which is valid for |z} < 1 (see (8.1) in [101]). This for our case looks like Li,(e"7) =

oo _ak

Z ¢ We will try finding a general closed form expression by considering,
an

a=1

T(r) £ T(r) -Z
1:]1 Zﬁwe,dT:EZJ‘ 7 _ar, (3.130)
T . .]a i Ty ]a

STk |
provided Z f " e_—adT < co. Now, making change of variables as x = £ such that
=1 YT J

_ _dxg; o _ Kk _ K
dT = —<3(jk) and T, =T, 70 = Toy therefore we have

Tp

_ +100'+1—a o j_K_ o i
= —(ky’ ;mp [r( p I,Tb) r( p I,T(r))]

_ +]c><> ~\p+l-a o EL
—-@p;mp[dp LBTMH (3.131)

00 _Jx
~ptl-a ™ e~
1=-) () w! f i
j=1

Here I'(n, x1, x,) 1s the generalized incomplete gamma function defined as I'(n, x;, x,) =

fx TZ ‘;t_ff’ =I'(n,x)) —I'(n,xy) and I'(n, x) = fx - “;_”,f[ is the incomplete gamma function
whose tabulated values are readily available or can be numerically calculated for a given
k and T. Remember this expression is true provided both Tib > 0 and ﬁ > 0 (otherwise

the integral diverges but this is true for all physical cases) and,

G 'Wﬂr——lﬁ—r——lli]< 3.132
®) ;w [ ( Pt )-rlr-tgg)| <> 13
We can easily check by ratio test that this series is convergent given a particular value of

and T (Remember the value of incomplete gamma function I'(n, x) decreases as the value

of x increases and therefore converges very fast with increasing x for a given n). Also in



3.5 Luminosity of a white dwarf 87

SR limit i.e., as k — oo, for finite 7}, and T'(r), this whole term goes to zero as expected.

We can now proceed and write the closed form expression for the equation (3.128) as,

AGM [ AT, s+4 AT ()t

P(r) = [Pb”“ +(n+ 1){

3Ly, [15(n+s+4) 15(n+s+4)
AGM@)™ | & K jK
I n+s I" _ _ _ 1, —_ =
3nLy, JZ](J) nes T, T(r)
4GM(K)n+.Y+4 = o jK jK
- NGy r|-n-s 2, 22—
3nLy, ; / T, T(r)

A4GM n+s+d [ b [ ; H 11
y AGMETT 243 (|| —n - s -4, 25, 2
37TL’)/1 = |

(3.133)

AGMu™ ] ik \]]
+ 222 oaN Gy | en- s -3, 25 S
3nLy, JZ_;(J) | s

AGMuW™ ] ik \]
+ 222 NGy r|en-s -2, 25 X
3nLy, ;(J) ] nes

ns+d | @ . . _
" AGM™™ 4Z(j)"+s [I"(—n _g_1. 2% i)]

3nLy, = "Ty T(r)
] 1
4G M( K)n+s+4 > s jK jK n+]
+— s F - - b _’ o~
3nLy, »JZ:;(]) "o T, T(r)

Using integration by parts of the incomplete gamma function we have a recurrence rela-

tion as,

I'n+1,x)=nl(n,x)+ x"e™" (3.134)

Using above recurrence relation we can arrange the above expression in terms of one of
the gammas. Further simplifying using the expression of the polylogarithm Li,(z) given
in (3.129) we get the expression as (C.6) given in appendix C.2. The behaviour clearly
depends mainly on the signs of n + 1 and n + s + 4. We can clearly see that the pressure
of the DSR corrected partial degenerate gas is smaller than the usual SR case for a given
mass and temperature. This was also noted theoretically in [82] [83]. We can now express

pressure in terms of the density and then equate it to density obtained for degenerate Fermi
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gas expression, which we will see in the next section.

3.5.4 Calculation of the luminosity

In this section we will try to find the actual expression for the luminosity of the white

dwarf for both relativistic and the non-relativistic cases following the model described

before shown in figure 3.5. The transition point 7 = T represents the transition from

non-degenerate to degenerate matter and so Er = T, we now introduce p, = # (where
74

m,, is mass of proton and g, is the mass per electron) and substitute for n in (3.5) to get,

1/3
pr = (3" (—p ) (3.135)
Hellp
which therefore gives,
m
5 _ 3—7T”2(pp)3 (3.136)

We will start by considering the relativistic case first.

1. Relativistic case: We will first consider the relativistic case with dispersion relation

(2.1) giving pp? = Ep* —m? (1 - ETF)Z Substituting the value of py and Er = T in
(3.1306),

3
oo = ";’7’5 [TOZ o (1 - %)2] (3.137)
Here py is the mass density different from energy density calculated in [10]. Note
that as stated before, the region r < ry is constant temperature (7)) region be-
cause of very high conductivity of electrons. This is the region of highly dense and
degenerate electron gas with long mean free path and therefore the whole matter
upto ry is isothermal with constant temperature 7). The non-degenerate envelope is
mainly responsible for the luminosity of the white dwarf (see discussion in section

5.3 of [110]). We will express the envelope pressure expression (C.6) in terms of

density using (3.126) and equate the corresponding density expression to
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(3.137), to get the expression of luminosity L of relativistic gas for particular n and
s and the chosen boundary conditions 7}, and P, as (C.7) given in appendix C.2.
Since luminosity is proportional to the energy flux and for the radiative envelope
we put an ultraviolet cut-off on the maximum single particle energy. Therefore, the
flux and so the luminosity gets a negative correction. Because of the same reason
the luminosity expression is nonperturbative in the SR limit. This gives the expected

standard result in the SR limit.

2. Non-relativistic case: To get the result for the non-relativistic (which we will call
DNR) case we first need to know the non-relativistic limit of DSR. Normally, to take
the NR limit of SR we write the SR dispersion relation and consider p << my and
expand the relation in this limit. We will do the same procedure of considering the
DSR dispersion relation and expanding it in the limit p << my. Although there are
references as [122] and [123] which discuss the DNR limit of DSR, but they both
take the expansion in the limit p << m. It seems natural to make the expansion in
the limit p << my as my is the rest mass. On the other hand the invariant mass m has
no such physical meaning (not to be confused with the word ‘invariant‘ as the rest
mass my is also invariant under a DSR transformation). Are these limits equivalent?
The answer to this question is no, as a case may arise when i << 1 but mio ~ 1,
making the two limits different from each other. It is so when p = k, my = Kk &
m — oo. We will, therefore, start with the dispersion relation in (2.1) and rearrange

the terms and complete the squares to get,

E:%’z’zi\/m2+p22(l—%2)

P

(3.138)

Since we want the expansion in limit p << my, we substitute m by m using (3.2)

to get

2my — K 2my — K my

E:( —my? )imo(mo—K) \/1_'_1’_22(’(_—2’”0) (3.139)
K
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We then make the following assumptions before doing the binomial expansion,

(a) mLO << 1. Note that this is the DNR assumption we expect physically.
(b) my, k both are finite. Remember that in case of DSR this assumption is valid

from the way it has originally been formulated (0 < m < «).

With above assumptions in mind we do the expansion and keep the first order terms

0 P
in 5=~ to get,

. ( —my? )i (o — ) [1 N 2p22 (K— 2””0)]_ (3.140)

2my — K 2my — K my

Considering the positive value first we get from further simplification,
2 2
E:m0+—[1—@]:mo+— (3.141)
m

Here my is the rest mass as expected and m is the non-relativistic inertial mass. Our
result matches with the literature [122] and [123]. Let us now consider the negative

value,
moK p? moK p?
E = - = - +
2my—k  2m

—2me " om (3.142)
These two energies correspond to the particle and the anti-particle respectively.
Note that the rest mass of the particle and the anti-particle are different. But, DNR
dynamics depends on m which is the same for both. Substituting the value of pg
and Er = T in (3.136) we get,

_ Mple

o= (2mTy)? (3.143)

As done before we will express the envelope pressure expression (C.6) in terms
of density using (3.126) and equate the corresponding density expression to the
density above at T = T to get the relation between M, L for non-relativistic gas for

given n, s and chosen boundary conditions on 7}, and P}, as (C.8) given in appendix
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C.2. In this case also the luminosity gets a negative correction. The luminosity
expression is as expected nonperturbative in the SR limit. This expression also

gives the expected standard result in the SR limit.

So the luminosity in both the cases are lower than the usual value and nonperturbative in

the SR limit.

3.6 Summary

In the present chapter we discussed the correction to the thermodynamic pressure and the
total energy of the degenerate Fermi gas in all the three cases m < k, m = x and m > «.
We discussed the number density » and mass m dependence of the degenerate pressure for
m < k case. We found that the degenerate pressure is perturbative in the SR limit, a result
unexpected for the theory with an ultraviolet cut-off. We also, briefly discussed the two
extreme non-relativistic and the ultra-relativistic limits of the pressure. We took the white
dwarf stars as an example and studied its modified dynamics. For the usual particle i.e,
in case of m < «, as is obvious from figure 3.2, we found that the equilibrium degeneracy
pressure is greater than, equal to and less than the SR value for particular masses of the
considered compact object such as white dwarf. Also as shown in figure 3.3, for given
masses the value of the radius of the white dwarf is found to be less than, equal to and
greater than the usual SR value. Since energy density is related directly to mass density
so denser compact objects are expected to show better measurable correction due to such
a modification. We do not get the Chandrasekhar limit in the other two cases as expected.
The Chandrasekhar mass limit for a white dwarf in this case is greater than the usual SR
value which is clearly visible from the plot. One of the major predictions of our theory
is that it makes an attempt to explain the observed lower radius white dwarfs and also
predicts the white dwarfs having radius greater than that predicted by the present SR

theory. The correction (see (3.81)) is purely perturbative in the SR limit which is quite
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unusual for a theory having an ultraviolet energy cut-off. Therefore we conclude that this
correction is solely because of the modified dispersion relation. The other two cases m = «
and m > « has also been studied where we do not get any limit on the white dwarf mass.
Note that the presence of observed white dwarfs having radius lesser than the SR case may
find an explanation if they are modelled using a modified dispersion relation. This result
has also been found using the modified Lane-Emden equation assuming radial density
distribution. General modified structure equation has also been discussed in detail. We
also calculated the the luminosity of such a white dwarf in DSR both in non-relativistic
and relativistic cases. We noted that since the correction in pressure is negative for a given
mass and temperature and so is the correction in the luminosity as well. The correction to
the luminosity of a white dwarf is nonperturbative in SR limit as expected because of the

presence of an ultraviolet energy cut-off.



A Criterion for swapping the

double summation and the integral

The interchange of summation and integration signs for a series is a well known theorem
(see theorem 1.38 of [124]). In this Appendix, we will generalize this theorem for a

double series i.e. we will prove the equality,

L;;%:;;L%/ (A.1)

holds if,

> fM Ay < oo (A.2)

We take the two summations out of the integral one by one in the LHS of (A.1) to get the

RHS, using theorem 1.38 of [124] which is allowed if,

;L;M

<o and ) f Apw| < o0 V. (A3)
— IM
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Let us rewrite (A.2) as,

Z’"<°° with tn:Z f Al V. (A.4)
- ~ IMm

n

We note that#, > 0 Vn, which along with (A.4) implies t, < co  Vn which is nothing but

the second inequality in (A.3). This further implies (because of theorem 1.38 of [124]),

ty = Al Vn. (A.5)
(92

Now we note that |Zn, A

< Y lAuwl  Vn. Integrating over M followed by the sum-

mation over n we get,

2. fM PWIEDY fM D MAul Vn (A.6)

Taking (A.5) and (A.4) into account in the above inequality we get the first inequality of

(A.3). Thus we have proved that (A.2) implies (A.3) and hence if (A.2) is satisfied then

the equality (A.1) holds true.



B List of certain results

B.1 Thermodynamic quantities with modified measure
Following what we did in section 2.2.1 along with using (2.27) we get,
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The radiation pressure can easily be calculated in essentially the similar manner to get,
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This can be related to the energy density as
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The Helmholtz free energy is,
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And the entropy becomes,
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The equilibrium number of photons in modified measure can be estimated in the same

way as we did in unmodified case and using (2.26) we have,
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B.2 The leading high temperature behaviour for un-

modified case

In the high temperature (T — «) case we get,
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B.3 The leading low temperature behaviour for mod-

ified case

The low temperature limit can be calculated as we did in case of unmodified measure to

get,
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B.4 Theleading high temperature behaviour for mod-

ified case

In high temperature (T — «) case the behaviour is
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where P, and P}, is
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Energy Flux Of Radiative
Processes And Luminosity Of The
White Dwart

C.1 Energy flux for radiative processes

We have the expression of the energy flux given by

~10P% -1 9
~ x ———(P,8%) (C.1)

F* ~ ~—
pyy 0% py, 0xF

Integrating over frequency and using the modified pressure and energy density relation

in [89] we get,

Tid » 1 274 [(6T*\ ., .
ﬂ_zln(l_e T)]_(#me)v[ﬂw _[( m? )Ll4(€ )

(St (5 e (Fpne- ]

This relation can be used to find the radiative force on per unit volume of matter using

equation (6.167) of [111]. Here F,,q is the total radiative flux and yi = fok %’ r 1S the
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modified Rosseland mean opacity defined as,

1 b () 3
R (aT)
where we have used the following relation,
0B,
= B
fo(a )dv 8Tf( V)dv
10 67"\ . ( «

e Bt (2]

This expression in general can be written by considering the mean opacity as y instead
of yg. Now assuming the physical quantities depend on distance r, the vector equation

reduce to the scalar one given in the text above.
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C.2 Modified Pressure and Luminosity Expressions

The expression of the pressure becomes,
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The corresponding expression of luminosity in relativistic case is,
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The expression of luminosity in nonrelativistic case is,
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