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Synopsis

A thermodynamic system, depending on the absence or presence of currents can

exist in thermal equilibrium or out of equilibrium. When a system in equilibrium

is perturbed slightly, the relaxation back to equilibrium can be understood in terms

of linear response theory. However, large perturbations drive the system far from

equilibrium, making it di”cult to analyze its relaxation behavior. A simple example

of such an intense perturbation is the sudden input of a large amount of energy in

a localized region in space. Examples of such perturbations include atomic blasts,

supernova explosions, gamma-ray bursts, plasma breakdown due to laser pulses, or

granular fingering. In such cases, the flow velocity of the system exceeds the velocity

of sound in the system resulting in a shock. On the other hand, continuous localized

driving maintain the system out of equilibrium while also creating a shock wave.

In this thesis, we investigate shock propagation caused both an instantaneous input

of energy followed by relaxation as well as a continuous time dependent input of

energy, in both homogeneous and inhomogeneous media.

The instantaneous release of a large amount of energy in a localized space in an

ambient gas causes a spherically symmetric disturbance. This disturbance expands

radially outward, creating a shock front that separates the disturbed medium from

the ambient medium. Across this shock front, the di!erent thermodynamic quanti-

ties are discontinuous, while, they are continuous within the shock. The magnitudes

of these discontinuities are determined by the continuity of currents across the shock
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front, also known as the Rankine-Hugoniot boundary conditions [1–3]. The study

of shock waves, particularly those originating from a point explosion, is a classic

problem in gas dynamics [1–3]. Key questions that have been studied include: How

does the radius of the shock front evolve with time? What is the spatio-temporal

behavior of various thermodynamic quantities? What is the correct hydrodynamic

description of the problem?

For a shock wave following a blast in a homogeneous medium, using dimensional

analysis, the time evolution of the shock front radius, R(t), is found to follow a

power law: R(t) ↑
(

E0t
2
/ϱ0

)1/(2+d)
in d-dimensions, where E0 is the energy of the

explosion, and ϱ0 is the mass density of the ambient system [4–7]. This power-law

behavior has been verified in the Trinity explosion [4], and high-energy laser pulses

in gas jets [8], in plasma media [9], and in clusters of di!erent gases [10]. The

response of the gas to the blast can be described in terms of local density, ϱ(r, t),

velocity, u(r, t), temperature, T (r, t), and pressure, p(r, t), at radial distance r and

time t. The long time behavior of these thermodynamic quantities are described by

the continuity equations of the conserved quantities: mass, momentum, and energy.

In addition, assuming local thermal equilibrium implies a relationship between local

pressure, temperature, and density through an equation of state. In the scaling

regime, r, t → ↓ keeping rt
→2/(2+d) fixed, dissipation due to heat conduction and

viscosity become negligible, reducing the continuity equations to the Euler equation.

The exact solution to the Euler equation in three dimensions for an ideal gas, con-

sistent with the Rankine-Hugoniot boundary conditions, was obtained by Taylor,

von-Neumann, and Sedov [4–7], which we will refer as the TvNS solution.

There are other problems closely related to the shock propagation in a homoge-

neous medium described above. First is the shock propagation due to a blast in

an inhomogeneous medium where the initial density varies as ϱ(r) = ϱ0r
→ω. The

TvNS solution corresponding to ε = 0, can be extended to the case 0 ↔ ε < d [11].
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Second is the blast problem in a system composed of a gas in the region x ↗ 0 and

vacuum in the region x < 0. At long times, the entire energy is reflected back into

the vacuum, and the energy of the gas decreases as a power law E(t) ↑ t
→εs . This

problem is referred to the splash problem. The exponent ϖs was determined recently

in one dimension for a homogeneous medium [12]. A third related problem is the

study of shock waves due to the continuous input of energy into the medium in a

localized region, where the total energy increases as E(t) = E0t
ε. In this case the

system is driven away from the equilibrium. For an ideal gas, the TvNS solution

can be generalized to the driven case and the exact solution for the thermodynamic

quantities can be found [13]. We will refer to this problem as the driven shock.

Only recently has the shock problem has been studied using hard sphere simulations.

While the radius of shock front aligns with TvNS theory in two and three dimen-

sions [14, 15], there were significant discrepancies in density, velocity, temperature,

and pressure profiles near the shock center between simulations and TvNS theory

in all the dimensions [16–18]. The cause of these mismatches was hypothesized to

be the omission of heat conduction. At the shock center, TvNS predicts a diverging

temperature. However, the presence of a conduction term implies that the derivative

of temperature being zero. The scaling limits are not commutative: scaling ther-

modynamic quantities followed by solving continuity equations, as done in TvNS

theory, di!ers from solving continuity equations first and then scaling thermody-

namic quantities. The correct approach involves solving the continuity equations

with dissipation terms, specifically the Navier-Stokes equation. This was demon-

strated for point-sized particles in one dimension where the simulations were shown

to be described by Navier-Stokes equation [18]. A length scale was identified below

which heat conduction is relevant and above which it can be ignored. The exponents

describing this crossover were determined.

In this thesis, we follow this line of investigation to understand the hydrodynamics of
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the shock propagation. Analysis up to now was mostly on the blast in a homogeneous

medium. For this problem also, it is not clear whether the Navier-Stokes equation

will capture the molecular dynamics simulations in two and higher dimensions where

excluded volume e!ects become important. When the system is inhomogeneous

with an initial density ϱ(r) = ϱ0r
→ω, the role of inhomogeneity is not clear. Likewise

the role of inhomogeneity in determining the exponents for splash problem remain

unexplored. Finally, for the driven shock, it is not clear at all whether Navier-Stokes

equation is the correct description. To address these open issues, we address the

following question in this thesis.

Questions:

1. For shocks following a blast in a homogeneous medium in two and three di-

mensions, is Navier-Stokes equation the correct hydrodynamics description?

2. For a blast in an inhomogeneous medium with ϱ(r) = ϱ0r
→ω, 0 < ε < d, does the

Navier-Stokes describe the numerical data? Is there a critical ε for which the

Euler equation is the correct description? What are the crossover exponents

describing the crossover from core scaling near the shock center to the scaling

near the shock front?

3. For splash in an inhomogeneous medium with ϱ(r) = ϱ0r
→ω, 0 < ε < 1, in one

dimension, can the exponent characterizing energy decay in the medium be

calculated exactly? Is the Euler equation su”cient to describe the problem?

4. For driven shocks that are far from equilibrium, does the Euler equation de-

scribe the behavior away from shock front? Does the Navier-Stokes equation

describe the behavior near shock center? What is the role of hard core exclu-

sion?
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We address these questions by studying shock propagation using three methods:

event driven molecular dynamics simulations, scaling solution of the Euler equation,

and the numerical integration of the Navier-Stokes equation .

The event driven simulations are done for a mono-disperse hard sphere system in two

and three dimensions and bi-disperse point particles in one dimension. All collisions

are energy and momentum conserving. Initially all particles are at rest. For the

splash problem only the region x ↗ 0 is occupied. For other problems, the number

density is spherically symmetric ϱ(r) = ϱ0r
→ω, 0 ↔ ε < d. For the blast problem,

energy is given to a few particles around the origin. For the driven shock, particles

within a fixed radius are driven stochastically throughout the simulations.

For the Euler equation, we non-dimensionalize the thermodynamic quantities, and

either solve exactly or solve numerically, depending on the equation of state, the

resultant ordinary di!erential equations consistent with Rankine-Hugoniot boundary

conditions.

The Navier-Stokes equation cannot be solved analytically. We use MacCormack

method to numerically integrate the Navier-Stokes equation. This method is accu-

rate up to second order both in time and space discretization. The initial condition

for the simulations is chosen appropriately depending on the system being studied.

Findings of the thesis

We enumerate the results found in these studies:

1. Blast in two and three dimensions in a homogeneous medium

• To model the hard sphere gas, we use both the virial equation of state as

well as the Henderson equation of state in the Navier-Stokes equation.

xix



Synopsis

• We resolve the earlier observed mismatch between the theoretical predic-

tions, based on the Euler equations, for the time evolution of a blast wave

and results from hard sphere simulations in two and three dimensions.

• We compare the results of direct numerical simulations of the Navier-

Stokes equation in two and three dimensions with the molecular dynamics

data, and show they match quantitatively.

• We conclude that the order in which the scaling limit is taken is important

in the blast problem. In the TvNS solution, the scaling limit is taken

first – heat conduction and viscosity terms being irrelevant – before the

exact solution is found. However, the correct limit to take is to find the

solution with non-zero heat conduction and viscosity terms and then take

the scaling limit.

• The direct numerical solution data shows no dependence on the viscos-

ity constant when constant of heat conduction was held fixed; however,

changes in direct numerical solution data were observed when varying

the heat conduction constant with fixed viscosity. Notably, the power-

law exponents of thermodynamic quantities remained una!ected by these

variations.

2. Blast in an inhomogeneous medium

• We generalize the exact solution of the Euler equation for a blast, con-

sistent with the Rankine-Hugoniot boundary conditions, to arbitrary d-

dimensions.

• From the asymptotic behavior of the solution near the shock center, we

argue that only for εc = d
2
/(d + 2), should the Euler equation provide a

full description of the blast response.

• Using event driven molecular dynamics simulations in one dimension, we

show that the Euler equation does not describe the data near the shock
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center. On the other hand the Navier-Stokes equation is able to over

come this issue.

• The crossover length scale below which the dissipation terms are relevant

are derived for arbitrary ε. The core scaling for the data near the shock

center are also derived for arbitrary ε and confirmed in event driven

molecular dynamics simulations in one dimension.

• In one dimension, the direct numerical solution data showed quantitative

dependency on both heat conduction when bulk viscosity held fixed as

well as bulk viscosity when heat conduction held fixed.

3. Splash in an inhomogeneous medium in one dimension

• In this case, the similarity exponent ϑ in the growth of the radius of the

shock front, R(t) ↑ t
ϑ, cannot be derived from dimensional analysis, as

with other problems addressed in this thesis. We determined di!erent

values of ϑ in one dimension by locating the singular points of di!erent

thermodynamic quantities in the Euler equation. For the solution curve

to yield a single-valued solution for the thermodynamic quantities, it must

pass through these singular points, consistent with the Rankine-Hugoniot

boundary conditions.

• The energy in the medium decays as t
→εs , where ϖs is shown to be ϖs =

2↘ϑ(3↘ε) in one dimension.

• The numerically exact values of ϑ for di!erent ε, found using the Euler

equation, are validated by event driven molecular dynamics simulations

in one dimension..

• The event driven molecular dynamics simulations data for the di!erent

thermodynamic quantities are shown to be well described by the Euler

equation for all ε.
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4. Driven shock in a homogeneous medium

• We studied the hydrodynamics of shocks in a gas in which energy is con-

tinuously input at one localized region in space. Di!erent schemes were

used to study this problem: event driven molecular dynamics simula-

tions, direct numerical solution of Navier-Stokes equation, and numerical

solution of the Euler equation.

• We show that the solution of Euler equation does not match with the

event driven molecular dynamics data anywhere, but the numerical so-

lution of Navier-Stokes equation shows a reasonable agreement with the

event driven molecular dynamics results, provided the heat conduction

and viscosity are chosen parametrically.

• We show that the di!erent scaling functions within the Euler equation,

follow power law behavior close to the shock center with respective ex-

ponents are independent of the driving exponent ϖ.

• We conclude that even though the continuous drive takes the system

far from equilibrium, Navier-Stokes equation continues to give a good

description of the system.

• We also show that the direct numerical solution data changes with heat

conduction when viscosity was fixed, while it does not change when vis-

cosity varied keeping heat conduction fixed.
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1
Introduction

Thermodynamically, systems can exist in equilibrium, non-equilibrium, or far-from-

equilibrium states. In equilibrium systems, properties like energy, temperature,

and pressure remain constant, with no net flow of energy or matter. Equilibrium

thermodynamics has been key to industrial advancements such as gasoline engines,

refrigeration systems, and the Haber-Bosch process for ammonia production.

However, most systems in nature and industry operate far from equilibrium. Non-

equilibrium processes govern complex systems like catalytic reactors in chemical

industries, cellular metabolism in biology, and large-scale weather patterns. As-

trophysical phenomena like supernovae, star formation, and galaxy dynamics are

also driven by non-equilibrium conditions. These systems often exhibit behaviours

such as turbulence, clustering, and shock wave propagation, as seen in earthquakes,

volcanic eruptions, and cosmic events.

While small perturbations in equilibrium systems can be modelled using methods

like linear response theory, large perturbations push systems far from equilibrium,
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1.1. Shock waves and TvNS theory : A historical note

making traditional analysis challenging. Examples include high-speed jets and bul-

lets, which generate strong shock waves as they exceed the speed of sound. In

astrophysics, extreme events like supernova explosions or gamma-ray bursts cre-

ate powerful shock waves that propagate through interstellar space, a!ecting the

formation of stars and galaxies.

A special class of large-scale disturbances arises from point perturbations, such as

atomic explosions or supernovae. These events inject massive amounts of energy into

the surrounding medium, resulting in shock waves that travel at supersonic speeds.

This thesis focuses on studying shock wave propagation in homogeneous and inho-

mogeneous media, caused by single impacts or continuous energy sources. Under-

standing shock waves is crucial for both practical applications—such as aerospace,

energy systems, and medicine—and for interpreting astrophysical phenomena like

stellar explosions and galaxy evolution.

1.1 Shock waves and TvNS theory : A historical

note

High-speed objects like aircraft, missiles, supersonic jets, and modern fighter planes

compress the air in front of them, generating shock waves due to the sudden dis-

turbances they create. Similar e!ects are seen in astrophysics, where meteoroids

and spacecraft generate shock waves as they travel through planetary atmospheres.

Shock waves also occur in interstellar space as stars, planets, or even galaxies move

through gaseous environments, creating compression waves.

The study of shock propagation resulting from intense explosions is a classic problem

in gas dynamics, with a wide range of applications, from astrophysical blast waves

like supernova explosions to controlled fusion in plasma physics [1–3, 11]. The

immediate release of a large amount of energy in a localised space within a stationary
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system creates a spherically symmetric disturbance that expands radially over time,

with a front that separates the a!ected material from the ambient medium, known

as the shock front. In the a!ected region, various thermodynamic quantities, such as

density, velocity, temperature, and pressure, vary continuously with radial distance

r at any time t, while they change abruptly across the shock front. The extent of

these changes in thermodynamic quantities is described by the Rankine-Hugoniot

boundary conditions [1–3].

Initially, the system loses energy solely through radiation for a brief moment. As

the system cools, it enters the hydrodynamic regime where the primary mode of

energy transport is through particle motion. In this regime, shock propagation is

described by continuity equations for three globally conserved quantities: mass, mo-

mentum, and energy. These continuity equations are non-linear partial di!erential

equations that involve local fields of density, velocity, temperature, and pressure.

The assumption of local thermal equilibrium relates local pressure to local density

and temperature through the equation of state of the gas, e!ectively reducing the

number of dependent variables by one.

In the 1940s, Geo!rey Taylor, John von Neumann, and Leonid Sedov (TvNS) tack-

led the complex problem of shock propagation to understand the mechanical e!ects

resulting from the release of substantial energy in atomic explosions. Each of these

scientists applied their unique expertise to develop a theoretical framework, scaling

laws, and analytical solutions to model shock wave behaviour, focusing on how en-

ergy propagates through the medium from the detonation point. Taylor investigated

the e!ects of large explosions potentially caused by high-energy nuclear fission. His

analysis of the Trinity test, a controlled blast in the Jornada del Muerto desert in

New Mexico in June 1945, successfully predicted the growth of the shock front ra-

dius over time using only three control parameters: the energy E0 of the explosion,

the mass density of air ϱ0, and time t. He applied dimensional analysis to derive
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the growth of the shock front radius as R(t) ↑ (E0t
2
/ϱ0)1/5. Simultaneously, Sedov,

working independently in the Soviet Union, approached the problem theoretically,

similar to Taylor, and derived an expression for the growth of the shock front radius

in general d-dimensions. Remarkably, this power-law behaviour closely matched the

radius data extracted from images of the Trinity explosion taken at various times [5].

In recent decades, the power-law growth of the shock front radius has been confirmed

in numerous experimental studies, including blast waves resulting from high-energy

laser pulses in gas jets in 2D [8], in plasma media in 3D [9], and in clusters of di!erent

gases in both 2D and 3D [10].

In the scaling regime where r → ↓ and t → ↓, keeping rt
→2/5 finite, TvNS made

the following assumptions:

• Heat conduction and viscosity terms are negligible compared to other terms.

• The gas is in local thermal equilibrium, and an equation of state linking the

thermodynamic variables exists.

• The gas follows the ideal equation of state.

Under the TvNS assumptions, the continuity equations reduce to the Euler equation

with the ideal equation of state. TvNS provided an exact solution to the Euler

equation that describes the spatio-temporal evolution of thermodynamic quantities

caused by a point explosion [4–7]. This solution is self-similar in time and will be

referred to as the TvNS solution for the remainder of this thesis.

The TvNS theory has various applications, including modeling supernova explosions

and the early evolution stages of young supernova remnants [19–25], and in study-

ing astrophysical blast waves caused by hidden powerful neutrino sources [26]. The

TvNS theory has been generalised to examine shocks in granular gases, where energy

is no longer conserved [27, 28]. It has also been utilised to describe driven shocks in
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homogeneous media, where energy is continuously injected into the system, such as

in nebula formation and its motion due to stellar winds interacting with interstellar

gas [29, 30], as well as bubble formation around stars from strong stellar winds inter-

acting with the interstellar medium [31, 32]. The TvNS theory has been extended to

include various e!ects such as heat conduction [33–36], viscosity [37–40], and ther-

mal radiation [41, 42]. It has also been applied to study implosion problems, where

shock waves converge from infinity and then diverge from the center of symmetry

after reflecting from the symmetry point [3, 43–46].

Granular materials are prevalent in nature and are significant in industry and daily

life [47]. These materials exhibit key properties of inelastic collisions, leading to

energy loss over time. Shock propagation has also been studied in granular systems,

with examples including crater formation due to the impact of high-energy particles

on a granular heap [48], vertical impacts of steel balls into containers of small glass

beads [49], vertical impingement of gas jets on granular beds [50], and shock prop-

agation from impacts on fast-flowing granular layers [51] or due to sudden localised

energy releases [14, 52]. Additionally, shock wave propagation in vibrofluidised gran-

ular materials has been studied [53–56], and stationary shocks have been observed

in nonlinear granular chains due to nonlinear pulses from one end [57–60]. Under-

standing shock propagation in granular materials is crucial for modelling impacts

on geological surfaces, such as meteorite impacts on planets or asteroids.

1.2 Shock Propagation in Di!erent Cases

The radius of the shock front depends solely on initial conditions such as total

energy, ambient mass density, and time. Therefore, understanding the response

of shock propagation to alterations in initial conditions – like initial mass density

distribution, energy injection or the surface e!ects – is crucial.
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1.2.1 Shock propagation in an in-homogeneous medium

The shock propagation has been studied in various environments with di!erent den-

sity distributions and under various e!ects. For example, strong spherical blast

waves in heat-conducting gases and their interactions with electromagnetic fields

have been examined [61], as well as strong underwater explosions [62], and shocks in

various atmospheric conditions [63, 64]. Additionally, shock propagation in variable

density media has been explored, including linear and nonlinear density distribu-

tions [62, 65], uniform and non-uniform media [66], exponential density distribu-

tions [67], and power-law decaying densities [11, 68, 69].

The study of shock propagation in a medium with a power-law decaying density,

expressed as ϱ = ϱ0r
→ω, is particularly significant in astrophysical blast wave re-

search [24, 64, 70–72]. Expanding the analysis of shock waves from homogeneous

to inhomogeneous gases, where the initial density distribution decreases as a power

law with radial distance, introduces new challenges and necessitates generalising the

TvNS solution. In such systems, the growth of the shock front radius following an

explosion with energy E0 can be expressed as:

R(t) ↑
(

E0t
2

ϱ0

)

1
2+d→ω

,

in d-dimensions, where ε is the inhomogeneity parameter [11]. This result stems

from dimensional analysis, treating E0, ϱ0, and t as fundamental quantities and

initial control parameters. The shocks are decelerating if ε < d, and accelerating if

d < ε < d + 2. Thus, the results of shock propagation in these media generalise the

shock propagation in homogeneous media when ε = 0.

These problems have been formulated and studied by extending the TvNS theory,

and presented an exact solution in three dimensions [11, 68].
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1.2.2 Shock propagation due to splash

An interesting scenario to pinpoint the initial conditions could be the case where

there is vacuum in half the space and a gas in the other half. Energy is input

at a point in the interface. This problem is referred as the splash problem. This

problem is less studied in comparison to the blast problem. In a recent paper, the

splash problem was studied in one dimension when the gas is homogeneous [12]. The

energy is reflected back into the vacuum, and in the scaling regime the total energy

of medium (gas) decays as E(t) ↑ t
→εs . The value of ϖs = 0.11614383675... has been

obtained for the homogeneous medium in one dimension by analysing the Euler

equation, using self-similarity of the second kind. The value of ϖs was obtained by

arguing that the singular points in the Euler equation should be canceled by zeros

elsewhere. The results were validated using molecular dynamics simulations of hard

point particles of di!erent masses with alternate particles having same mass [12].

1.2.3 Shock Propagation in Driven Systems

A closely related problem involves shocks generated by a continuous input of energy

at a specific point in space. Unlike the single impact scenario, now the system

is driven away from equilibrium due to a constant energy current. The driven

shock problem is relevant for studying the motion of interstellar gas influenced by

continuous energy injection from stellar winds [29, 30]. In this case, a homogeneous

system is driven from the center by an external point or extended source that injects

energy continuously, resulting in an increase in the total energy of the system as

E(t) = E0t
ε. Dimensional analysis indicates that the radius of the shock front of a

driven shock increases over time as:

R(t) ↑
(

E0t
2+ε

ϱ0

)

1
d+2

,
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in d-dimensions [1, 11, 13, 73].

These kind of shocks have been studied extensively, focusing on either the radius

of the shock front or the spatio-temporal behaviour of thermodynamic quantities.

Examples include shock propagation resulting from continuous energy injection via

particle insertion [74], granular fingering and pattern formation due to the injection

of viscous liquids into dry dense granular materials [75–79], and an exact solution

of the Euler equation for shock propagation due to continuous energy injection by

an external point source, derived by Dokuchaev [13], notably the results with ϖ = 0

reproduces the results of single impact.

1.3 Corrections in TvNS theory : The Role of

Dissipation Terms

Unlike the scaling law for R(t), the direct experimental determination of scaling

functions for density, temperature, velocity, and pressure is limited to the measure-

ment of the density profile at a single time (see Fig. 1 of [8] and the inset of Fig. 5 of

[10]). However, these data are insu”cient for making a meaningful comparison with

the theoretical predictions for the scaling functions derived from the TvNS theory.

In the absence of experimental data, molecular dynamics (MD) simulations of hard

spheres can serve as a model platform for verifying the TvNS solution.

Recently, the TvNS theory has been tested against MD simulations of hard spheres in

both two and three dimensions. Initial MD studies confirmed the power-law growth

of the shock front radius in two dimensions [14, 15] and three dimensions [14],

consistent with the TvNS theory. Subsequent work focused on validating the theo-

retical predictions of the scaling functions for density, radial velocity, temperature,

and pressure. One study of scaling functions in two dimensions concluded that the

TvNS theory accurately describes the simulation data for low to medium number
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densities, except for small discrepancies near the shock front and slight deviations

near the shock center [28]. However, more extensive large-scale simulations revealed

that the numerically obtained radial distributions of density, radial velocity, and

temperature did not align with the TvNS theory (modified to account for steric ef-

fects), neither in two dimensions [17] nor in three dimensions [16]. The discrepancies

manifested as di!ering power-law behaviours at the shock center for density, radial

velocity, and temperature, even though pressure distributions from both theory and

simulations matched.

It was postulated that the mismatch between MD simulations and TvNS solutions

arises from the non-commutativity of the order of taking limits: the solution of the

Euler equation after applying the scaling limit (as in the TvNS solution) does not

equal applying the scaling limit to the solution of the Navier-Stokes equations that

include heat conduction and viscosity.

In particular, the heat conduction term imposes the boundary condition ≃T = 0 at

r = 0, where T is the temperature, which the TvNS solution does not satisfy [16].

Recently, it was shown [18, 80] that the results from direct numerical simulations

(DNS) of the Navier-Stokes equations, which include heat conduction and viscosity

terms, align very well with results from MD simulations of shock propagation in a

one-dimensional gas consisting of two types of point particles. These studies argue

that the heat conduction term becomes significant at distances very close to the

shock center.

1.4 Overview of the Thesis

In this thesis, we follow this line of investigation to understand the hydrodynamics of

the shock propagation. Analysis up to now was mostly on the blast in a homogeneous

medium. For this problem also, it is not clear whether the Navier-Stokes equations
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will capture the molecular dynamics simulations in two and higher dimensions where

excluded volume e!ects become important. When the system is inhomogeneous

with an initial density ϱ(r) = ϱ0r
→ω, the role of inhomogeneity is not clear. Likewise

the role of inhomogeneity in determining the exponents for splash problem remain

unexplored. Finally, for the driven shock, it is not clear at all whether Navier-Stokes

equations are the correct description. To address these open issues, we address the

following question in this thesis.

Questions:

1. For shocks following a blast in a homogeneous medium in two and three di-

mensions, are Navier-Stokes equations the correct hydrodynamics description?

2. For a blast in an inhomogeneous medium with ϱ(r) = ϱ0r
→ω, 0 < ε < d, does the

Navier-Stokes describe the numerical data? Is there a critical ε for which the

Euler equation is the correct description? What are the crossover exponents

describing the crossover from core scaling near the shock center to the scaling

near the shock front?

3. For splash in an inhomogeneous medium with ϱ(r) = ϱ0r
→ω, 0 < ε < 1, in one

dimension, can the exponent characterising energy decay in the medium be

calculated exactly? Is the Euler equation su”cient to describe the problem?

4. For driven shocks that are far from equilibrium, does the Euler equation de-

scribe the behaviour away from shock front? Do the Navier-Stokes equations

describe the behaviour near shock center? What is the role of hard core ex-

clusion?

We address these questions by studying shock propagation using three methods:

event driven molecular dynamics simulations, scaling solution of the Euler equation,

and the numerical integration of the Navier-Stokes equations.
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The event driven simulations are done for a mono-disperse hard sphere system in two

and three dimensions and bi-disperse point particles in one dimension. All collisions

are energy and momentum conserving. Initially all particles are at rest. For the

splash problem only the region x ↗ 0 is occupied. For other problems, the number

density is spherically symmetric ϱ(r) = ϱ0r
→ω, 0 ↔ ε < d. For the blast problem,

energy is given to a few particles around the origin. For the driven shock, particles

within a fixed radius are driven stochastically throughout the simulations.

For the Euler equation, we non-dimensionalise the thermodynamic quantities, and

either solve exactly or solve numerically, depending on the equation of state, the

resultant ordinary di!erential equations consistent with Rankine-Hugoniot boundary

conditions.

The Navier-Stokes equations cannot be solved analytically. We use MacCormack

method to numerically integrate the Navier-Stokes equations. This method is accu-

rate up to second order both in time and space discretisation. The initial condition

for the simulations is chosen appropriately depending on the system being studied.

1.5 Organisation of Chapters

In Chapter 2, we review the continuity equations of mass, momentum, and energy.

From these equations, we derive the Navier-Stokes and Euler equation. We also pro-

vide a brief introduction to the Rankine-Hugoniot boundary conditions and derive

the jump conditions at the shock front.

In Chapter 3, we describe the computational algorithms used to solve the Navier-

Stokes equations (set of partial di!erential equations) numerically, the rescaled Euler

equation (set of ordinary di!erential equations) numerically, and the algorithm for

event-driven molecular dynamics simulations. We validate our numerical methods

by benchmarking them against problems with known exact solutions.

11



1.5. Organisation of Chapters

The remaining chapters present the original contributions of this thesis.

In Chapter 4, we address the discrepancy between the hydrodynamic description of

the blast problem and the results from event-driven molecular dynamics simulations.

We compare the direct numerical solutions of the Navier-Stokes equations with sim-

ulation data in both two and three dimensions. The excellent agreement between

the Navier-Stokes equations and simulation results demonstrates that the Navier-

Stokes equations accurately describes the shock problem. We show that truncating

the virial equation of state at the 10th virial term introduces negligible error, and

the thermodynamic profiles for a hard-sphere gas remain consistent as long as the

equation of state represents the hard-sphere gas. We also identify the parametric

dependence of thermodynamic quantities: changing the coe”cient of viscosity while

keeping the coe”cient of heat conduction fixed does not a!ect the numerical results,

whereas altering the heat conduction while keeping viscosity fixed does a!ect the

results. However, these changes do not influence the power-law behaviour of the

thermodynamic quantities near the shock center.

In Chapter 5, we generalise the blast problem from a homogeneous medium to

an inhomogeneous medium. We compare the exact solution of the Euler equation

with molecular dynamics simulation results in one dimension and find that the

exact solutions do not match the simulation results, except for a critical value of

the inhomogeneity parameter. In contrast, the numerical solution of the Navier-

Stokes equations shows excellent agreement with the simulation data. For the critical

inhomogeneity parameter, all thermodynamic quantities from the Euler equation,

Navier-Stokes equations, and molecular simulations converge to identical profiles.

Our parametric study for this case shows that the thermodynamic profiles change

quantitatively when varying the coe”cient of heat conduction while keeping the

coe”cient of bulk viscosity fixed, and vice versa. Additionally, we identify a new

length scale and scaling law for thermodynamic quantities near the shock center,

12



1.5. Organisation of Chapters

where heat conduction dominates the Euler terms.

In Chapter 6, we investigated the splash problem where energy is initially input into

a system consisting of a vacuum region and an inhomogeneous medium where the

initial density distribution varies as a power law with radial distance. At long times,

the energy of the inhomogeneous medium decays as power law in time, which does

not allow for determination of all the exponents using scaling analysis. Instead,

we derived the values of the exponents and other thermodynamic quantities for

di!erent values of inhomogeneity parameter by solving the Euler equation using

self-similarity of the second kind, and we validated the results through event-driven

molecular simulations in one dimension.

In Chapter 7, we study the driven shock problem in two as well as in three dimen-

sional homogeneous medium, where the system is continuously driven by energy

injection from a localised region near the center. In this scenario, the system is

taken far from equilibrium by this external energy source, making the applicability

and solubility of the Navier-Stokes equations questionable. We compare the solu-

tion of the Euler equation with molecular dynamics simulation results and find a

significant mismatch. However, the direct numerical solution of the Navier-Stokes

equations shows good agreement with the simulation data. Our parametric study

for this system exhibits behaviour similar to the blast problem: truncating the

virial equation of state at the 10th term introduces negligible error, and varying the

coe”cient of viscosity while keeping the coe”cient of heat conduction fixed does

not a!ect the results, whereas altering the heat conduction while holding viscosity

constant does change the results. Nonetheless, the power-law behaviour of di!er-

ent thermodynamic quantities near the shock center remains una!ected by these

changes.

13





2
Hydrodynamics

In this chapter, we will review the continuity equations for mass, momentum, and

energy. We will derive the Navier-Stokes equations, which incorporate the continuity

equations up to second-order derivatives of thermodynamic quantities. In special

cases, the Navier-Stokes equations reduce to the Euler equation. Furthermore, we

describe the shock wave jump conditions caused due to the perturbations by the

external source, the Rankine-Hugoniot boundary conditions, and these conditions

are useful to solve the Euler equation.

The perturbation caused by the source can be either small or large. A perturbation

that results in flow velocity exceeding the speed of sound is classified as a high

perturbation in gas dynamics. A key quantity that determines the scale of the

perturbation is the Mach number, defined as the ratio of flow velocity to the speed

of sound. Flows with a Mach number less than 1 are considered subsonic, while flows

with a Mach number greater than 1 are classified as supersonic in gas dynamics.
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2.1. Gas dynamics

2.1 Gas dynamics

The flow of a fluid is described by local thermodynamic fields such as density, ve-

locity, temperature, and pressure. A fluid can be classified as compressible or in-

compressible, depending on how its density varies in response to changes in flow

velocity, pressure, or temperature. A fluid is considered incompressible if changes in

density remain nearly constant in response to variations in temperature or pressure.

In contrast, it is treated as compressible if the changes in density relative to its

initial value cannot be neglected.

Shock propagation occurs in supersonic flow with high Mach numbers, resulting in

significant density compression. Therefore, the evolution of thermodynamic quanti-

ties is described by compressible fluid dynamics. The theories of gas dynamics have

evolved continuously over the years, with foundational contributions beginning in

the seventeenth century. Early developments in gas dynamics were made by Isaac

Newton, Daniel Bernoulli, Leonhard Euler, Robert Boyle, and Jacques Charles, who

enhanced the understanding of gas behaviour under force, flow through nozzles and

channels, and compressible flows. Further advancements occurred in the nineteenth

and twentieth centuries through the work of William Rankine, Pierre-Simon Laplace,

Ernst Mach, Henri St. Venant, Adhémar Barré de Saint-Venant, Theodore von

Kármán, Ludwig Prandtl, Hugoniot, Geo!rey Ingram Taylor, and John von Neu-

mann, who contributed to the understanding of supersonic and hypersonic flows.

Gas dynamics has numerous applications in modern technologies and industries,

including aerospace engineering (aircraft design, spacecraft, rocket propulsion, jet

engines, and ballistics), nuclear explosions and shock waves, automotive aerodynam-

ics, meteorology and climate science, industrial processes (gas turbines, compressors,

and chemical reactors), environmental and energy applications (air pollution, wind

energy, and dispersal of airborne particles), and astrophysics (the evolution of stars

and galaxies).
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2.1. Gas dynamics

2.1.1 Continuity Equations

The continuity equations for mass, momentum, and energy form the foundation of

gas dynamics. These equations describe the evolution of various thermodynamic

quantities. The continuity equation for a given quantity is derived by considering

the algebraic sum of the rate of change of that quantity within a control volume and

its total flux across the surface, equating this to the external influences acting on

the quantity.

Continuity of Mass

The total mass of the system must be conserved, which can be expressed as:

“The rate of change of total mass in the control volume V plus the total

mass crossing the surface per time due to material transfer through the

surface S equals zero.”

This can be written in integral form as:

d

dt

∫

V
ϱdv +

∫

S
ϱςu ·dςS = 0, (2.1)

or in di!erential form as:

φtϱ+ ς≃ · (ϱςu) = 0, (2.2)

where ϱ and ςu are the local density and velocity, respectively, and S denotes the

surface area bounding the control volume.

Continuity of Momentum

According to the conservation of momentum, the rate of change of momentum within

the control volume must equal the external forces acting on it. This can be formu-
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2.1. Gas dynamics

lated as:

“The rate of change of total momentum in the control volume V plus

the total momentum transferred through S plus the resultant force due to

stress on S equals the external force.”

This can be expressed in integral form as:

d

dt

∫

V
ϱςudv +

∫

S
ϱςuςu ·dςS ↘

∫

S
P dςS =

∫

V
ςf dv, (2.3)

where P represents the stress tensor due to the surrounding gas and ςf is the external

force acting on the control volume. The term
∫

S Pijd
ςSj denotes the i

th component

of the resultant force due to stress on the control volume:

Fi =
∫

S
PijdSj . (2.4)

Here, repeated indices are summed over, and Pij is the ij
th element of the stress

tensor, which is a symmetric matrix. The di!erential form of Eq. 2.3 is given by:

ϱφtui +ϱujφjui ↘φjPij = ςf. (2.5)

Continuity of Energy

According to the conservation of energy:

“The rate of change of total energy in the control volume V plus the

total energy transported per time due to transfer of particles through the

surface S plus the work done per time due to stress acting on the surface

S plus heat loss or gain per time due to conduction through the surface

equals zero.”
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2.2. Navier-Stokes equations

This can be written in integral form as:

d

dt

∫

V

(

1
2ϱu

2 + ϱT

↼ ↘1

)

dv +
∫

S

(

1
2ϱu

2 + ϱT

↼ ↘1

)

ςu ·dςS ↘
∫

S
ςu ·P dςS +

∫

S
ςq ·dςS = 0,

(2.6)
or in di!erential form as:

φt

(

1
2ϱu

2 + ϱT

↼ ↘1

)

+ ς≃ ·
((

1
2ϱu

2 + ϱT

↼ ↘1

)

ςu

)

↘ ς≃ · (ςuP )+ ς≃ ·ςq = 0, (2.7)

where ϖT
ϱ→1 and ϖu2

2 represent the total energy density and total kinetic energy den-

sity of the control volume, respectively. Here, ςq denotes heat conduction, ↼ is the

adiabatic constant, and ς≃ · (ςuP ) = φiujPij .

2.2 Navier-Stokes equations

The Navier-Stokes equations incorporate contributions from various thermodynamic

quantities up to their second-order partial derivatives in the continuity equations.

In the Navier-Stokes framework, the pressure tensor is expressed as follows:

Pij = ↘pϖij ↘ 2
d

µ
φuk

φxk
ϖij +µ

[

φuj

φxi
+ φui

φxj

]

+ ↽
φuk

φxk
ϖij , (2.8)

qj = ↘⇀
φT

φxj
, (2.9)

where p is the pressure, d is the dimension of the system, and ϖij is the Kronecker

delta function. The parameters µ, ↽, and ⇀ represent the coe”cients of viscosity,

bulk viscosity, and heat conduction, respectively.

Under this stress tensor, the continuity equations can be written as:

φtϱ+ ς≃ · (ϱςu) = 0, (2.10)

φt(ϱςu)+ςu · ς≃(ϱςu)+ϱ(ςu · ς≃)ςu+ ς≃p = [ς≃(ςu · ς≃µ)↘ (ςu · ς≃)ς≃µ+(ς≃µ · ς≃)ςu]

+µ[ς≃(ς≃ ·ςu)+ ς≃2
ςu]↘ 2

d

ς≃(µς≃ ·ςu)+ ς≃(↽ ς≃ ·ςu), (2.11)
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2.3. Euler equation

φt

(

1
2ϱu

2 + ϱT

↼ ↘1

)

+ ς≃ ·
[(

1
2ϱu

2 + ϱT

↼ ↘1 +p

)

ςu

]

= ς≃ ·
[

µ(ςu · ς≃)ςu
]

+ ς≃
[

µς≃
(

u
2

2

)]

↘ 2
d

ς≃ · (µςuς≃ ·ςu)+ ς≃ · (↽ςuς≃ ·ςu)+ ς≃ · (⇀ς≃T ). (2.12)

Eqs. (2.10)–(2.12) represent the continuity equations for mass, momentum, and

energy, respectively.

2.3 Euler equation

The Euler equation describes the motion of a fluid by considering only the contri-

bution of the surrounding pressure, neglecting the e!ects of viscosity. In this case,

the pressure tensor is given by Pij = ↘pϖij . The Euler equation can be expressed

as:

ϱ

(

φt +ςu · ς≃
)

ςu+ ς≃p = ςf, (2.13)

where ϱ is the fluid density, ςu is the velocity field, p is the pressure, and ςf represents

any external body forces acting on the fluid.

2.4 Surface of shock and boundary condition

In gas dynamics, continuous flows are characterised by thermodynamic quantities

that vary smoothly. However, when the flow encounters surfaces, such as normal

shocks, these quantities can become discontinuous and change abruptly. Normal

shocks occur when the fluid flow interacts with the shock front head-on. The values

of the quantities on both sides of the shock must satisfy specific boundary conditions.

Consider a quantity Q that becomes discontinuous across the shock surface R(t).

Its flux can be expressed as:

d

dt

∫

V
Qdv +

∫

S
ςJ ·dςS = 0. (2.14)
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2.4. Surface of shock and boundary condition

Close to the shock, we can assume the flux is one-dimensional. In the rest frame of

the shock surface, which moves with speed U = Ṙ(t), the flux on the i
th side of the

surface is given by Ji ↘QiU . Assuming there are no sinks or sources at the surface,

the integral form of the flux becomes:

[J ↘QU ]21 = 0, (2.15)

where 1 and 2 represent the regions on either side of the shock front. Equation (2.15)

is known as the general form of the Rankine-Hugoniot boundary condition [3].

Without considering heat conduction and viscosity, the flux forms of the continuity

equations are:
φtϱ+ ς≃ · (ϱςu) = 0, (2.16)

φt(ϱςu)+ ς≃ · (ϱu
2 +p) = 0, (2.17)

φt

(

1
2ϱu

2 + ϱT

↼ ↘1

)

+ ς≃ ·
((

1
2ϱu

2 + ϱT

↼ ↘1 +p

)

ςu

)

= 0. (2.18)

The Rankine-Hugoniot boundary conditions for the thermodynamic quantities are:

[ϱ(u↘U)]21 = 0, (2.19)

[ϱu(u↘U)+p]21 = 0, (2.20)
[(

1
2ϱu

2 + ϱT

↼ ↘1

)

(u↘U)+up

]2

1
= 0. (2.21)

These equations are essential for solving the Euler equation.
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3
Computational Methods

In this chapter, we provide a brief overview of the computational methods essential

for studying shock propagation through various approaches. The methods discussed

include:

• Event-Driven Molecular Dynamics Simulations: Used to investigate

shock phenomena in microscopic particle-based models.

• Numerical Schemes for Euler Equations: Approaches to solve the ordi-

nary di!erential equations (ODEs) relevant to elastic hard sphere gases.

• Numerical Schemes for Navier-Stokes Equations: Techniques for solv-

ing the partial di!erential equations (PDEs) governing fluid dynamics.

3.1 Event-Driven Molecular Dynamics

Event-driven molecular dynamics (EDMD) is a microscopic particle-based simula-

tion technique. Unlike traditional molecular dynamics (MD), which updates the
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3.1. Event-Driven Molecular Dynamics

velocities and positions of particles by integrating the equations of motion at fixed

time intervals, EDMD advances in time based on the occurrence of events that cause

significant changes in particle dynamics, such as collisions and interactions. For a

given interaction potential w(rij) between particles i and j, Newton’s equation of

motion gives the resultant force on particle i as:

miς̇ui = ↘
N

∑

j=1,j!i

ς≃w(rij), (3.1)

where mi, ςri, and ς̇ui represent the mass, position, and acceleration of particle i,

respectively. The distance between particles i and j is given by rij = |ςri ↘ςrj |. Solving

the force equation analytically becomes challenging, especially with a large number

of particles N , making molecular dynamics a useful tool for obtaining approximate

numerical results. For large N , force calculations are time-consuming, rendering

traditional MD simulations ine”cient; however, EDMD simulations are significantly

faster in such scenarios.

EDMD simulations are particularly e”cient for dilute hard sphere systems where

particles interact solely through collisions. The algorithm skips the integration of

the equations of motion and directly jumps to the next event, typically a collision,

enhancing simulation e”ciency [81]. The interaction potential for hard spheres is

given by:

w(rij) =



















↓ if 0 ↔ rij ↔ ai +aj ,

0 if rij > ai +aj ,

(3.2)

where ai is the radius of particle i. This potential implies that the duration of

contact during collisions is instantaneous, and particles move ballistically until their

next collision, allowing for the prediction of all possible future collision events given

the initial conditions of particle velocities and positions.
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3.1. Event-Driven Molecular Dynamics

The core of the EDMD algorithm lies in predicting and executing events. To de-

termine the earliest collision, one must calculate the time taken for all possible

collisions. The total number of possible pair collisions for a particle with others

can scale as O(N2), which can be computationally expensive. Since a particle can

only collide with its neighbouring particles, the calculation can be limited to pair

collisions with neighbours. To facilitate this, the system is divided into cells of fi-

nite size, introducing an additional event type called cell-crossing. In a cell-crossing

event, a particle crosses one of the boundaries of a cell and enters a new cell. The

cells contain information about particles based on their coordinates, aiding in the

identification of neighbouring particles.

The steps of the algorithm for a simple EDMD simulation of hard sphere gas in the

absence of external forces are as follows:

1. Setup the Initial Conditions:

• Define parameters, boundary conditions, cell size, etc.

• Assign velocities and positions to the particles.

2. Predict the Events:

• Determine all future collision times for all particles with their neighbours.

• Determine all cell-crossing times for particles crossing the boundaries of

their respective cells.

3. Identify the Next Event and Execute:

• Determine the event type and time.

• Update the system time to the event time.

– Since particles move ballistically until their collision, their position
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3.1. Event-Driven Molecular Dynamics

at the current event time te can be determined as:

ςri(te) = ςri(te→1)+ςui(te→1)(te ↘ te→1), (3.3)

where te→1 is the time of the last event occurrence with te→1 < te. The

values ςui(te→1) and ςri(te→1) are the velocity and position of particle

i just after the last event at time te→1.

• For collision-type events:

– Calculate the new velocities of the particles due to the elastic collision

at event time te:

ςu
↑
i = ςui ↘ 2mj

mi +mj

(

(ςui ↘ςuj) ·
(

ςri ↘ςrj

|ςri ↘ςrj |2

))

(ςri ↘ςrj), (3.4)

ςu
↑
j = ςuj ↘ 2mi

mi +mj

(

(ςuj ↘ςui) ·
(

ςri ↘ςrj

|ςri ↘ςrj |2

))

(ςri ↘ςrj), (3.5)

where mi is the mass of particle i. Since the particles are smooth

and elastic, the tangential relative velocity remains unchanged, while

only the normal relative velocity changes.

– Predict future events for these particles i and j, and update the

upcoming events.

• For cell-crossing type events:

– Remove the particle from the current cell and assign it to a new cell

based on its coordinates after the crossing.

– Predict future events for this particle and update the upcoming

events.

4. Repeat step : 3 until the desired simulation time.

Although the introduction of cells increases the number of events, it reduces the

computation of collisions after each event, thereby minimising unnecessary time
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3.2. Numerical methods to solve ordinary di!erential equations :

consumption in the simulation.

3.2 Numerical methods to solve ordinary di!er-

ential equations :

Although exact solutions for shock propagation, such as the TvNS solution and

Dokuchaev’s solution, are available, obtaining an exact solution to the Euler equa-

tions is not always feasible. This is particularly true when the initial conditions

are altered or when shock propagation occurs in gases characterised by complicated

equations of state. In such cases, a numerical approach is necessary to solve the

rescaled form of the Euler equations, which are coupled ordinary di!erential equa-

tions (ODEs). In this section, we describe the numerical method for solving these

ODEs under specified boundary conditions and benchmark the algorithm by com-

paring the numerical results of driven shocks with Dokuchaev’s solution.

To maintain consistency in this chapter, we reproduce the Euler equations. For a

driven shock in three dimensions, where the total energy of the system increases

over time t as E(t) = E0t
ε, the equations in terms of non-dimensionalised functions

R(ω), u(ω), T (ω), and P (ω) for an ideal gas are given by:

(ϑ ↘ u)d log R

d logω
↘ du

d logω
= 3u, (3.6)

(u↘ϑ) du

d logω
+ T

d log R

d logω
+ d T

d logω
+ u[u↘1]+2 T = 0, (3.7)

T =
u

2(ϑ ↘ u)(↼ ↘1)
2(↼ u↘ϑ) , (3.8)

where ϑ = 2+ε
5 , ↼ = 5

3 , and ω = r
R(t) . At the shock front, the Rankine-Hugoniot

boundary conditions for these rescaled functions are given by:

R(ω = ωf ) = 4, (3.9)
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3.2. Numerical methods to solve ordinary di!erential equations :

u(ω = ωf ) = 3ϑ

4 , (3.10)

T (ω = ωf ) = 3ϑ
2

16 , (3.11)

where ωf is the position of the shock front. Assuming

Ie = 4⇁

∫ ςf

0

(

Ru
2

2 +
R T

↼ ↘1

)

ω
4
dω, (3.12)

the value of ωf is bounded by the energy constraint E(t) = E0t
ε as

Ie = 1.0. (3.13)

The exact solution of the Euler equations (3.6)–(3.8) with boundary conditions

(3.9)–(3.11) is possible. More details about the problem can be found in Sec. 7.2,

with the exact solution provided in the Chapter 7.

The numerical procedure to solve these ODEs using the Rankine-Hugoniot boundary

conditions is as follows. Begin with an initial value for ωf and solve the Euler

equations (3.6)–(3.8) for the scaling functions. Using this solution, calculate the

value of Ie. If Ie < 1, increase the value of ωf and resolve the Euler equations; if

Ie > 1, decrease the value of ωf and resolve again. This iterative process continues

until Ie satisfies Equation (3.13). A schematic diagram of this numerical process

is shown in Fig. 3.1. All numerical integrations to solve the Euler equations are

performed using MATHEMATICA.

To benchmark this algorithm, we compare the numerical solutions of the Euler

equations (3.6)–(3.8) with Dokuchaev’s solution (see the Chapter 7) in Fig. 3.2 for

four di!erent values of ϖ = 0.0,0.5,1.0,1.5. In Fig. 3.2, the numerical and exact

solutions align well, indicating that the numerical procedure is correct.
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Take some value of  ξf

Solve the Euler equation for ξ ∂ [0,ξf]

Evaluate Ieif Ie > 1 + Infitesimal number

 achievedξf

If Ie Δ 1.0 ± Infinitsimal number

In
cr

ea
se

 ξ f

if Ie < 1 → Infitesimal number

De
cr

ea
se

 ξ f

Figure 3.1: Schematic diagram of the numerical algorithm to solve ordinary di!er-
ential equations (3.6)–(3.8) under boundary conditions (3.9)–(3.11).

3.3 Numerical methods to solve partial di!eren-

tial equations :

The Navier-Stokes equations are a second-order partial di!erential equation that

cannot be solved analytically for studying shock propagation. To tackle this nu-

merically, we employ the MacCormack method [82]. In this method, the spatial

domain is discretised into bins of size #x, and the system is integrated from time

t to t + #t using the values of the quantities at time t from all the bins. Each

time interval #t involves two steps: the predictor step and the corrector step. The

predictor step uses forward di!erentiation, while the corrector step uses backward

di!erentiation, or vice versa. This method provides up to second-order accuracy in

both time discretisation #t and space discretisation #x.

The numerical algorithm for the MacCormack method is as follows. Consider a

partial di!erential equation (PDE) to be solved under the initial condition u(x,t =
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3.3. Numerical methods to solve partial di!erential equations :

Figure 3.2: Comparison of the solutions of the Euler equations (3.6)–(3.8) using
Rankine-Hugoniot boundary conditions (Eqs. (3.9)–(3.11)) for four di!erent values
of ϖ = 0,0.5,1,1.5. The solid lines represent the exact solution of the Euler equations
(see the Chapter 7), while the dashed lines represent the numerical solution obtained
using the algorithm in Fig. 3.1.

0) = u0 and the boundary condition u(x = ±L,t) = u0, which has the form:

φtu = f(x,φxu), (3.14)

First, define all parameter values and bins. Solve the PDE from time 0 to #t as

follows: take the initial values and compute the predictor values up in each bin using

forward di!erentiation:

up(x,t) = u(x,t)+f(u,φxu)#t. (3.15)

Next, use these predictor values to compute the corrector values uc using backward
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3.3. Numerical methods to solve partial di!erential equations :

di!erentiation:

(

φu

φt
(x,t)

)

c

= f(up,φxup). (3.16)

The final value at time #t is given by:

u(x,t+#t) = u(x,t)+up(x,t)
2 + 1

2

(

φu

φt
(x,t)

)

c

#t. (3.17)

Take initial 

condition       u(x, t)

Predictor step: find predicted values

using forward differentiation


   up(x, t) = u(x, t) + f(u, ∂xu)Δt

Corrector step: find time derivatives using

 predicted values with backward differentiation 


                ( ∂u
∂t

(x, t))c = f(up, ∂xup)

Final value for the next time step


      u(x, t + Δt) = u(x, t) + up(x, t)
2 + 1

2 ( ∂u
∂t

(x, t))cΔt

Define parameter 

like  and binsΔt, Δx

t→
t+

Δt

Figure 3.3: Schematic diagram of the MacCormack method for solving the partial
di!erential equation (3.14).

The forward di!erentiation in the predictor step and the backward di!erentiation

in the corrector step are defined as follows:

φxu|forward = u(x+#x,t)↘u(x,t)
#x

, (3.18)

φxup|backward = up(x,t)↘up(x↘#x,t)
#x

. (3.19)

To benchmark this numerical algorithm, we solve the heat equation in one dimension:

φu(x,t)
φt

= ϑ
φ

2
u(x,t)
φx2 , (3.20)
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3.3. Numerical methods to solve partial di!erential equations :

Figure 3.4: Solution of the heat equation (3.20) with initial condition (3.21) at four
di!erent times t = 0.5,1.0,1.5,2.0. The symbols represent the numerical solution
using the MacCormack method, while the solid lines represent the exact solution
(see (3.22)). The parameter values are set as: #t = 0.001, #x = 0.1, ϑ = 1.0.

where ϑ is a constant. The initial condition is given by:

u(x,0) =



















0 if x ! 0,

1 if x = 0,

(3.21)

with boundary conditions u(±L,t) = 0. The exact solution under this initial condi-

tion is:

u(x,t) = 1⇐
4⇁ϑt

exp
(

↘ x
2

4ϑt

)

. (3.22)

We compare the numerical solution of the heat equation obtained using the Mac-

Cormack method with the exact solution in Fig. 3.4. In Fig. 3.4, the numerical

solution aligns well with the exact solution, demonstrating the high accuracy of the

algorithm.
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4
Blast Waves in Two and Three Dimensions:

Euler Versus Navier–Stokes Equations

Related Publication :

This chapter is based on the following publication [83]:

Blast waves in two and three dimensions: Euler versus Navier–Stokes equations

Amit Kumar and R. Rajesh, Journal of Statistical Physics, 188(2):1–14, 2022.

4.1 Introduction

The time evolution of a blast wave resulting from an intense explosion is a classic

problem in gas dynamics [1–3]. From dimensional analysis, the radius of the shock

front R(t) is known to increase with time t as a power law R(t) ↑ (E0t
2
/ϱ0)1/(d+2)

in d dimensions, where E0 is the energy of the blast and ϱ0 is the ambient density

of the system [4–7, 11].
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4.1. Introduction

Analysis up to now was mostly on the blast in a homogeneous medium. For this

problem also, it is not clear whether the Navier-Stokes equations will capture the

molecular dynamics simulations in two and higher dimensions where excluded vol-

ume e!ects become important.

In this chapter, we ask if Navier-Stokes equations will provide the correct description

of the data from MD simulations in two and three dimensions. To do so, we do

DNS of the continuity equations for mass, momentum and energy using the same

numerical methods followed in Ref. [80]. In continuation of our earlier work [16,

17], steric e!ects, which are absent in one-dimensional systems, were included by

modifying the equation of state that relates pressure to temperature and density

from the ideal gas equation of state to the virial equation of state.

The boundary conditions for the equations in radial coordinates are obtained from

DNS of the equations in cartesian coordinates. The constants related to heat con-

duction and viscosity are determined from kinetic theory. We then show that the

results from DNS match the data from MD simulations without any fitting param-

eter in two dimensions. In three dimensions, there is a small mismatch which is

resolved by treating the constants appearing in heat conduction and viscosity terms

as free parameters. We conclude that to obtain the correct description of a blast

wave in the hydrodynamic regime, the solution has to be first found for the Navier-

Stokes equations, which includes heat conduction and viscosity terms, followed by

taking the appropriate scaling limit.

The remainder of this chapter is organised as follows. In Sec. 4.2, we review the

continuity equations to describe hydrodynamics of shock in the spherical polar coor-

dinate in d-dimensions. The numerical algorithm and the values of the parameters

used for DNS are also given. In Sec. 4.3, we show that the results from DNS match

with the results from MD of hard spheres in both two and three dimensions. Sec-

tion 4.4 contains a summary and discussion. The content of this chapter is published
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4.2. Hydrodynamics and Numerical details

in Ref. [83].

4.2 Hydrodynamics and Numerical details

4.2.1 Hydrodynamics

We briefly review the hydrodynamics of explosion induced shock propagation in d-

dimensions. Consider a gas of constant density ϱ0 and temperature zero. At time

t = 0, energy E0 is input isotropically in a localised region around r = 0. The state

of the gas is described by its density field ϱ(ςr, t), velocity field ςu(ςr, t), temperature

field T (ςr, t), and pressure field p(ςr, t). Since mass, momentum and energy are lo-

cally conserved, their continuity equations describe the time evolution of the local

fields. Since shock propagation is spherically symmetric, the above thermodynamic

quantities will depend only on r.

In spherical polar coordinates, the continuity equations for density, momentum, and

energy for a mono-atomic gas are respectively [1, 84],

φtϱ+ 1
rd→1 φr(rd→1

ϱu) = 0, (4.1)

φt(ϱu)+ 1
rd→1 φr

[

r
d→1

ϱu
2]

+φrp

= 1
rd→1 φr(2µr

d→1
φru)↘ 2µ(d↘1)u

r2 +φr



↽ ↘ 2
d

µ

 1
rd→1 φr(rd→1

u)


, (4.2)

φt

1
2ϱu

2 + ϱT

↼ ↘1



+ 1
rd→1 φr



r
d→1

1
2ϱu

2 + ϱT

↼ ↘1 +p



u



= 1
rd→1 φr



2r
d→1

µuφru



+ 1
rd→1 φr



r
d→1

u



↽ ↘ 2
d

µ

 1
rd→1 φr

(

r
d→1

u

)



+ 1
rd→1 φr

(

r
d→1

⇀φrT

)

, (4.3)

where ↼ = 1+ 2
d , µ is the coe”cient of viscosity, ⇀ is the coe”cient of heat conduction,

and ↽ is the bulk viscosity.

The coe”cients µ and ⇀ increase with temperature as [85, 86]

µ = C1
⇐

T , (4.4)
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4.2. Hydrodynamics and Numerical details

⇀ = C2
⇐

T , (4.5)

where C1 and C2 are constants which depend on the size of the particles. From

kinetic theory of gases, approximate values of C1 and C2 can be obtained for hard

spheres. The approximate values of C1 and C2 for hard sphere particles of diameter

D are given by [86],

C
↓
1 = 1

dDd→1



mkB

⇁d→1



$


d+1
2

2

$


d
2

 , (4.6)

C
↓
2 = 1

2Dd→1



k3
B

m⇁d→1



$


d+1
2

2

$


d
2

 , (4.7)

where m is the mass of a particle and $ is the gamma function. The star in the

superscript denotes that the results for C1 and C2 are from kinetic theory. The bulk

viscosity for mono-atomic gas is usually taken to be zero [87]. In three dimensions,

we consider both ↽ = 0 as well as the expression for bulk viscosity given by [88]

↽ = 4
9

(

ϱD
2)2



⇁kBT

m3 . (4.8)

Equations (4.1)-(4.3) have four independent fields. If local thermal equilibrium is

assumed, as is usually done, then the local pressure p is expressed in terms of local

density ϱ and local temperature T through an equation of state (EOS). While the

ideal gas EOS was used in the original TvNS solution, for a hard sphere gas, steric

e!ects become important and a more realistic EOS would be required in order to

compare with results from hard sphere simulations [16, 17, 28]. We choose the EOS

to be the virial EOS, which takes the form

p = kBϱT

[

1+
↔
∑

i=2
Biϱ

i→1
]

, (4.9)

where Bi is i
th virial coe”cient. In Table 4.1, we tabulate the values for the first 10
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4.2. Hydrodynamics and Numerical details

Table 4.1: The numerical values of the virial coe”cients Bi for the hard sphere
gas in two and three dimensions. The data are from Ref. [89], and for spheres of
diameter one.

i Bi(d = 2) Bi(d = 3)

2 φ
2

2φ
3

3 (4
3 ↘

↗
3

φ )B2
2

5
8B

2
2

4


2↘ 9
↗

3
2φ + 10

φ2



B
3
2



2707
4480 + 219

↗
2

2240φ ↘ 4131
4480

arccos[1/3]
φ



B
3
2

5 0.33355604B
4
2 0.110252B

4
2

6 0.1988425B
5
2 0.03888198B

5
2

7 0.11486728B
6
2 0.01302354B

6
2

8 0.0649930B
7
2 0.0041832B

7
2

9 0.0362193B
8
2 0.0013094B

8
2

10 0.0199537B
9
2 0.0004035B

9
2

virial coe”cients.

4.2.2 Numerical method

We solve Eqs. (4.1)-(4.3) numerically using the MacCormack numerical integra-

tion method [82]. In this scheme, a partial di!erential equation is solved by using

predictor-corrector steps. It has accuracy upto second order both in spatial discreti-

sation #r and temporal discretisation #t.

We now describe the parameters that we have used for numerically solving Eqs. (4.1)-

(4.3). We choose system size L and total integration time τ such that the shock does

not reach the boundary at time τ . The initial condition at time t = 0 is: density

ϱ = ϱ0 everywhere, velocity u = 0 everywhere and temperature T = 0 everywhere

except in small region 0 ↔ r ↔ σ. In this small region, we take gaussian temperature

profile

T (r,0) = bT0 exp
(

↘ r
2

2σ2

)

, (4.10)

where we set the temperature scale T0 to one and choose the dimensionless constant

b to be b = 8.35 in d = 2 and b = 6.17 for d = 3 to match with the values chosen
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4.2. Hydrodynamics and Numerical details

Table 4.2: The numerical values of di!erent parameters used in solving Eqs. (4.1)-
(4.3) in two and three dimensions. All quantities are measured in terms of the length
scale ▷0 = D, mass scale m0 = m and time scale τ0 = D



m/T0. These scales are set
to one by choosing D = 1, m = 1 and T0 = 1 and kB = 1.

Parameters d = 2 d = 3

ϱ0 0.382 0.4
L 300 136
τ 8000 10000
#r 0.05 0.05
#t 10→5 10→5

σ 0.5 0.65
↼ 2.0 5/3
C

↓
1

⇐
⇁/8 2/(3

⇐
⇁3)

C
↓
2

⇐
⇁/8 1/

⇐
⇁3

in the event driven simulations. In addition to the initial conditions, we also need

the boundary conditions at r = 0 and r = L. At r = 0, we impose the boundary

conditions φrϱ = 0, u = 0, and φrT = 0. These boundary conditions are justified by

numerically solving the continuity equations in cartesian coordinates, wherein the

boundary conditions at the origin need not be specified (see Sec. 4.2.3).

All quantities are measured in terms of the length scale ▷0 = D, mass scale m0 = m

and time scale τ0 = D



m/T0. These scales are set to one by choosing D = 1, m = 1

and T0 = 1 and kB = 1. The numerical values of the di!erent parameters are given

in Table 4.2.

4.2.3 Solution of Navier-Stokes equations in cartesian co-

ordinates

In this section, we solve the Navier-Stokes equations in two dimensional cartesian co-

ordinates to find the boundary conditions obeyed by the thermodynamic quantities

at the shock center. Unlike spherical coordinates, where both the initial conditions

as well as boundary conditions at r = 0 have to be provided, in cartesian coordi-
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4.2. Hydrodynamics and Numerical details

x y x y x y

uTξ

uTξ

rrr

∂ rξ ∂ rT

Figure 4.1: The two-dimensional spatial variation of (a) density ϱ, (b) temperature
T , and (c) speed u, at time t = 2.5. The corresponding variations with radial distance
r are shown in (d)-(f) for three di!erent times. The insets in (d) and (e) show the
variation of φrϱ and φrT with r. The data justifies the boundary conditions at r = 0:
φrϱ = 0, φrT = 0, and u = 0.

nates only the initial conditions are required for determining the solution at any

time. Thus, numerically solving the equations in cartesian coordinates allows us to

determine the boundary conditions at r = 0 for the solution in spherical coordinates.

The continuity equations for mass, momentum and energy for a mono-atomic gas

are given by [1, 3, 84, 85]

φtϱ+ ς≃.(ϱςu) = 0, (4.11)

φt(ϱςu)+ςu(ς≃.(ϱςu))+ϱ(ςu.ς≃)ςu+ ς≃p = [ς≃(ςu.ς≃µ)↘ (ςu.ς≃)ς≃µ+(ς≃µ.ς≃)ςu]

+µ[ς≃(ς≃.ςu)+ ς≃2
ςu]↘ ς≃(µς≃.ςu), (4.12)

φt

1
2ϱu

2 +ϱT



+ ς≃.

1
2ϱu

2 +ϱT +p



ςu



= ς≃.



µ(ςu.ς≃)ςu


+ ς≃.

[

µς≃
(

u
2

2

)]

↘ς≃.(µςuς≃.ςu)+ ς≃.(⇀ς≃T ). (4.13)

We solve Eqs. (4.11)-(4.13) in two dimensions using MacCormack method (see

Sec. 4.2.2). The pressure is related to temperature and density through the virial
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4.3. Results

EOS given in Eq. (4.9). We choose the same values of the parameters as in spherical

coordinate (see Table 4.2). For spatial discretisation, we use dx = dy = dr/
⇐

2. The

initial temperature profile is chosen to be a gaussian. The system size is chosen

such that the shock does not reach the boundaries during the times that we have

considered.

The spatial variation of density, temperature and speed for a single time t is shown

in Fig. 4.1(a)-(c) respectively. The corresponding variation with radial distance r are

shown in Fig. 4.1(d)-(f). From these data, we can determine the boundary conditions

at r = 0. For all the times shown, φrϱ = 0 at r = 0 [see inset of Fig. 4.1(d)]. Also,

φrT = 0 at r = 0 [see inset of Fig. 4.1(e)]. Finally, u = 0 at r = 0 [see Fig. 4.1(f)].

These boundary conditions at r = 0, φrϱ = 0, φrT = 0, and u = 0, are used for the

numerical integration of the continuity equations in radial coordinates.

4.3 Results

We define non-dimensionalised density ϱ, radial velocity u, temperature T , and

pressure P fields. From dimensional analysis [2],

ϱ(ςr, t) = ϱ0 R(ω), (4.14)

u(ςr, t) = r

t
u(ω), (4.15)

T (ςr, t) = r
2

t2
T (ω), (4.16)

p(ςr, t) = ϱ0r
2

t2
P (ω), (4.17)

where

ω = r

(

E0t
2

ϱ0

)→1/(d+2)
, (4.18)

is the scaled distance, and E0 is the initial energy injected into the system. We de-

scribe the results for two dimensions in Sec. 4.3.1 and three dimensions in Sec. 4.3.2.
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4.3. Results

4.3.1 Results in two dimensions

For the simulations in two dimensions, we set the bulk viscosity ↽ = 0 [87]. We

first describe our main result. Figure 4.2 shows the variation of the di!erent non-

dimensionalised observables with ω for four di!erent times. The data for di!erent

times collapse onto one curve confirming the scaling in Eqs. (4.14)-(4.17). The results

from DNS are an excellent match with the results from MD simulations (the MD

data are from Ref. [17]) for all the four thermodynamic quantities. In comparison,

the TvNS solution, shown by solid black lines, does not describe the data well. We

note that there are no fitting parameters used in the simulations, with the values

C
↓
1 and C

↓
2 being calculated from kinetic theory. We conclude that heat conduction

and viscosity terms are essential to reproduce the results from MD, though these

terms are irrelevant in the scaling limit.

We have used the virial EOS [see Eq. (4.9)] for relating local pressure to density

and temperature. However, only ten terms of the expansion are known. To check

whether our numerical results are a!ected by this truncation, we solve the continuity

equations by using the virial EOS only upto the i
th term where i = 0,2,4, . . . ,10. i = 0

corresponds to the ideal gas. Figure 4.3 shows the dependence of our results on the

number of terms kept in the virial expansion. The results for i = 8 and i = 10 are

nearly identical, showing that truncating the virial EOS at the 10th term causes

negligible error in the results.

We now probe the sensitivity of the results to the parameters C1 and C2 where

µ = C1
⇐

T and ⇀ = C2
⇐

T [see Eqs. (4.4)-(4.5)]. In Fig. 4.4, we show the results for

the di!erent thermodynamic quantities for di!erent values of C2 keeping all other

parameters fixed. We choose C2 = C
↓
2 ,2C

↓
2 ,4C

↓
2 . For C2 < C

↓
1 , we find that the

numerical integration is not stable. Near the shock front, these parameters have

negligible e!ect. On the other hand, near the shock center, the results depend on
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4.3. Results

Figure 4.2: The data from MD simulations (taken from Ref. [17]) are compared
with the data from DNS of the continuity Eqs. (4.1)-(4.3) in two dimensions. The
variation of the non-dimensionalised (a) density (b) radial velocity (c) temperature
and (d) pressure with ω is shown for four di!erent times (di!erent times for MD and
DNS). The symbols represent the MD data and coloured lines represent the results
from DNS. The solid black lines represent the TvNS solution with virial EOS. The
data are for ambient gas density ϱ0 = 0.382.
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4.3. Results

Figure 4.3: The variation of the non-dimensionalised (a) density ϱ(r), (b) velocity
u(r), (c) temperature T (r), (d) pressure p(r) obtained from the DNS of the conti-
nuity Eqs. (4.1)-(4.3) in two dimensions, when the virial expansion in Eq. (4.9) is
truncated at i = 2,4,6,8,10. The data for di!erent i are shown for a single time
t = 8000 and ambient density ϱ0 = 0.382. i = 0 corresponds to ideal EOS p = ϱT .
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4.3. Results

Figure 4.4: Non-dimensionalised (a) density, (b) radial velocity, (c) temperature, and
(d) pressure for three di!erent values of the parameter C2 [see Eq. (4.5)] keeping all
other parameters fixed. The data are for t = 8000 and ambient density ϱ0 = 0.382.

C2. However, features such as the power-law exponents, density having a finite value

at r = 0 remain unchanged with changing C2. We also note that pressure does not

have any appreciable dependence on C2 for all ω.

Figure 4.5 shows the dependence on the parameter C1, related to viscosity, where

the results are shown for C1 = C
↓
1/4,C

↓
1/2,C

↓
1 , keeping all other parameters fixed.

We find that changing C1 does not a!ect any of the thermodynamic quantities.

Thus, features such as the power-law exponents, density having a finite value at

r = 0 remain unchanged with changing C1.

4.3.2 Results in three dimensions

We now show that the Navier-Stokes equations in three dimensions are able to

reproduce the simulation results from MD. We solve the continuity Eqs. (4.1)-(4.3)

44



4.3. Results

Figure 4.5: Non-dimensionalised (a) density, (b) radial velocity, (c) temperature,
and (d) pressure for three di!erent values of the parameter C1 [see Eq. (4.4)] keeping
all other parameters fixed. The data are for t = 8000 and ambient density ϱ0 = 0.382.
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4.4. Summary and discussion

in three dimensions numerically using the values of parameter given in Table 4.2 and

virial EOS [see Eq. (4.9)]. We set the coe”cient C1 and C2 to their kinetic theory

values as given in Eqs. (4.6) and (4.7). We solve for both ↽ = 0 and non-zero ↽ with

value as in Eq. (4.8).

In Fig. 4.6, we show the results from DNS for both ↽ = 0 and ↽ ! 0. The data for

the latter corresponds to the curve whose shock front is to the right. For each of the

thermodynamic quantities, the data for four di!erent times collapse onto one curve

when they are scaled according to Eqs. (4.14)-(4.17). The power law exponents for

temperature and pressure as well as the feature of the scaled density having a finite

value for small ω are reproduced by the DNS of the Navier-Stokes equations. On

the other hand, the TvNS solution, denoted by solid black lines, fail to capture the

qualitative features for all the thermodynamic quantities except pressure.

However, unlike in two dimensions, we find that the quantitative results obtained

from DNS show a slight discrepancy with the MD simulations results (data are taken

from Ref. [16]). When ↽ is non-zero, we find that the DNS data move closer to the

MD results. We have not treated ↽, C1 and C2 as free parameters to obtain better

fit to the simulation data, as that is the not the main focus of the chapter.

4.4 Summary and discussion

As summary, in this chapter, we resolved the earlier observed mismatch between

the theoretical predictions, based on the Euler equation, for the time evolution of a

blast wave and results from hard sphere simulations in two and three dimensions. We

compare the results of direct numerical simulations of the Navier-Stokes equations

in two and three dimensions with the MD data, and show they match quantita-

tively. These results are consistent with those found recently for blast waves in one

dimension [18, 80]. We conclude that the order in which the scaling limit is taken is
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4.4. Summary and discussion

Figure 4.6: The data from MD simulations (taken from Ref. [16]) are compared
with the data from DNS of the continuity Eqs. (4.1)-(4.3) in three dimensions. The
variation of the non-dimensionalised (a) density (b) radial velocity (c) temperature
and (d) pressure with ω is shown for four di!erent times. The symbols represent
the MD data and solid coloured lines represent the DNS results of the continuity
Eqs. (4.1)-(4.3). For the DNS data, the curve where the shock front is to the
left corresponds to ↽ = 0 and the curve for which the shock front is to the right
corresponds to ↽ ! 0 and as given in Eq. (4.8). The coe”cients C1 and C2 are set to
their kinetic theory values. The solid black lines represent the TvNS solution with
virial EOS. The data are for ambient gas density ϱ0 = 0.4.
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4.4. Summary and discussion

important in the blast problem. In the TvNS solution, the scaling limit is taken first

– heat conduction and viscosity terms being irrelevant – before the exact solution is

found. However, the correct limit to take is to find the solution with non-zero heat

conduction and viscosity terms and then take the scaling limit.

One possible question that immediately arises is whether the TvNS solution will fail

to be the correct description in all dimensions or only upto a critical dimension.

One way to answer this question would be to solve the TvNS equations numerically

in d dimensions, and check if gradient of temperature is zero at the shock center.

If the gradient is zero, one would expect the heat conduction term to be irrelevant

and the TvNS solution to be the correct description. This question is a promising

area for future research.

To account for steric e!ects in hard sphere systems, we used the virial EOS to relate

pressure to temperature and density. To show that our results are not sensitive to

the EOS used, we compare our results with another well-known EOS. A generic

EOS has the form [90, 91],

p = ϱTZ(ϱ), (4.19)

where Z(ϱ) is known as compressibility factor of the EOS. There are many propos-

als for the compressibility factor Z(ϱ) [90–93]. Since the general form of Z(ϱ) is

not known, we take the commonly used Henderson relation to solve the continu-

ity Eqs. (4.1)-(4.3). The classic Henderson relation [92] for Z(ϱ) for mono-disperse

elastic hard sphere gas in two dimensions is given by

Z(ϱ) = 128+⇁
2
ϱ

2
D

4

8(4↘⇁ϱD2)2 , (4.20)

where D is the diameter of the hard sphere.

Figure 4.7 compares the results for density, radial velocity, temperature and pressure

48



4.4. Summary and discussion

Figure 4.7: The radial variation of non-dimensionalised (a) density, (b) radial veloc-
ity, (c) temperature, and (d) pressure for two di!erent EOS: the virial EOS truncated
at the 10th term [see Eq. (4.9)] and the Henderson EOS [see Eqs. (4.19) and (4.20)].
The data are for time t = 8000.

for the two EOS. The data for the di!erent EOS cannot be distinguished from each

other except for a slight mismatch near the shock front. We conclude that the results

presented in this chapter are not dependent on the choice of the EOS as long as the

EOS describes the equilibrium hard sphere gas well.

In the TVNS solution, when the scaling limit is taken, heat conduction and viscosity

terms are irrelevant. The role of heat conduction is to alter the boundary conditions

at the shock center. The solution in the bulk should still be given by the Euler

equation. Thus, there should be a small region close to the shock center when a

di!erent scaling should be observed as has been seen for one dimension [18, 80].

Likewise, there should be a region near the shock front where the scaling should

be di!erent [28]. Identifying these di!erent scaling would be a promising area for
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4.4. Summary and discussion

future study.

The TvNS theory has been extended to study problems where there is a continuous

input of energy at the shock center [13]. It would be interesting to compare the

theoretical predictions for this problem with MD simulations and check whether it

is important to keep heat conduction and viscosity terms.
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5
Shock propagation following an intense

explosion in an inhomogeneous gas: core

scaling and hydrodynamics

Related Publication :

This chapter is based on the following publication [94]:

Shock propagation following an intense explosion in an inhomogeneous gas: core

scaling and hydrodynamics,

Amit Kumar and R. Rajesh, Journal of Statistical Physics, 192(2):17, 2025.

5.1 Introduction

The behaviour of shock propagation has primarily been studied in systems with a

homogeneous ambient mass density distribution. In general, the ambient medium
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5.1. Introduction

could have any initial density distributions. The scaling solutions of Euler equation

for shock propagation are possible for homogeneous as well as for inhomogeneous

mediums. The evolution of thermodynamic quantities has been studied both for

a homogeneous gas in which initial density of the gas is uniform, as well as an

inhomogeneous gas where the initial density, ϱ(r), at distance r from the explosion

varies as ϱ(r) = ϱ0r
→ω.

In the scaling regime, from dimensional analysis, it is straightforward to obtain

that the radius of the shock front, R(t), grows as R(t) ↑ (E0/ϱ0)ϑ/2
t
ϑ with ϑ =

2/(2+d↘ε) in d-dimensions, where E0 is the energy input [4–7, 11].

The spatio-temporal evolution of the thermodynamic quantities are studied using

the continuity equations of mass, momentum, and the energy, corresponding to the

Navier-Stokes equations. However, in the scaling limit r → ↓, t → ↓ keeping rt
→ϑ

finite, the heat conduction and viscosity terms are negligible, leading to the Euler

equation. If the gas is assumed to an ideal gas, then an exact solution for density,

velocity and temperature, can be found both for the homogeneous case [4–7, 11] as

well as the inhomogeneous case [11].

In this chapter, we generalise these results to the case of an explosion in an inho-

mogeneous gas, where the initial density varies as a power law ϱ(r) = ϱ0r
→ω. We

generalise the exact solution of the Euler equation to d-dimensions. By examining

the asymptotic behaviour near the shock center, we identify a critical ε for which we

conjecture that Euler equation should give a complete description of the problem

both at the shock center as well as the shock front. For other ε, we show that

there is a crossover behaviour near the shock center. We generalise the results of

Ref. [18, 80, 95] for ε = 0 to arbitrary ε to derive a crossover length scale as well

as a core scaling which describes the data near the shock center. These results are

verified using event driven molecular dynamics simulations in one dimension and

numerical integration of the Navier-Stokes equations in one dimension.
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The remainder of the chapter is organised as follows. In Sec. 5.3, we generalise the

exact solution of Euler equation to d-dimensions, and find the asymptotic behaviour

of the thermodynamic quantities near the shock center. Based on these results, we

derive a critical εc for which the solution satisfies ≃T = 0 at the center. In Sec. 5.4

we define the model for the EDMD simulations, and show that the simulation data

di!ers from the exact solution near the shock center for the di!erent thermodynamic

quantities. In Sec. 5.5, after describing the details of the numerical solution of

the Navier-Stokes equations, we show that including dissipation terms are able to

reproduce the EDMD data for di!erent ε. The crossover near the shock center is

studied in Sec. 5.6 by identifying a crossover length scale and the resultant scaling of

the di!erent thermodynamic functions. These are verified in EDMD simulations. In

Sec. 5.7, we show numerically that the data for critical ε are completely described

by the Euler equation without any dissipation terms. We conclude with a summary

and discussion in Sec. 5.8. The content of this chapter is published in Ref. [94].

5.2 Problem definition

At initial time t = 0, we consider a gas whose density is inhomogeneous and varies

from the center as

ϱ(ςr, t = 0) = ϱ0
rω , (5.1)

where ε is the exponent characterising the power law variation. To ensure that the

total mass in a bounded region is finite, we require ε < d, where d is the dimen-

sion [11].

Energy E0 is isotropically input at the center at time t = 0. The “explosion” results

in the formation of a spherically symmetric shock that propagates outwards in time

with a shock front at R(t) separating the disturbed gas from the ambient gas. The

parameters in the problem are E0, ϱ0, and t with dimensions [E] = ML
2
T

→2, [ϱ0] =
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5.3. Exact solution of the Euler equation in d-dimensions

ML
→d+ω and [t] = T . R(t) can be uniquely written in terms of these quantities by

dimensional analysis, and we obtain [1, 11, 73]:

R(t) ⇒
(

E0
ϱ0

)ϑ/2
t
ϑ
, (5.2)

where

ϑ = 2
2+d↘ε

. (5.3)

We study the self-similar evolution of the shock using di!erent methods: within

Euler equation in d-dimensions, EDMD simulations of point sized binary gas in

one dimension and Navier-Stokes equations in one dimension. We will be primarily

interested in the following thermodynamic quantities: temperature T (r, t), radial

velocity u(r, t), and density ϱ(r, t). In particular, we will analyse the scaling of these

quantities near the shock front as well as the core region near the center of the shock.

5.3 Exact solution of the Euler equation in d-

dimensions

5.3.1 Euler equation

In this section, we generalise the known exact solution of the Euler equation for

an explosion in an ideal gas with a density gradient. This will also allow us to

derive the behaviour of the thermodynamic quantities near the shock center, which

in turn will allow us to determine the crossover exponents for r → 0 in the presence

of dissipative terms.

The microscopic description of the gas, at position ςr, and at time t, is given by the

local fields of the density ϱ(ςr, t), velocity ςu(ςr, t), temperature T (ςr, t), and the pressure

p(ςr, t). These thermodynamic quantities evolve in time based on the continuity
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5.3. Exact solution of the Euler equation in d-dimensions

equations of the mass, momentum, and the energy. In the scaling limit r, t → ↓,

keeping rt
→ϑ constant [see Eq. (5.2)], the contributions of heat conduction and

viscosity terms become negligible. The continuity equations, after ignoring these

terms, result in the Euler equation. Using spherical symmetry, the Euler equation

in radial coordinates in d-dimensions is given by [1–3, 11, 13],

φtϱ+φr(ϱu)+ (d↘1)ϱu

r
= 0, (5.4)

φtu+uφru+ 1
ϱ

φrp = 0, (5.5)

φt

(

p

ϱϱ

)

+uφr

(

p

ϱϱ

)

= 0, (5.6)

where ↼ = 1 + 2/d is the adiabatic index of a mono-atomic gas. If local thermal

equilibrium of the gas is considered, then the local pressure of the gas can be obtained

from the equation of the state of the gas,

p = kBϱT, (5.7)

where kB, the Boltzmann constant, is set equal to one in the remainder of the

chapter.

We introduce non-dimensional distance ω , density R, velocity u, and temperature
T [11, 13]:

ϱ(r, t) = ϱ0r
→ω

R(ω), (5.8)

u(r, t) = r

t
u(ω), (5.9)

T (r, t) = r
2

t2
T (ω), (5.10)

ω = r

(

E0
ϱ0

)→ϑ/2
t
→ϑ

. (5.11)

The position of the shock front will be denoted by ωf . The Euler equation (5.4)–

(5.6), on non-dimensionalising reduce to ordinary di!erential equations:

(u↘ϑ)d log R

d logω
+ du

d logω
+(d↘ε)u = 0, (5.12)
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(u↘ϑ) du

d logω
+ d T

d logω
+ T

d log R

d logω
+(2↘ε) T + u

2 ↘ u = 0, (5.13)

(u↘ϑ) d

d logω
log

(

T

Rϱ→1

)

+[2+ε(↼ ↘1)]u↘2 = 0. (5.14)

Across the shock front, the thermodynamic quantities are discontinuous and obey

the Rankine-Hugoniot boundary conditions, which are [1, 3, 11],

ϱ1 =
(

↼ +1
↼ ↘1

)

ϱ0, (5.15)

u1 = 2
↼ +1U, (5.16)

p1 = ϱ0Uu1, (5.17)

where the subscript 1 signifies values just behind the shock front, and U = Ṙ is the

speed of the shock front. In terms of the dimensionless quantities, the Rankine-

Hugoniot boundary conditions (5.15)–(5.17) reduce to

R(ωf ) = ↼ +1
↼ ↘1 , (5.18)

u(ωf ) = 2ϑ

↼ +1 , (5.19)

T (ωf ) = 2ϑ
2(↼ ↘1)

(↼ +1)2 . (5.20)

We need one more equation for determining ωf . This is provided by the energy

conservation, ie, the total energy is E0. This constraint reduces to

Sd

∫ ςf

0

(

1
2

Ru
2 +

R T

↼ ↘1

)

ω
d+1→ω

dω = 1, (5.21)

where Sd = 2φd/2
!(d/2) is the surface area of d-dimensional sphere of unit radius. $ is the

Gamma function.

It has been shown [1, 11] that the solution curve of Euler equation (5.12)–(5.14) in

the T -u plane, that passes through the Rankine-Hugoniot boundary conditions (5.15-
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5.17), should satisfy

T =
u

2(ϑ ↘ u)(↼ ↘1)
2(↼ u↘ϑ) , (5.22)

5.3.2 The exact solution

The analytical solution of Eqs. (5.12)–(5.13) with the help of integral curve (5.22)

using Rankine-Hugoniot boundary Eqs. (5.18)–(5.20) is given by

ω(u)
ωf

= ϑ
ϑ2

a2
2a1

(g3(u))
ε→1
a0

((↼ +1)u)ϑ

(

g1(u)
ϑb1

)

a4
2a1

e

a3



tanh→1
(

g2(u)↗
A1

)

→tanh→1


g2(u(ϑf ))↗
A1



a1
↗

A1 , (5.23)

R(u) = ϑ
(g3(u))

d→ω
a0

ϑ ↘ u

(

g1(u)
2ϑb1

)

b2
2a1

e

b3



tanh→1
(

g2(u)↗
A1

)

→tanh→1


g2(u(ϑf ))↗
A1



a1
↗

A1 , (5.24)

where

A1 = ϑ
2(ε(↼ ↘1)↘2↼ +4)2 +4↼

2 +4ϑ

(

(ε ↘2)↼2 ↘ (ε ↘4)↼ ↘2(↼ ↘1)d↘4
)

,

a0 = d↘ (ε ↘2)↼ ↘2,

a1 = (d(↼ ↘1)+2)(d↘ (ε ↘2)↼ ↘2),

a2 = ϑ(↼ ↘1)d2 ↘
(

ϑ

(

(ε ↘2)↼2 ↘ (ε ↘4)↼ ↘4
)

↘ (↼ ↘1)↼ ↘2
)

d

↘ (ε ↘2)(↼ +1)↼ ↘2ϑ((ε ↘2)↼ +2)↘4,

a3 = a1((ε ↘2)↼ ↘ε +4)ϑ2 +
[

2
(

↼
2 ↘5↼ +4

)

d
2 ↘ε

(

↼
3 ↘8↼

2 +5↼ +2
)

d

+2
(

↼
3 ↘9↼

2 +16↼ ↘12
)

d+ε
2 (

↼ ↘↼
3)

+ε

(

4↼
3 ↘6↼

2 +6↼ +4
)

↘4
(

↼
3 ↘3↼

2 +6↼ ↘4
)]

ϑ ↘2↼
2(↼ε +ε +d(↼ ↘3)↘2↼ +2),

a4 = ϑ(↼ ↘1)d2 ↘
(

ϑ

(

(ε ↘2)↼2 ↘ (ε ↘4)↼ ↘4
)

+(↼ ↘1)↼ +2
)

d

+(ε ↘2)(↼ +1)↼ ↘2ϑ((ε ↘2)↼ +2)+4,

b1 = ↘(↼ ↘1)(ϑ((ε ↘2)↼ +ε ↘2d)+↼ +1)
(↼ +1)2 ,

b2 = ε

(

(ε ↘2)↼2 +ε↼ +4
)

+2d
2 ↘d

(

(ε ↘2)↼2 +(↼ +2)ε +4
)

,
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5.3. Exact solution of the Euler equation in d-dimensions

Table 5.1: The values of ε in di!erent dimensions for which the constants a0 or b1
equals zero, making the analytical solution in Eqs. (5.23)–(5.24) singular.

ε(d = 1) ε(d = 2) ε(d = 3)
a0 5/3 2 13/5
b1 1 4/3 2

b3 = (d↘ε)((ε ↘2)↼ +ε ↘2d)
(

ϑ

(

(ε ↘2)↼2 ↘ (ε ↘4)↼ ↘2(↼ ↘1)d↘4
)

+2↼
2)

,

g1(u) = u
2((↼ ↘1)d+2)↘ u(ϑ((ε ↘2)↼ ↘ε +4)+2↼)+2ϑ,

g2(u) = 2u((↼ ↘1)d+2)↘ϑ((ε ↘2)↼ ↘ε +4)↘2↼,

g3(u) = (↼ +1)(↼ u↘ϑ)
ϑ(↼ ↘1) .

The above constants depend on ε. The constants a0 and b1 become zero for certain

values of ε resulting in the solution becoming singular. These values of ε are tabu-

lated in Table 5.1. For these special cases, the exact solution has been described in

d = 3 [11]. In this chapter, we will consider only the generic non-singular case.

5.3.3 Asymptotic behaviour for ω → 0

According to the solution Eq. (5.23), when ω → 0 then u → ϑ
ϱ , and the range being

u ⇑ [ϑ/↼,2ϑ/(↼ +1)]. When ω → 0, the exact solutions of u, R, and T lead to the

following asymptotic behaviour:

u↘ ϑ

↼
→ ω

d→2+(2→ω)ε
ε→1 , (5.25)

R → ω
d→ω
ε→1 , ω → 0, (5.26)

T → ω
→ d→2+(2→ω)ε

ε→1 . (5.27)

The behavior near the shock center is dependent on the inhomogeneity parameter ε,

unlike on the driving parameter in driven shock [96]. For ε = 0 all of these exponents

become equal to those for single impact [16, 17, 95].

It is convenient to define a di!erent non-dimensional velocity V instead of u to avoid
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Figure 5.1: (a) density R, (b) velocity V , and (c) temperature T obtained from the
exact solution [see Eqs. (5.22)–(5.24)] of the Euler equation for five di!erent values
of ε = 0.0, 0.2, 0.4, 0.6, 0.8. The coloured solid lines represent the fitting of power
law behaviour near the shock center (see Eqs. (5.26-5.27) and Eq. (5.29)) for various
ε. All the curves are for d = 1.

numerical di”culties in measuring u near the center. We define V as

V = ωu. (5.28)

Near the shock center, V follows the following asymptotic behaviour,

V ↘ ϑω

↼
→ ω

d→3+(3→ω)ε
ε→1 (5.29)

To confirm the correctness of the asymptotic behaviour near the shock center, we

compare the power law behaviour with the exact solution in Fig. 5.1 for five di!erent

values of ε. The asymptotic behavior compare well with the exact result for R

[Fig. 5.1(a)], V [Fig. 5.1(b)], and T [Fig. 5.1(c)].
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5.3.4 Critical ε

In the exact solution of the Euler equation, the exponent characterising the power-

law behaviour of the temperature and density for ω → 0 depends on ε [see Eq. (5.26)

and Eq. (5.27)] as

T ↑ r
ωε→d
ε→1 t

→ϖ(ω→2d+dε)
ε→1 , r → 0 (5.30)

ϱ ↑ r
→ωε+d

ε→1 t
→ϖ(d→ω)

ε→1 , r → 0. (5.31)

Temperature diverges for small r for ε < d/↼ while ≃T diverges for ε < (d+↼ ↘1)/↼.

The divergence of ≃T is not consistent with the boundary condition when heat

conduction is present, namely ≃T = 0. For ε = εc = d/↼, and ε > (d+↼ ↘1)/↼, we

find that ≃T = 0. We identify the critical value of ε, denoted as εc, for which the

solution to the Euler equation satisfies ≃T = 0 with T → Ṙ(t)2, and to achieve this

the condition T → ω
→2, or equivalently T ↑ r

0, must hold. This condition is seen

for the temperature in all the simulations. We also check that for ε = εc, the heat

conduction term is always sub-dominant (see discussion after Eq. (5.49). At this

critical εc, the Euler equation is expected to provide a complete description of the

problem. From Eq. (5.30), we deduce that the critical value of εc in d dimensions

is given by:
εc = d

↼
. (5.32)

This conjecture will be validated through simulations in subsequent sections.

It is possible that for ε > (d + ↼ ↘ 1)/↼ = 1(1d),3/2(2d), heat conduction is still

important. While this is not possible in one dimension, there is a possibility in two

dimensions since ε can take values upto 2.

5.4 Molecular Dynamics Simulations

In this section, we verify the asymptotic behaviours given by Eqs. (5.26–5.27) and

Eq. (5.29) using EDMD simulations of hard point particles in one dimension. In
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collisions, particles with the same mass simply exchange their velocities, and in

one dimension making the system integrable. In the following, we consider bi-

dispersed hard point particles, where adjacent particles have di!erent masses m1

and m2. Alternating particles with di!erent masses breaks the integrability of the

system [97–99].

5.4.1 Model

Consider a system of N point particles labeled i = 1, 2, 3, . . ., N sorted according

to their positions xi. Let their velocities be denoted by ui. All the particles with

odd i have mass m1 and even i have mass m2. Particles do ballistic motion until

they undergo energy and momentum conserving elastic collisions. Since the particles

are on a line, the particle i can only collide with the particles i ↘ 1 or i + 1, which

conserves the ordering of the particles. If ui, and uj are the pre-collision velocities

of the particles i, and j then their post-collision velocities u
↑
i, and u

↑
j , respectively,

are given by

u
↑
i = miui +mjuj +mj(uj ↘ui)

mi +mj
, (5.33)

u
↑
j = mjuj +miui +mi(ui ↘uj)

mi +mj
. (5.34)

We consider the region 0 ↔ x ↔ L centered about with x = L/2. To implement the

initial density as given in Eq. (5.1), we divide the region in equally spaced bins with

bin-size #r. The number of particles, Nr, in a bin at distance r from L/2 is given

by

Nr =


N

2(L/2)1→ω

[

(r +#r)1→ω ↘ r
1→ω

]



, (5.35)

where ⇓. . .⇔ is the least integer function. This gives ϱ0 = N
4

(1→ω)(m1+m2)
(L/2)(1→ω) . The Nr

particles are distributed at random in the respective bins in [0,L/2]. Symmetry

about L/2 is ensured by filling the bins in [L/2,L] based on the positions of particles

in bins in [0,L/2].
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All the particles are initially at rest. An initial energy E0 is input by giving to

Nc number of particles around the center a non-zero velocity that depends on their

position. The first Nc/2 particles are given velocities as

uN/2+1+i = u0e

→(xN/2+1+i→L/2)2

2ϱ2 , (5.36)

and the remaining Nc/2 particles have velocity u(N→Nc)/2+i = ↘u(N+Nc)/2+1→i,

where i ⇑ [0,Nc/2], and u0, σ are the positive constants. The velocities are rescaled

to ensure that the system has total energy E0, and zero linear momentum.

In the EDMD simulations for di!erent ε, we take N = 50000, L = 10000, and E0 =

24, Nc = 32, m1 = 1, m2 = 2. The simulation time is chosen such that the shock

front does not reach the boundaries.

5.4.2 Behaviour of thermodynamic quantities

To benchmark the EDMD simulations, we reproduce the scaling of the shock front,

R(t) with time, as given in Eq. (5.2). Our simulations reproduce the scaling exponent

for di!erent ε accurately as can be seen from Fig. 5.2.

To measure ϱ(x,t), u(x,t), T (x,t), we divide the system size into bins with bin size

#↑, and measure these quantities in a bin at spatial position x ⇑ [0,L] as

ϱ(x,t) =


%miϖ(xi,x)
#↑



, (5.37)

u(x,t) =


%miuiϖ(xi,x)
%miϖ(xi,x)



, (5.38)

T (x,t) =


%miu
2
i ϖ(xi,x)

%miϖ(xi,x)



↘
(

%miuiϖ(xi,x)
%miϖ(xi,x)

)2
, (5.39)

where ↖. . .↙ denotes averaging over di!erent initial configuration, and ϖ is a step
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5.4. Molecular Dynamics Simulations

Figure 5.2: The power law variation of the radius of shock front, R(t), with time
t. Symbols represent the EDMD data for three di!erent values of ε = 0.1, 1/3, 0.5.
The solid lines represent the fitting of power law behaviour R(t) ↑ t

2
3→ω .

function defined as

ϖ(xi,x) =















1 |x↘xi| ↔ #↑
/2

0 |x↘xi| > #↑
/2

(5.40)

We average over 103 di!erent initial configurations for each ε. We present data for

mostly ε = 0.1, 0.5. We note that in one dimension εc = 1/3, and these two values

are chosen as representative values above and below εc.

The variation of ϱ, u, T with spatial position x at four di!erent times is shown in

Fig. 5.3 for ε = 0.1,0.5. The density ϱ(x) increases monotonically for ε = 0.1, while

for ε = 0.5, there is a sharp increase in density at the shock center. Temperature also

shows di!erent behaviour near the shock center. For ε = 0.1, temperature diverges

near the shock center before being rounded o!, while it is a minimum for ε = 0.5 at

the shock center. The qualitative behaviour of velocity u(x) remains unchanged for

all ε.

63



5.4. Molecular Dynamics Simulations

Figure 5.3: The variation of (a) density ϱ(x,t), (b) velocity u(x,t), and (c) temper-
ature T (x,t) with spatial position x at four di!erent times t = 20000, 30000, 40000,
50000. Figs. (a)–(c) are for ε = 0.1, and Figs. (d)–(f) are for ε = 0.5.
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5.4.3 Comparison between the exact solution of the Euler

equation and simulations

In Fig. 5.4, we compare the non-dimensionalised thermodynamic quantities R(ω),
V (ω), and T (ω) obtained from the EDMD simulations and the exact solution of Euler

equation for two di!erent values of ε = 0.1, 0.5. First, we note that the data for the

di!erent times, away from the shock center, collapse onto one curve, validating the

correctness of the scaling Eqs.(5.8)–(5.11) for both values of ε. The data away from

the shock center match perfectly with the exact solution of the Euler equation.

The data near the shock center do not seem to collapse (see the inset plots in

Fig. 5.4), which indicates that the system follows a di!erent scaling near center.

Near the shock center, the EDMD results show that the density R(ω) increases as
R ↑ ω

ω. Also, independent of ε, temperature varies as T ↑ ω
→2, or equivalently

≃T = 0. These power law exponents di!er from the exponents given by the exact

solution, R ↑ ω
(1→ω)/2, T ↑ ω

→(5→3ω)/2 , showing the discrepancy between the exact

solution and the simulation results.

5.5 Navier-Stokes Equations

In this section, we describe the numerical solution of Navier-Stokes equations, and

its comparison with the EDMD results and the exact solution.

5.5.1 Numerical details

Taking into account the dissipation terms in the Euler equation, we obtain the

Navier-Stokes equations. The di!erent continuity equations now reduce to [1, 84],

φtϱ+φx(ϱu) = 0, (5.41)

65



5.5. Navier-Stokes Equations

Figure 5.4: The comparison of R(ω), V (ω), and T (ω) obtained from the EDMD
simulations with the exact solution for two di!erent values of ε = 0.1, 0.5. Figs. (a)-
(c) represent the plot for ε = 0.1, and the Figs. (d)-(f) represent the plots for ε = 0.5.
The broken coloured lines represent the EDMD results at four di!erent times, and
solid black lines represent the exact solution. Insets show the same data on the
logarithmic scale. Solid dark blue lines represent the power law fitting of the data
of density and temperature profiles obtained from the EDMD.
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φt(ϱu)+φx

(

ϱu
2 +p

)

= φx (↽φxu) , (5.42)

φt

1
2ϱu

2 + 1
2ϱT



+φx

1
2ϱu

2 + 1
2ϱT +p



u



= φx (u↽φxu+⇀φxT ) , (5.43)

where ↽ and ⇀ are the bulk viscosity, and the heat conduction of the system, respec-

tively. According to the Green-Kubo relations, both of these quantities depend on

temperature as T
1/2 in one dimension, while a recent study shows the heat conduc-

tion depend on density also as ⇀ ↑ ϱ
1/3 [100]. Accordingly, we take these quantities

as
⇀ = C1ϱ

1/3
T

1/2
, (5.44)

↽ = C2T
1/2

. (5.45)

We solve the Navier-Stokes equations (5.41)–(5.43) in the region ↘L/2 ↔ x ↔ L/2,

numerically using MacCormack method [82]. MacCormack method provides an

accuracy up to second order both in time discretisation #t, and space discretization

#x. We take the initial condition at time t = 0 as : gradually decreasing density

ϱ(x) = ϱ0|x|→ω as in Eq. (5.1), zero velocity everywhere, and the initial temperature

as
T (x,0) = T0e

→x2
2ϱ2 , (5.46)

We choose L such that that the shock does not reach to the edge of the system at its

maximum integration time τ . The values of the parameters used in the numerical

integration are tabulated in Table 5.2.

5.5.2 Comparison between Euler equation, Simulation, and

Navier-Stokes equations

Since C1 and C2, the constants parameterising heat conductivity and bulk viscosity,

are not known, we first perform a parametric study to understand their e!ect on the

results. We fix both ε = 0.5 and time. We show the dependence of R, V , and T on
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Table 5.2: The values of parameters used in the numerical solution of the Navier-
Stokes Eqs. (5.41)–(5.43).

Parameters Values

L 10000
τ 80000
T0 0.01
σ 1
#r 0.1
#t 0.001
C1 5
C2 20

varying C1 keeping C2 fixed in Fig. 5.5(a)-(c) and on varying C2 keeping C1 fixed in

Fig. 5.5(d)-(f). Introducing non-zero dissipation immediately changes the behaviour

near the shock center to the correct power laws as seen in the EDMD simulations.

Changing C1 and C2 changes the results near the shock center quantitatively, keeping

the exponent of the power law unchanged. The velocity is una!ected by dissipation.

Changing the values of the coe”cients does not a!ect the results near the shock

front. The change near the center indicates the heat conduction becomes important

in the tiny region 0 ↔ |x| ↔ X(t) (see Sec. 5.6) and becomes negligible in the region

X(t) ↔ |x| ↔ R(t).

In Fig. 5.6, we compare the R, V , and T obtained from the exact solution of the Euler

equation, EDMD, and the numerical solution of the Navier-Stokes equations for

ε = 0.1, 0.5, each for four di!erent times. The Navier-Stokes data are for the choice

C1 = 5, C2 = 20, which we found to be a good approximation to the solution. Near

the shock center, the EDMD results and the Navier-Stokes results show the same

power law behaviour of density as R ↑ ω
ω (inset plots), and the temperature as T ↑

ω
→2 (Figs.(c), (f)), unlike the exact solution of the Euler equation. We find excellent

agreement between the Navier-Stokes data and the EDMD data everywhere, which

indicates that the Navier-Stokes equations are the correct description of the theory

for the inhomogeneous gas also.
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Figure 5.5: The variation of R(ω) (a,d), V (ω) (b,e), and T (ω) (c,f) with ω, obtained
from the numerical solution of Navier-Stokes equations, for ε = 0.5. Figs. (a)–c)
correspond to the data for three di!erent values of coe”cient of heat conduction
C1 = 5, 10, 20 with C2 = 5 fixed, and the Figs. (d)–(f) correspond to the data for
five di!erent values of coe”cient of bulk viscosity C2 = 1, 2, 5, 10, 20 with C1 = 5
fixed. The solid dark blue lines represent the power law fitting of the data of density
and temperature profiles. The insets are the densities on the logarithmic scale.
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Figure 5.6: The comparison of density R(ω), velocity V (ω), and temperature T (ω)
obtained from the EDMD results with the solution of Euler equation, and the nu-
merical integration of Navier-Stokes equations. Figs. (a)-(c) represent the plots for
ε = 0.1, and the Figs. (d)-(f) represent the plots for ε = 0.5. The dashed coloured
lines represent the EDMD results, solid black lines represent the exact solution of
Euler equation, and the solid coloured lines represent the numerical integration of
Navier-Stokes equations. The insets are the density plots on logarithmic scale. Solid
dark blue lines represent the power law fitting of the data of density and temper-
ature. For the integration of the Navier-Stokes equations, ε = 0.1 with ϱ0 = 15.8,
and ε = 0.5 with ϱ0 = 260 and C1 = 5, C2 = 20.
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5.6 Scaling near the shock center in one dimen-

sion

Due to inclusion of the heat conduction, an extra core scaling arises in the region

0 ↔ |x| ↔ X(t), X(t) being the size of the core [18]. We follow the procedure followed

in Ref. [18] to find the crossover scaling for the homogeneous case, to find the core

size X(t) and the resultant scaling near the shock center for the inhomogeneous

case.

In one dimension, near the shock center, the exact solution of the Euler equation

[see Eqs. (5.30)–(5.31)] gives temperature and density for x → 0 as

T (x,t) ↑ |x|
3ω→1

2 t
1+ω
ω→3 , (5.47)

ϱ(x,t) ↑ |x|
1→3ω

2 t
1→ω
ω→3 . (5.48)

In the region 0 ↔ |x| ↔ X(t) the heat conduction dominates the Euler terms, while in

the region X(t) ↔ |x| ↔ R(t) Euler terms dominate the heat conduction term, where

the core size r = X(t) is the location where both the terms become comparable.

From the Eq. (5.43), equating the Euler term with the heat conduction term i.e.
ϖT
t ↑ ϖ1/3T 3/2

|x|2 , valid only for ε ! εc (for ε = εc, see below), and using T and ϱ as in

Eqs. (5.47) and (5.48), with |x| = X(t), we obtain the size of the core as

X(t) ↑ t

2(19→13ω)
(3→ω)(31→21ω) , ε ! εc. (5.49)

When ε = εc, the leading contribution to the heat conduction term has to calculated

explicitly. Now,

ϱ ↑ 23/2

33/4

(

ωf

R(t)

)1/3
+ . . . , ε = εc, x → 0 (5.50)

T ↑ 1
2

⇐
3

ω
2
f

t2R(t)2 + x
2

3t2 + . . . , ε = εc, x → 0. (5.51)
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The Euler term scales as ϱT/t ↑ t
→7/4, while the heat conduction term scales as

⇀/t
2 ↑ ϱ

1/3 ⇐
T/t

2 ↑ t
→7/3. Thus, for ε = εc, the heat conduction term is always

sub-dominant and can be ignored throughout the shock region. In this case there is

no crossover length scale X(t).

We now define a new rescaled distance ω
↑ = x/X(t) near the shock center. With the

help of Eqs. (5.47)–(5.48), and Eq. (5.49), we define the thermodynamic quantities

near the shock center in terms of new scaling ω
↑ as

ϱ(x,t) ↑ t

6(3ω2→3ω→2)
(3→ω)(31→21ω) R

↑(ω↑), (5.52)

u(x,t) ↑ t
→ 21ω2→68ω+55

21ω2→94ω+93 V
↑(ω↑) ∝ X(t)

t

V
↑(ω↑), (5.53)

T (x,t) ↑ t
→ 2(5→3ω)2

(3→ω)(31→21ω) T
↑(ω↑), (5.54)

while near the shock front, the system follows the scaling (see Eqs. (5.8-5.11)),

ϱ(x,t) ↑ t
→ 2ω

3→ω R
↑↑
(ω), (5.55)

u(x,t) ↑ t
ω→1
3→ω V

↑↑
(ω), (5.56)

T (x,t) ↑ t
2(ω→1)

3→ω T
↑↑
(ω), (5.57)

where R
↑, V

↑, T
↑, and R

↑↑ , V
↑↑ , T

↑↑ are the resultant non-dimensionalised thermody-

namic quantities near the shock center, and near the shock front respectively.

We numerically confirm the scaling in Fig. 5.7, where the scaling near the shock front

[Eqs. (5.55)–(5.57)] is shown in Fig. 5.7(a)-(c), while the the core scaling [Eqs. (5.52)–

(5.54)] is shown in Fig. 5.7(d)-(f) for EDMD data for ε = 0.5. The data for di!erent

times show excellent data collapse in the appropriate regimes.
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Figure 5.7: The scalings of thermodynamic quantities of density ϱ, velocity u, and
temperature T obtained from the EDMD results at four di!erent times for ε = 0.5
with ϱ0 = 260. Figs. (a)-(c) represent the plots for front scaling Eqs. (5.55)–(5.57),
and the Figs. (d)-(f) represent the plots for core scaling Eqs. (5.52)–(5.54). Near the
shock center, core scaling shows better collapse than front scaling.
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5.7 Behaviour for critical εc

In Sec. 5.3.4, we derived a critical εc = d/↼. For this critical value of ε, the solution

of the Euler equation satisfies the boundary condition ≃T = 0 at the shock center.

Hence, we expect that the Euler equation should provide a good description of the

EDMD data both at the shock center as well as the shock front.

We check numerically whether this is true for εc = 1/3 in 1-dimension. R, V , and T

obtained in EDMD simulations for four di!erent times and ε = 1/3 are compared

with the exact solution of the Euler equation in Fig. 5.8. Excellent agreement is

seen for all the thermodynamic quantities both at the shock front as well as the

shock center.

5.8 Summary and Discussion

In summary, we studied the spatio-temporal evolution of density, velocity, and tem-

perature following an explosion in an ideal gas with an initial inhomogeneous density

distribution ϱ(r) = ϱ0r
→ω. We generalised the exact solution of the Euler equation,

consistent with the Rankine-Hugoniot boundary conditions, to d-dimensions. From

the asymptotic behaviour of the solution near the shock center, we argue that only

for εc = d/↼, should the Euler equation provide a full description of the problem.

Using EDMD simulations in one dimension, we show that the Euler equation does

not describe the data near the shock center. On the other hand the Navier-Stokes

equations are able to over come this issue. The crossover length scale below which

the dissipation terms are relevant are derived for arbitrary ε. The core scaling for

the data near the shock center are also derived for arbitrary ε and confirmed in

EDMD simulations.

The results in this chapter generalises the known results for explosion in a homo-
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Figure 5.8: For εc = 1/3, the EDMD data for (a) density R(ω), (b) velocity V (ω),
and (c) temperature T (ω) are compared with the exact result for the Euler equation,
and the DNS results of NSE. The dashed coloured lines represent the EDMD data at
four di!erent times, solid coloured lines represent the DNS results at four di!erent
times, and solid black lines represent the exact solution of Euler equation. The inset
is the same data on logarithmic scale. Solid dark blue line represents the power law
fitting of the data of density.

75



5.8. Summary and Discussion

geneous gas, a problem that is much better studied. By doing so, it is possible

to pinpoint the exact reason why the Euler equation fails, even though it is the

equation that satisfies the scaling limit. For the value of ε for which the solution

to the Euler equation satisfies ≃T = 0, and T a finite non-zero value, close to the

shock center the Euler equation is able to describe the data everywhere and not

just near the shock front. The condition ≃T = 0 is satisfied in two dimensions, also

for ε > 3/2. It would be interesting to see whether the Euler equation provides a

complete description of the problem for ε > 3/2, thereby leading to a more complete

understanding of the boundary conditions when heat conduction is present.

It is possible to look at shocks in initial density profiles di!erent from the power

law profile ϱ = ϱ0r
→ω. It is not possible in general to find self-similar solutions

to the Euler equation. However, the growth of the radius of the shock front can

be determined by examining the large r behaviour of the initial density profile. For

instance, if the density profile is a constant at large r, we expect the shock to behave

as for a blast in a medium at constant density. To show this, we simulate blasts in

two di!erent density profiles:

ϱ(r) = ϱ0 +ϱ1r
→ω

, (5.58)

ϱ(r) = ϱ0 +ϱ1 exp


↘ r

σ



. (5.59)

This is confirmed in Fig. 5.9, where the results of the EDMD simulations for the

shock radius for these initial density profiles in one dimension is shown to agree with

that of a blast in a medium at constant density. Likewise, we would expect that

adding a perturbation to the initial power law distribution at small distances will

not a!ect the large time behaviour.
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Figure 5.9: The variation of the radius of the shock front with time for two di!erent
initial density profiles (see Eqs. (5.58)–(5.59)). For a blast in such systems, at late
times, the radius follows the same power-law growth as for a blast in a system with a
uniform initial density profile. The plots represent the EDMD data with parameters:
ϱ0 = 10, ϱ1 = 20, σ = 15, and ε = 0.3 in one dimension.
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6
Splash in an inhomogeneous gas in one

dimension: Exact analysis and molecular

dynamics simulations

Related Publication :

This chapter is based on the following publication [101]:

Splash in an inhomogeneous gas in one dimension: Exact analysis and molecular

dynamics simulations,

Amit Kumar and R. Rajesh, arXiv preprint arXiv:2504.03549, 2025.

6.1 Introduction

In the previous chapters, we have considered only the isotropic cases of the initial

density distributions of the ambient gas. The gas could be initially spatially isotropic
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or anisotropic. We will refer to the isotropic case as the blast problem, which is very

well studied for both the homogeneous and inhomogeneous gas where ϱ(r,0) = ϱ0r
→ω.

Due to point symmetry, these thermodynamic quantities depend only on radial

distance r and time t. The scaling exponents are easily obtained using dimensional

analysis. It is known that near the shock front, the shock is well described by Euler

equation, while near the shock center, there is a crossover to a region where heat

conduction become important, and the hydrodynamics is described by the Navier-

Stokes equations [4–7, 13–18, 80, 83, 94–96].

The gas could be initially spatially anisotropic. A special case is one when there is

vacuum in half the space and a gas in the other half. Energy is input at a point in

the interface. We will refer to this problem as the splash problem. This problem

is less studied in comparison to the blast problem. In a recent paper, the splash

problem was studied in one dimension when the gas is homogeneous [12]. The

energy is reflected back into the vacuum, and in the scaling regime the total energy

of medium (gas) decays as E(t) ↑ t
→εs . The value of ϖs = 0.11614383675... has been

obtained for the homogeneous medium in one dimension by analysing the Euler

equation, using self-similarity of the second kind. The value of ϖs was obtained by

arguing that the singular points in the Euler equation should be canceled by zeros

elsewhere. The results were validated using molecular dynamics simulations of hard

point particles of di!erent masses with alternate particles having same mass [12].

In this chapter, we generalise the results for the splash problem to an inhomoge-

neous gas in one dimension. The system is composed of vacuum in the region x < 0

and an inhomogeneous medium in the region x ↗ 0, with an initial density distri-

bution ϱ(x) = ϱ0|x|→ω. Using the Euler equation, we determine exactly ϖs and the

shock front growth exponent ϑ as functions of ε. These results are verified using

event-driven molecular dynamics simulations. In addition, we find that the thermo-

dynamic quantities obtained from the Euler equation match well with those from
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the EDMD simulations for all values of ε.

The remainder of this chapter is as follows. In Sec. 6.2, we describe the Euler

equation in terms of rescaling functions. In Sec. 6.3, we simplify the Euler equation

and find the singular points. Using these point we show the curves of ϖs and singular

points with ε. We describe the particles based simulation models for point particles

in Sec. 6.4, and show the power law behavior of energy and radius of shock front. In

Sec. 6.5, we compare the similarity exponents and thermodynamic quantities form

EDMD and Euler equation. Sec. 6.6 contains the summary and discussion. The

content of this chapter is published in Ref. [101].

6.2 Model and continuity equations

In this section, we describe the model, scaling analysis, and the continuity equations

describing the evolution of the thermodynamic quantities. Consider a gas in one

dimension. Initially the particles are such that it is vacuum in the region x < 0 and

an inhomogeneous medium in the region x ↗ 0, with an initial density distribution

that varies with distance x as ϱ(x) = ϱ0|x|→ω, where 0 ↔ ε < 1. At time t = 0,

energy E0 is introduced at x = 0. This creates a shock front that propagates into

the medium. Let the shock front be at a distance R(t) at time t. We assume a

power law growth
R(t) ↑ t

ϑ
, t → ↓. (6.1)

Due to the vacuum in x < 0, the pressure is zero for x < 0, leading to a reflection

of the energy towards the vacuum. At long times, the energy in x > 0 decreases to

zero. We introduce an exponent for this decay:

E(t) ↑ t
→εs , t → ↓. (6.2)

The aim of the chapter is to determine ϑ,ϖs as a function of ε, and then the spatio-

temporal behaviour of the di!erent thermodynamic quantities.
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The two exponents ϑ and ϖs are not independent of each other and can be related

to each other through scaling arguments. The total number of moving particles in

the medium, N(t), scales as N(t) ↑ R(t)1→ω. The typical speed of a particle is Ṙ(t).

Then the total energy of the medium scales as E(t) ↑ N(t)Ṙ2 ↑ t
ϑ(3→ω)→2. From

Eq. (6.2), we obtain

ϑ = 2↘ ϖs

3↘ε
, (6.3)

The propagation of the disturbance into the medium due to the splash at the origin

is described by the density ϱ, velocity u, temperature T , and pressure p fields. In the

hydrodynamic regime, the continuity equations of mass, momentum, and entropy

which govern the evolution of these thermodynamic quantities in one dimension are

given by [1–3, 11]:
φtϱ+φx(ϱu) = 0, (6.4)

ϱ(φt +uφx)u+φxp = 0, (6.5)

φt

(

p

ϱ3

)

+uφx

(

p

ϱ3

)

= 0. (6.6)

The continuity equation (6.5) is known as the Euler equation. By assuming lo-

cal equilibrium, the local pressure is related to the local temperature and density

through the equation of state, which we take to be the ideal gas equation of state:

p = kBϱT, (6.7)

where kB is the Boltzmann constant, which we set to 1.

Across the shock front, the thermodynamic quantities become discontinuous. The

values of the thermodynamic quantities at the shock front can be determined by

equating the fluxes across the shock front, which lead to the Rankine-Hugoniot

boundary conditions [3, 11, 94], which adapted to the inhomogeneous gas reduce to
ϱ1 = 2ϱ0R

→ω
, (6.8)

u1 = 1
2Ṙ, (6.9)
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p1 = 1
2ϱ0Ṙ

2
R

→ω
, (6.10)

where the subscript 1 denotes the quantities just behind the shock front, and Ṙ is

the speed of the shock front.

We define the following non-dimensionalised functions for the di!erent thermody-

namic quantities [2, 11]:

ω = x

R(t) , (6.11)

G = R
ω

ϱ0
ϱ(x,t), (6.12)

V = u(x,t)
Ṙ

, (6.13)

Z = 3
Ṙ2 T (x,t). (6.14)

Substituting these into the partial di!erential equations (6.4) to (6.6), we obtain

ordinary di!erential equations for the scaling functions G, V , and Z:

( V ↘ ω)d G

dω
+ G

d V

dω
↘ε G = 0, (6.15)

( V ↘ ω)d V

dω
+ 1

3
d Z

dω
+

Z

3 G

d G

dω
+



1↘ 1
ϑ



V = 0, (6.16)

( V ↘ ω) d

dω

(

Z

G2

)

+


2+2ε ↘ 2
ϑ



Z

G2 = 0. (6.17)

In terms of the scaling functions, the Rankine-Hugoniot boundary conditions (6.8)

to (6.10) reduce to

G(1) = 2, (6.18)

V (1) = 1
2 , (6.19)

Z(1) = 3
4 . (6.20)

Since the di!erential forms of Eqs. (6.15)–(6.17) become singular at ω = ωs (see

Section 6.3), scaling solutions for the thermodynamic quantities cannot be extended
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into the region ω < ωs. To obtain a complete solution over the full domain ω ⇑ (↘↓,1],

an additional boundary condition is required in the region ω < ωs, in addition to the

Rankine-Hugoniot conditions, to smoothly connect the left-side solution (ω < ωs)

with the right-side solution (ω > ωs) at ω = ωs.

Although finding the scaling solution in the vacuum region is beyond the scope of

this chapter, the following boundary conditions, as suggested in Ref. [12], can be

employed numerically to extend the scaling solution into the vacuum:

G(ω → ↘↓) = 0, (6.21)

V (ω → ↘↓) = ↘↓, (6.22)

Z(ω → ↘↓) = 0. (6.23)

6.3 Exact solution of the exponent ϑ

In the splash problem, the energy in the hydrodynamic region decays continuously

over time, and a closed-form solution for the thermodynamic quantities including

the exponent ϖs cannot be obtained solely from scaling arguments, making this a

self-similar problem of the second kind. Solutions to such self-similar problems have

been studied in the context of implosions, where the shock approaches the center of

symmetry from infinity [3, 43–46]. For self-similar solutions of the second kind, one

treats the ordinary di!erential equations (6.15) to (6.17) as an eigenvalue problem

and seeks the unique value of ϑ for which the solution curves are single-valued over

the range of ω.

After simplifying Eqs. (6.15) to (6.17) and solving for d G/dω, d V /dω, and d Z/dω,
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we obtain

d G

dω
=

G

[

(ϑε +ϑ ↘1)
(

3 V
2 ↘2 Z

)

↘3ω V (2ϑε +ϑ ↘1)+3ϑεω
2
]

3ϑ( V ↘ ω)
(

( V ↘ ω)2 ↘ Z

) , (6.24)

d V

dω
= ↘

Z[ϑ(ε ↘2)+2]+3(ϑ ↘1) V ( V ↘ ω)
3ϑ

(

( V ↘ ω)2 ↘ Z

) , (6.25)

d Z

dω
= 2 Z[3(ϑ ↘1)ω( V ↘ ω)+ Z(ϑε +ϑ ↘1)]

3ϑ( V ↘ ω)
(

( V ↘ ω)2 ↘ Z

) . (6.26)

These equations blow up simultaneously when Z(ω) = ( V (ω) ↘ ω)2. We denote the

singular point as ωs. In order for the scaling functions G, Z, and V to be single-

valued functions of ω, both the numerator and denominator of Eqs. (6.24) to (6.26)

must simultaneously vanish at ω = ωs. The common roots of Eqs. (6.24) to (6.26)

for which both the numerator and denominator vanish are:

Z(ωs) = 9(ϑ ↘1)2

(ϑε +ϑ ↘1)2 ω
2
s , (6.27)

V (ωs) = ϑ(ε ↘2)+2
ϑε +ϑ ↘1 ωs. (6.28)

The above equations allow us to determine, numerically exactly, the exponent ϖs.

The solution curve of the ordinary di!erential equations (6.24) to (6.26) must pass

through the singular point ( Z(ωs), V (ωs)) in the Z- V plane for the right choice of

ϖs. To iteratively determine ϖs, we proceed as follows. We first assign a numerical

value to ϖs. We then solve numerically Eqs. (6.24)-(6.26) using Rankine-Hugoniot

boundary conditions. From the solution for Z(ω), we determine ωs using Eq. (6.27).

This, in turn allows us to determine V (ωs) from Eq. (6.28). We then check whether

the numerical solution of V (ω) is consistent with the value of V (ωs). If V (ωs) from

the solution is greater (smaller) than the value obtained from Eq. (6.28), we increase

(decrease) ϖs and repeat the process, till we obtain ϖs to desired accuracy. We tab-

ulate the values of ϖs and ϑ, thus obtained, for di!erent values of ε in Table 6.1. In

Fig. 6.1, we show the variation of ωs and the values of the thermodynamic quantities
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6.4. Event driven molecular dynamics simulations

Table 6.1: The di!erent values of exponent of energy decay of the inhomogeneous
medium for corresponding ε. The di!erent values are obtained by the second-kind
self similar solution of the Euler equation (see eqs. (6.24) - (6.26)).

ε ϑ ϖs

0.0 0.627952 0.1161438368
0.1 0.653500 0.1048477306
0.2 0.681098 0.0929255989
0.3 0.710967 0.0803888757
0.4 0.743350 0.0672880460
0.5 0.778503 0.0537414570
0.6 0.816672 0.0399860573
0.7 0.858056 0.0264699100
0.8 0.902714 0.0140277900

at the singular points as a function of ε. Curiously, ωs is not monotonic with ε.

We now proceed to compare the values of ϖs and other thermodynamic quantities

obtained from the exact analysis of the Euler equation with those obtained from

molecular dynamics simulations in one dimension.

6.4 Event driven molecular dynamics simulations

We first describe the particle-based model in one dimension that is used for the

event-driven molecular dynamics simulations. Consider a line of length L, with a

set of N point particles labeled 1,2, . . . ,N , distributed in the region L/2 ↔ x ↔ L. The

region 0 ↔ x < L/2 is initially empty. To obtain the initial density ϱ(x) = ϱ0|x|→ω,

we assign the position xi to each particle i as

xi = L

2

(

1+ q

1
1→ω
i

)

, i = 1,2, . . . ,N (6.29)

where qi is a random number drawn from the the uniform distribution on [0,1].

Initially, all the particles are at rest. At time t = 0, a subset of Nc particles, selected

from the region near the center, are given initial Gaussian velocities based on their
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6.4. Event driven molecular dynamics simulations

Figure 6.1: The variation of (a) singular point ωs, and the rescaled thermodynamic
quantities: (b) density G, (c) velocity V , and (d) temperature Z at the singular
point ωs, as a function ε. The quantities are obtained from the numerical solution
of the Euler equation (see eqs. (6.24) - (6.26)) using Rankine-Hugoniot boundary
conditions.
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6.4. Event driven molecular dynamics simulations

positions:

ui = u0 exp
(

↘(xi ↘L/2)2

2σ2

)

, (6.30)

where u0 and σ are positive constants. These initial velocities are then rescaled such

that the total initial energy of the system is E0. The system evolves in time through

elastic collisions between particles. The particles move ballistically between their

successive collisions, and the ordering of the particles is conserved throughout the

evolution.

Since head-on collisions of particles with same masses simply exchange their veloc-

ities, making the dynamics of the system integrable, in what follows we take these

particles as bi-dispersed particles of mass m1 and m2 with neighbouring particles

having di!erent masses [97–99]. The post collision velocities u
↑
i and u

↑
j of particles

i and j, having pre collision velocity ui and uj respectively, after the collision are

u
↑
i = miui +mjuj +mj(uj ↘ui)

mi +mj
, (6.31)

u
↑
j = mjuj +miui +mi(ui ↘uj)

mi +mj
. (6.32)

The splatter results in particles escaping to the vacuum x < L/2. To avoid finite

size e!ects, we remove the particles with coordinate x < x0, where 0 < x0 ′ L/2.

This is reasonable since the splatters move ballistically towards x → ↘↓ and will

not interact with the system again.

For our EDMD simulations, we use the following parameters: energy E0 = 24, num-

ber of particles N = 32000, number of particles excited at the center Nc = 24, system

size L = 16000, and masses m1 = 1 and m2 = 2. We choose the simulation runtime

such that the shock front does not reach the boundary at x = L.
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6.5. Results

Figure 6.2: The power-law variation of (a) the energy E(t) in the inhomogeneous
medium (x > 0), and (b) the radius of the shock front R(t) with time t, is shown
for four di!erent values of ε = 0.2, 0.4, 0.6, and 0.8. The symbols correspond to the
event-driven molecular dynamics simulation data, while the solid lines represent the
best power-law fits. The exponents extracted from the EDMD data show excellent
agreement with those obtained from the numerical solution of the Euler equation
for both energy decay and shock front propagation.

6.5 Results

6.5.1 The exponents ϖs and ϑ

We first show how we extract the exponents ϖs and ϑ from the EDMD data. The

data for energy, obtained as the kinetic energy of all particles with x > L/2, and

R(t), obtained from the position of the right-most moving particle, shown in Fig. 6.2,

are power-law in time spanning over more than a couple of decades. We fit the data

to power-laws and it can be seen that we obtain excellent fits as the entire data can

be fitted to one exponent.

The values of ϖs and ϑ obtained from the EDMD simulations are compared with the

exponents obtained from the exact analysis of the Euler equation (see Eqs. (6.24-

6.26)) in Fig. 6.3. It can be seen that the results obtained from the two analysis are
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6.5. Results

Figure 6.3: The comparison of (a) the power-law exponent of energy decay, ϖs, in
the region x > 0, and (b) the power-law exponent of the radius of shock front, ϑ, is
shown. The dashed lines represent the values obtained from the exact analysis of
the Euler equation, while the symbols correspond to the exponents extracted from
the EDMD simulation data. The results demonstrate excellent agreement between
the EDMD simulations and the theoretical predictions from the Euler equation.

in excellent agreement for the entire range of ε.

6.5.2 Behaviour of Thermodynamic Quantities

To measure the thermodynamic quantities ϱ(x,t), u(x,t), and T (x,t), we divide the

system into bins of size # and compute these quantities at spatial position x ⇑ [0,L].

The measured values of these quantities are given by:

ϱ(x,t) =




miϖ(xi,x)
#



, (6.33)

u(x,t) =




miuiϖ(xi,x)


miϖ(xi,x)



, (6.34)

T (x,t) =




miu
2
i ϖ(xi,x)



miϖ(xi,x)



↘
(



miuiϖ(xi,x)


miϖ(xi,x)

)2
. (6.35)
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Here, ↖· · ·↙ denotes the average over di!erent initial configurations, and ϖ(xi,x) is

the step function defined as

ϖ(xi,x) =



















1 if |x↘xi| ↔ #/2,

0 if |x↘xi| > #/2.

(6.36)

In Fig. 6.4, we show the spatial variation of ϱ(x), u(x), and T (x) at four di!erent

times for fixed ε = 0.5 [Fig. 6.4(a-c)], and, for fixed time and four values of ε

[Fig. 6.4(d-f)]. We observe that the shock front, indicated by the sharp jumps in the

profiles, shifts over time, and the values of thermodynamic quantities at the shock

front decrease with time. The results in Fig. 6.4(d–f) show that both the velocity

and temperature increase monotonically from the shock center for all values of ε.

The density also increases monotonically from the shock center for lower values of

ε, reaching a maximum at the shock front. However, for larger values of ε, the peak

in density is no longer at the shock front, and decreases from a peak in the vacuum

to the shock front.

Finally, we compare the thermodynamic quantities obtained from the Euler equation

(see eqs. (6.15-6.17)) with those from the EDMD simulations. In Fig. 6.5(a–c),

we see that the non-dimensionalised thermodynamic quantities at di!erent times

collapse onto a single curve, validating the scaling equations (6.11-6.14). The scaling

function, obtained from the solution of the Euler equation with the exact solution

for ϖs (shown by lines), are in excellent agreement with the EDMD data over the

range ω ⇑ [0,1], for all values of ε considered.

6.6 Summary and Discussion

In this study, we investigated the splash problem where energy is initially input into

a system consisting of a vacuum region for x < 0 and an inhomogeneous medium
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Figure 6.4: The spatial variation of density ϱ(x,t), velocity u(x,t), and temperature
T (x,t) is shown: panels (a)–(c) correspond to fixed ε = 0.5 at di!erent times, while
panels (d)–(f) correspond to a fixed time t = 2000 with varying ε. The top row
illustrates that for ε = 0.5, all thermodynamic quantities increase monotonically
with distance, and the shock front moves rightward as time progresses. In the
bottom row, at t = 20000, both velocity and temperature increase monotonically
with distance, whereas the density profile develops a secondary peak in the vacuum
region, whose prominence grows with increasing ε.
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6.6. Summary and Discussion

Figure 6.5: The variation of scaling functions: (a) density G, (b) velocity V , and
(c) temperature Z with rescaled distance ω for ε = 0.2, 0.5, and 0.8. The sym-
bols represent the EDMD data at four di!erent times, t = 5000, 10000, 15000, and
20000, while the solid colored lines represent the self-similar solution of the Euler
equation (see Eqs. (6.15-6.17)). The rescaled thermodynamic profiles obtained from
the EDMD simulations show excellent agreement with the numerical solution of the
Euler equation.
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for x ↗ 0, where the initial density distribution of the medium decays as a power

law with radial distance, ϱ(x) = ϱ0|x|→ω, with 0 < ε < 1 in one dimension. At long

times, the entire energy is reflected back into the vacuum. This results in the energy

of the inhomogeneous medium decaying over time as a power law, E(t) ↑ t
→εs .

The splash problem does not allow for determination of all the exponents using

scaling analysis. Instead, we derived the values of ϖs and other thermodynamic

quantities for di!erent ε by solving the Euler equation using self-similarity of the

second kind. The solutions were obtained by simplifying the Euler equation’s di!er-

ential terms and identifying the common roots of the numerator and denominator.

For the scaling functions to be single-valued in terms of the rescaled distance, the

solution curves for di!erent values of ε must pass through these common roots.

We validated the numerical values of ϖs through event-driven molecular simulations

in one dimension. In our simulations, we used bi-disperse particles with masses 1

and 2 units, arranged alternately to prevent the system from becoming integrable, as

would occur if all particles had the same mass. The simulation results confirm that

the energy of the inhomogeneous medium decays as E(t) ↑ t
→εs , with ϖs matching the

value predicted by the Euler equation for the corresponding ε. Additionally, the ra-

dius of the shock front followed the dimensional analysis result, R(t) ↑ t
(2→εs)/(3→ω).

We observed a growth in the density peak in the vacuum, which leads to particle

confinement between two density peaks: one in the vacuum and the other at the

shock front. This results in a much slower decay of the energy, eventually becoming

nearly constant. We demonstrated that the thermodynamic quantities derived from

the Euler equation closely match the simulation data, and found that the scaling

functions in the splash problem exhibit a power-law behaviour near the center, akin

to the behaviour observed in the blast problem in an inhomogeneous medium [94].
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7
Shock propagation in a driven hard sphere

gas : molecular dynamics simulations and

hydrodynamics

Related Publication :

This chapter is based on the following publication [96]:

Shock propagation in a driven hard sphere gas: molecular dynamics simulations

and hydrodynamics,

Amit Kumar and R. Rajesh, arXiv preprint arXiv:2409.12086, 2025.

7.1 Introduction

The studies discussed in the previous chapters focus solely on the dependence of

thermodynamic quantities on the spatial mass distributions of the surrounding gas.
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Another key aspect to consider is the mechanism of energy input into the gas.

A closely related problem is that of shocks that are generated when there is a

continuous input of energy in the system by an external source. Now, unlike the

problem of single impact as discussed in earlier chapters, the system is driven away

from equilibrium due to the constant energy current. This problem has relevance

for the study of the motion of interstellar gas due to the e!ect continuous energy

injection by the stellar wind [29, 30]. Let the source be such that energy increases as

E(t) = E0t
ε, where E0 and ϖ are positive constants. From dimensional analysis, one

obtains that the radius of shock front grows as R(t) ↑ (E0/ϱ0)1/d+2
t
(2+ε)/(d+2), in

d-dimensions [13]. The TvNS solution for the single impact can now be generalised

to ϖ ! 0.

Self-similar solutions for driven shocks have been studied for two types of driving

mechanisms, which we refer to as central driving and uniform driving. In central

driving, energy is continuously input in a fixed localised region around the shock

center, leading to the rate of change of local entropy being zero away from the shock

center [13, 102]. In uniform driving, energy is continuously input uniformly in the

region between the shock center and the shock front (which is moving with time) [13,

102]. In the central driving, the self-similar solution of the Euler equation becomes

singular at a finite scaled radius, and thus is unable to describe the hydrodynamics

of the shock in the complete region from the shock center to the shock front. On the

other hand, for the uniform driving, there exists a self-similar solution of the Euler

equation for the entire region of the shock [13]. The exact self similar solution of

the Euler equation for the uniform driving of an ideal gas in three dimensions was

found by Dokuchaev [13].

In this chapter, we focus on the hydrodynamics of the shocks in the presence of

an energy source. Given that the correct description of the shock due to a single

impact required dissipation terms (Navier-Stokes equations), it is highly likely that
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the driven shocks also are not described by the Euler equation specially close to the

shock center. In addition, it is not even clear whether the Navier-Stokes equations

can describe the di!erent thermodynamic quantities for the driven shock, given that

the system is far from equilibrium. Also, for central driving, the Euler equation is

manifestly insu”cient to describe the hydrodynamics, and we ask whether including

the dissipation terms to the Euler equation can regularise the singular behaviour

seen in the self-similar solution. To address these issues, we study the problem

of driven shocks using di!erent approaches namely Euler equation, Navier-Stokes

equations, and EDMD simulations for hard sphere gas in two and three dimensions.

In two dimensions, we study both central as well as uniform driving, while in three

dimensions, we restrict ourselves to only central driving.

The remainder of this chapter is organised as follows. In Sec. 7.2, we review the

exact solution of Euler equation for driven shocks in an ideal gas, and find the

asymptotic behaviour of di!erent scaling functions. In Sec. 7.2.4, we modify the

equation of state from ideal to virial equation of state to account for steric e!ects.

We then numerically solve the Euler equation and quantify the e!ect of excluded

volume on the solution. In Sec. 7.3 we numerically study the driven shock in a hard

sphere gas using EDMD simulations, and verify the correctness of the simulations by

benchmarking the known behaviour of physical quantities. In Sec. 7.4, we provide

the direct numerical solution of the Navier-Stokes equations for virial equation of

state, and do a parametric study to understand the e!ect of the dissipation terms

on the scaling functions. In Sec. 7.5, we compare all the results obtained from the

theory, EDMD, and DNS of NSE for hard sphere gas. We show that for central

driving, the solution for NSE has self-similar solution that spans the entire shock,

overcoming the singular behaviour that the solution to the Euler equation su!ers

from. For both driving, we show that the data from EDMD is well described by

NSE. We conclude with a summary and discussion in Sec. 7.6. The content of this

chapter is published in Ref. [96].
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7.2. Review of Euler Equation for Driven Shock

7.2 Review of Euler Equation for Driven Shock

In this section, we summarise the Euler equation describing the macroscopic dy-

namics of a driven shock. Consider a gas at rest having uniform density ϱ0, and

hence zero pressure and zero temperature everywhere. Energy is isotropically and

continuously injected at one point (taken to be the origin) such that the total energy

increases with time t as E(t) = E0t
ε, ϖ ↗ 0. The driving generates a spherically sym-

metric shock which expands self similarly in time into the ambient gas. We define

the shock front as the surface of discontinuity which separates the moving gas from

the ambient stationary gas. A shock is said to be strong if p1/ϱ1 ∞ p0/ϱ0, where p

is the pressure, ϱ is the mass density, and subscripts 1 and 0 indicate the quantities

just behind and front of the shock respectively. Since p0 = 0 for an initial stationary

gas, the shock is always strong.

The scaling of the radius of shock front, R(t), with time t, is uniquely determined

by dimensional analysis [1, 11, 73], and in d-dimensions is

R(t) ↑
(

E0
ϱ0

)1/(2+d)
t
(2+ε)/(2+d)

. (7.1)

The macroscopic state of the gas at time t and position ςr is described in terms of

the following fields: density ϱ(ςr, t), velocity ςv(ςr, t), temperature T (ςr, t), and pressure

p(ςr, t). Due to the spherical symmetry, the thermodynamic quantities depend only

on radial distance r, and the velocity is radial,

ςv(ςr, t) = v(r, t)r̂. (7.2)

The continuity equations of locally conserved quantities, mass, momentum, and the

energy, give the evolution of the fields. In the scaling limit, r → ↓, t → ↓, such that

rt
→(2+ε)/(2+d) remains constant, the contribution of heat conduction and viscosity

become negligible and the hydrodynamics is governed by the Euler equation. The
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continuity equations for mass and momentum along radial direction in d-dimensional

spherical polar coordinates is given by [1–3, 11, 13]

φtϱ+φr(ϱv)+ (d↘1)ϱv

r
= 0, (7.3)

φtv +vφrv + 1
ϱ

φrp = 0, (7.4)

In general, there can be multiple ways to drive the system, such as central driv-

ing or uniform driving. Regardless of the specific driving mechanism, macroscopic

quantities like the radius R(t), total energy E(t), and total radial momentum M(t)

are expected to exhibit the same long-time scaling behavior. However, the rescaled

thermodynamic quantities depend sensitively on the nature of the driving, and their

evolution must be described by appropriate continuity equations.

For any driven system, the entropy production rate ṡ cannot vanish at the location

of energy injection. This is because the driving source continuously supplies energy,

pushing the system out of equilibrium and thus generating local entropy.

Both systems — central driving and uniform driving — can be described either via

the continuity equation for entropy or for energy. However, in each case, the gov-

erning equations must properly account for the distribution and e!ect of the energy

sources. When using the entropy continuity framework, the entropy production rate

ṡ should take the form of a Dirac delta function centered at r = 0 for the case of

central driving, implying that ṡ ∝ 0 far from the origin. In contrast, for uniform

driving, ṡ ! 0 throughout the entire domain, reflecting spatially distributed energy

input. In such cases, ṡ must be correctly evaluated at each point to accurately

describe the system.

Alternatively, when the system is described using the energy continuity equation, the

driving source in the central driving case appears as a Dirac delta function at r = 0,

and its e!ect becomes negligible at large distances. For uniform driving, the energy

injection corresponds to an infinite number of Dirac delta functions continuously
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distributed over the entire driven region 0 ↔ r ↔ R(t), capturing the uniform nature

of the energy input.

In the following sections, we present the complete set of governing equations — in

addition to Eqs. (7.3) and (7.4) — that are required to fully describe these driven

systems.

7.2.1 Continuity equation of energy for uniform driving

For uniform driving, it is more appropriate to describe the system using the conti-

nuity equation for energy. We follow the derivation presented in Refs. [1, 13].

Consider a spherical surface at radial distance r, expanding in a self-similar manner

with the shock front. Define the self-similar variable as ω
↑ = r/R(t). The velocity of

this surface is given by

vn(r) = ṙ = U
r

R(t) , (7.5)

where U = Ṙ(t) is the velocity of the shock front. Suppose that, during a time

interval #t, this surface moves a radial distance #r = vn#t. The energy contained

inside this shell is

Ein = ϱ

(

◁+ v
2

2

)

Sdr
d→1

vn#t, (7.6)

where Sd is the surface area of a unit sphere in d dimensions. The total energy flux

leaving the shell due to particle motion is

Eout = ϱ

(

◁+ p

ϱ
+ v

2

2

)

Sdr
d→1

v#t. (7.7)

The energy injected into the shell by the driving source is

Esource = ϱT ṡ#tSdr
d→1

vn#t. (7.8)
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By applying energy conservation within the shell, we write

Eout = Ein +Esource. (7.9)

Substituting the expressions, we get

ϱv

(

◁+ p

ϱ
+ v

2

2

)

Sdr
d→1 #t = ϱvn

(

◁+ v
2

2

)

Sdr
d→1 #t+ϱT ṡSdr

d→1
vn#t

2
. (7.10)

In the limit #t → 0, the second term on the right-hand side becomes negligible

compared to the other terms [13]. Neglecting this term leads to the final form of

the energy continuity equation:

v

(

◁+ p

ϱ
+ v

2

2

)

= Ur

R(t)

(

◁+ v
2

2

)

, (7.11)

where ◁ is the internal energy per unit volume. For any gas, ◁ = T/(↼ ↘ 1), with ↼

being the adiabatic index.

7.2.2 Continuity equation of entropy for central driving

For central driving, it is convenient to analyze the system using the continuity

equation for entropy:

ṡ = φts+vφrs, (7.12)

where the local entropy is defined as s = 1
ϱ→1 log

(

p
ϖε

)

. For this case, the flow can be

assumed to be adiabatic away from the shock center, implying ṡ = 0 for ςr ! 0.
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7.2.3 Non-dimensional continuity equations for ideal gas

Equations (7.3-7.4) and Eq. (7.11) together describe the driven shock problem with

uniform driving [13], while Eqs. (7.3-7.4) and Eq. (7.12) with ṡ = 0 together describe

the driven shock problem with the central driving [102].

Assuming local thermal equilibrium, the local pressure p is related to the local

temperature T and local density ϱ through an equation of state (EOS), reducing the

number of variables by one. A general EOS can be written as

p = kBϱTZ(ϱ), (7.13)

where Z(ϱ) is known as the compressibility factor of the EOS.

Across the shock front these thermodynamic quantities become discontinuous. The

values of these quantities ahead and behind the shock front are related by the

Rankine-Hugoniot boundary conditions [1, 3]:

ϱ1 =
[

1+ 2
(↼ ↘1)Z(ϱ1)

]

ϱ0, (7.14)

v1 = 2U

2+(↼ ↘1)Z(ϱ1) , (7.15)

p1 = 2ϱ0U
2

2+(↼ ↘1)Z(ϱ1) . (7.16)

↼ = 1+2/d is the adiabatic constant for mono-atomic gas in d-dimensions.

It should also be noted that total energy E(t) of the gas at time t should be equal

to E0t
ε, i.e.

E0t
ε =

∫ R(t)

0

(

ϱv
2

2 + ϱT

↼ ↘1

)

Sdr
d→1

dr, (7.17)

where Sd = 2⇁
d/2

/$(d/2) is the surface area of d-dimensional sphere of unit radius.

The continuity equations (7.3)–(7.12) are first order partial di!erential equations in

both time and distance. These equations can be converted into ordinary di!erential
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equations using self similar solutions. We define dimensionless distance ω and non-

dimensionalised scaling functions R, u, T , P corresponding to density ϱ, velocity u,

temperature T , and pressure p respectively as

ω = r

(

E0
ϱ0

)→1/(2+d)
t
→(2+ε)/(2+d)

, (7.18)

ϱ(r, t) = ϱ0 R(ω), (7.19)

v(r, t) = r

t
u(ω), (7.20)

T (r, t) = r
2

t2
T (ω), (7.21)

p(r, t) = ϱ0r
2

t2
P (ω). (7.22)

We now specialize the solution to the ideal gas for which an exact solution may be

found for the case of uniform driving case. For ideal gas Z(ϱ) = 1, and the equation

of state (Eq. (7.13)) implies that,
P = R T . (7.23)

The continuity equations (7.3-7.11) and Eq. (7.12) with ṡ = 0, in terms of the scaling

functions, reduce to

(ϑ ↘ u)d log R

d logω
↘ du

d logω
= du, (7.24)

(u↘ϑ) du

d logω
+ T

d log R

d logω
+ d T

d logω
+ u[u↘1]+2 T = 0, (7.25)

T =
u

2(ϑ ↘ u)(↼ ↘1)
2(↼ u↘ϑ)) , (7.26)

(u↘ϑ) d

d logω
log

(

T

Rϱ→1

)

+2(u↘1) = 0, (7.27)

respectively, where ϑ = (2 + ϖ)/(2 + d), while the Rankine-Hugoniot boundary con-

ditions reduce to
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R(ω = ωf ) = ↼ +1
↼ ↘1 , (7.28)

u(ω = ωf ) = 2ϑ

↼ +1 , (7.29)

T (ω = ωf ) = 2ϑ
2(↼ ↘1)

(↼ +1)2 , (7.30)

where ωf is the location of the shock front. For uniform driving, given the bound-

ary conditions (7.28)–(7.30) at ωf , the di!erential equations (7.24)–(7.26) may be

integrated to obtain the scaling functions. However, ωf remains indeterminate. The

value of ωf is uniquely fixed from the non-dimensionalised form of Eq. (7.17),

Sd

∫ ςf

0

(

Ru
2

2 +
R T

↼ ↘1

)

ω
d+1

dω = 1. (7.31)

An analytical solution of Eqs (7.24)–(7.26) with boundary conditions given in

Eqs. (7.28)–(7.30) is possible [13]. For the completeness of the results, as obtained

in Ref. [13] in three dimensions, we provide the analytical solution of ordinary dif-

ferential Eqs. (7.24)–(7.26) satisfying the Rankine-Hugoniot boundary conditions

(see Eqs. (7.28)–(7.30)) for non-dimensionalised scaling functions R, u, T , and P

as defined in Eqs. (7.18)–(7.22). On further simplifying the Eqs. (7.24)–(7.26) for

du/d logω and d log R/d logω, we obtain
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du

d logω
=

u(↼ u↘ϑ)[10ϑ
2 +2u[(2+ ϖ)(u↘2ϑ)+↼ϑ(ϖ ↘3)]+3u

2(2+ ϖ)(↼ ↘1)]
(2+ ϖ)[2ϑ3 ↘2ϑu(↼ +2)+ϑu2(3+2↼ +↼2)↘2↼ u3 ↘ u2(↼ ↘1)(↼ u↘ϑ)] ,

(7.32)

d log R

d logω
=

3u(2+ ϖ)[2ϑ
3 ↘2ϑ

2
u(↼ +2)+ϑu

2(3+2↼ +↼
2)

(2+ ϖ)(ϑ ↘ u)[2ϑ3 ↘2ϑ2
u(↼ +2)+ϑu2(3+2↼ +↼2)↘2↼ u3 ↘ u2(↼ ↘1)(↼ u↘ϑ)]+

2u(↼ u↘ϑ)[5ϑ
2 + u[(2+ ϖ)(u↘2ϑ)+ϑ↼(ϖ ↘3)]]

(2+ ϖ)(ϑ ↘ u)[2ϑ3 ↘2ϑ2
u(↼ +2)+ϑu2(3+2↼ +↼2)↘2↼ u3 ↘ u2(↼ ↘1)(↼ u↘ϑ)] ,

(7.33)

T =
u

2(ϑ ↘ u)(↼ ↘1)
2(↼ u↘ϑ)) . (7.34)

The above ordinary di!erential equations can be solved analytically. The solution

depends on the sign of the parameter a1 = (↼ ↘ 2)2
(

ϖ
2 +9

)

↘
(

6↼
2 +26↼ ↘26

)

ϖ.

When a1 ↗ 0, we find

R(u) =

ϑb1
ϑ ↘ u

(f2(u))a8

(

↼ u↘ϑ

ϑ(↼ ↘1)

)a9

exp
(

a7⇐
a1

[

tanh→1
(

f1(u)
⇐

a1

)

↘ tanh→1
(

a5⇐
a1

)])

,

(7.35)
 10

2+ ϖ



log
(

ω(u)
ωf

)

= a2⇐
a1

[

tanh→1
(

a5⇐
a1

)

↘ tanh→1
(

f1(u)
⇐

a1

)]

+a3 log
(

↼ u↘ϑ

ϑ(↼ ↘1)

)

+log
(

(ϑ2
f2(u))a4

u2

)

+ b2. (7.36)

On the other hand, when a1 < 0, we obtain

R(u)

= ϑb1
ϑ ↘ u

(f2(u))a8

(

↼ u↘ϑ

ϑ(↼ ↘1)

)a9

exp
(

a7⇐
↘a1

[

tan→1
(

a5⇐
↘a1

)

↘ tan→1
(

f1(u)⇐
↘a1

)])

,

(7.37)
 10

2+ ϖ



log
(

ω(u)
ωf

)

= a2⇐
↘a1

[

tan→1
(

f1(u)⇐
↘a1

)

↘ tan→1
(

a5⇐
↘a1

)]

+a3 log
(

↼ u↘ϑ

ϑ(↼ ↘1)

)

+log
(

(ϑ2
f2(u))a4

u2

)

+ b2, (7.38)
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where,

a2 =

2
((

6↼
3 ↘11↼

2 ↘3↼ +2
)

ϖ
2 +

(

19↼
3 +16↼

2 +33↼ ↘32
)

ϖ +39↼
3 ↘99↼

2 +78↼ ↘72
)

(2↼ +1)(3↼ ↘1)(ϖ +2) ,

(7.39)

a3 = 10(↼ ↘1)
(2↼ +1)(ϖ +2) , (7.40)

a4 =

(

6↼
2 +↼ ↘1

)

ϖ ↘13↼
2 +7↼ ↘12

(2↼ +1)(3↼ ↘1)(ϖ +2) , (7.41)

a5 =

(

↼
2 +5↼ ↘4

)

ϖ ↘3↼
2 +5↼ ↘8

↼ +1 , (7.42)

a6 =
2

(

(2↼
2 +4↼ ↘6)ϖ ↘↼

2 +8↼ ↘7
)

(↼ +1)2 , (7.43)

a7 =
6(↼ +3)

((

↼
2 +↼ ↘1

)

ϖ ↘3↼
2 +2↼ ↘2

)

(6↼2 +↼ ↘1) , (7.44)

a8 =
3

(

↼
2 +1

)

6↼2 +↼ ↘1 , (7.45)

a9 = 3
2↼ +1 , (7.46)

b1 = (↼ +1)a9
a

→a8
6 , (7.47)

b2 = a3 log (↼ +1)↘a4 log(a6)+2log
(

2
↼ +1

)

, (7.48)

f1(u) = (3↼ ↘1)(ϖ +2)u/ϑ +(↼ ↘2)ϖ ↘3↼ ↘4, (7.49)

f2(u) = (3↼ ↘1)(ϖ +2)u
2
/ϑ

2 +2((↼ ↘2)ϖ ↘3↼ ↘4)u/ϑ +10. (7.50)

We have checked for the correctness of the solution by checking that they match

with the numerical solution of the di!erential equations. The value of ωf can be

obtained by using the energy constraint E(t) = E0t
ε [see Eq. (7.31)].

The exact solution of Euler Eqs. (7.24)–(7.26) can be obtained in general d-

dimensions, and the behaviour of the thermodynamic quantities near the shock

center ( ω → 0) may be derived. These results will be useful for comparison with
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results from particle based simulations. We find that when ω → 0, then u → ϑ/↼.

The asymptotic behaviour of R, u, T , and P near ω → 0 for uniform driving in

d-dimensions is

u↘ ϑ

↼
↑ ω

2ε+d→2
ε→1 (7.51)

R ↑ ω
d

ε→1 (7.52)

T ↑ ω
→ 2ε+d→2

ε→1 , (7.53)

P ↑ ω
→2

. (7.54)

The exponents of the di!erent non-dimensionalised thermodynamic quantities only

depend on d, and are independent of ϖ, while the exponent of P is a constant. Since

the exponents are independent of ϖ, the power law behaviour of thermodynamic

quantities remain same as for the case for shocks arising from a single impact [16].

We check for the correctness of the asymptotic analysis for ω → 0 by comparing

them with the full exact solution in two dimensions (see Fig. 7.1), where the non-

dimensionalised functions obtained from exact solution of Euler Eqs. (7.24)–(7.26)

are shown for four di!erent values of ϖ = 0,0.5,1,1.5. It is clear that the power

laws followed by di!erent thermodynamic quantities are independent of ϖ, and their

exponents are consistent with Eqs. (7.51)–(7.54). Also, we note that the exact

solution with ϖ = 0 reproduces the TvNS solution.

We now consider the case of central driving (see Eqs. (7.24–7.25) and Eq. (7.27)).

From the numerical results, it is evident that the self-similar solution does not extend

over the entire disturbed region. This limitation may arise due to the vanishing of

either the numerator or the denominator — or both — in any of the derivatives
d log R(ς)

d logς , d logu(ς)
d logς , or d log T (ς)

d logς for ϖ ! 0 within the interval ω ⇑ (0,ωf ).

Unlike the uniform driving case, the absence of a complete self-similar solution over

the full interval implies that Eq. (7.31) cannot be integrated from ω = 0 to ω = ωf ,

leaving ωf undetermined. Therefore, for illustrative purposes, we fix ωf = 1. In
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Figure 7.1: The exact solutions of the continuity equations for uniform driving
(7.24)–(7.26) for the non-dimensionalised (a) density, R, (b) velocity, u, (c) tem-
perature, T , and (d) pressure, P are compared with the asymptotic behaviour in
two dimensions when ω → 0 (see Eqs. (7.51)–(7.54)). The data are for four di!erent
values of ϖ = 0,0.5,1,1.5. The label TvNS refers to the solution of Euler equation
with ideal EOS for a single impact.
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Figure 7.2: The numerical solution of the continuity equations for central driving
[Eqs. (7.24–7.25) and Eq. (7.27)] for the non-dimensionalised (a) density, R, (b)
velocity, u, (c) temperature, T , and (d) pressure, P for four di!erent values of ϖ = 0,
0.5, 1, 1.5 in two dimensions. The solution curves for di!erent ϖ ! 0, do not reach
the origin and the range decreases with increasing ϖ.

Fig. 7.2, we present the numerical solution of Eqs. (7.24–7.25) and Eq. (7.27) in two

dimensions. For ϖ ! 0, the solution is valid only over a limited range of ω, and this

range shrinks as ϖ increases.

To compare the results with EDMD simulations, we need to take into account steric

e!ects. We describe below the details of how we incorporate excluded volume e!ects.
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7.2.4 Euler equation for hard sphere gas

In a hard sphere gas, steric e!ects are important unlike in ideal gas. Thus, a more

realistic EOS is needed to account for these e!ects. Virial EOS is the most common

EOS for hard spheres, which take the following form,

p = ϱkBT

(

1+
↔
∑

i=2
Biϱ

i→1
)

, (7.55)

with compressibility factor,

Z(ϱ) = 1+
↔
∑

i=2
Biϱ

i→1
. (7.56)

where Bi denotes the i
th virial coe”cient. We tabulate the known values of the

virial coe”cients [89] in Table 4.1. For hard-core gases, Bi does not depend on

temperature and therefore only depend on the shape of the particles.

The Euler Eqs. (7.3)–(7.11) with the hard sphere gas EOS can be simplified in terms

of scaling functions as

(ϑ ↘ u)d log R

d logω
↘ du

d logω
= du, (7.57)

(u↘ϑ)ω dV

dω
+ d( TZ)

d logω
+ TZ

(

d log R

d logω
+2

)

+ u
2 ↘ u = 0, (7.58)

T =
u

2(ϑ ↘ u)(↼ ↘1)
2 [(↼ ↘1)uZ↘ (ϑ ↘ u)] , (7.59)

The Rankine-Hugoniot boundary conditions, Eqs. (7.14)–(7.16), for the hard sphere
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Table 7.1: The numerical values of ωf for the hard sphere gas when virial EOS
truncated at the i-th term, in three dimensions. The data for ωf for TvNS solution
in two dimensions is taken from Ref. [17]. These data are for hard disk gas with
diameter one, ↼ = 2, density 0.382.

i ωf (TvNS) ωf (ϖ = 0.5) ωf (ϖ = 1.0)

2 1.5564 1.3426 1.1993
4 1.7286 1.4904 1.3308
6 1.7643 1.5202 1.3569
8 1.7719 1.5264 1.3623
10 1.7736 1.5277 1.3634

gas in terms of scaling functions reduce to

R(ωf ) = 1+ 2
(↼ ↘1)Z , (7.60)

u(ωf ) = 2ϑ

2+(↼ ↘1)Z , (7.61)

T (ωf ) = 2ϑ
2(↼ ↘1)

[2+(↼ ↘1)Z]2
. (7.62)

The ordinary di!erential equations (7.57)–(7.59) with the boundary conditions,

Eqs. (7.60)–(7.62) can be solved numerically. As for the ideal gas, we find the

value of ωf recursively by satisfying the energy constraint Eq. (7.31).

We now present the solution of Euler equation (see Eqs. (7.57)–(7.59)) only for the

case of uniform driving in two dimensions. We obtain the numerical solution of Euler

equation for hard disk gas with ambient density ϱ0 = 0.382, for di!erent values of

ϖ, with virial EOS truncated at di!erent terms. From the numerical solution, we

calculated the values of ωf when virial EOS truncated at various terms. These

values are tabulated in Table 7.1. We find that ωf does not change much between

the equation of state truncated at the 8-th and 10-th virial terms for all values

of ϖ. We now examine the role of the truncation of the equation of state on the

thermodynamics quantities. Figure 7.3 shows the variation of the scaling functions
R, u, T , and P with ω for hard spheres for ϖ = 1 in two dimension, when the
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Figure 7.3: Non-dimensionalised thermodynamic quantities obtained by numeri-
cally solving Euler equation for uniform driving with virial equation of state (see
Eqs. (7.57)–(7.59)) for ϖ = 1 when the virial EOS is truncated at i = 0,2,4,6,8, and
10-th term. The curves corresponding to i = 8,10 collapse on each other showing
negligible truncation error at i = 10. i = 0 represents the ideal EOS. The data are
for ambient gas density ϱ0 = 0.382 and d = 2.

virial EOS is truncated at i = 0, 2, 4, 6, 8, 10-th terms. We find that including

the virial terms does a!ect the thermodynamic quantities, especially density and

velocity. However, the data corresponding to i = 8, 10 lie on top of each other

showing negligible truncation error at i = 10. Thus, truncating virial EOS at i = 10

is a good approximation to the actual EOS. We also point out that the exponents

characterising the power-law behaviour do not depend on the truncation.

We now examine the role of ϖ, the driving rate, on the thermodynamic quantities,

within the Euler equation. For this, we keep the truncation of the virial expansion
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Figure 7.4: Power law behaviour of scaling functions for uniform driving obtained
from numerical solution of Euler equation for hard spheres (see Eqs. (7.57)–(7.59))
for four di!erent values of ϖ = 0,0.5,1,1.5 in two dimensions. From the plot, power
law behaviours of di!erent scaling functions seem to be independent of the value of
ϖ and are the same as in the ideal gas case. The data shown here are for ambient
gas density ϱ0 = 0.382, and for the virial EOS truncated at i = 10.

fixed at i = 10 and vary ϖ. We find that the exponents characterising the power

law behaviour of the di!erent thermodynamic quantities are independent of ϖ (see

Fig. 7.4), and hence same as that for the single impact with ideal gas EOS.

7.3 EDMD Simulations

In this section we briefly describe the details of the EDMD simulations of driven

shock in a particle based model. The simulation results are for ϖ = 1 when energy

is input at a constant rate, i.e., E(t) = E0t.
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We first describe the model. Consider a system of N identical hard spheres, labeled

1,2, . . . ,N , distributed uniformly in space. The particles are initially at rest. De-

pending upon the driving scheme, we input the energy at a constant rate either at the

origin (central driving) or throughout the disturbed region (uniform driving). The

system evolves in time through momentum and energy conserving binary collisions

between particles. All masses and distances are measured in terms of the particle

mass m and diameter D, hence we set the mass and diameter of each particle to 1.

Time is measured in terms of the inherent time scale
(

mD
2
/E0

)1/3
.

In a binary collision, the normal component of the relative velocity is reversed while

the tangential component remains unchanged. If ςvi,ςvj are the pre-collision velocities

of colliding particles i, j, then their post-collision velocities ςv
↑
i,ςv

↑
j are given by

ςv
↑
i = ςvi ↘ (n̂.ςvij)n̂, (7.63)

ςv
↑
j = ςvj ↘ (n̂.ςvji)n̂, (7.64)

where n̂ is the unit vector along the line joining the centers of the two particles at

the time of contact, and ςvij = ςvi ↘ςvj is their relative velocity.

We model the continuous driving as follows. For central driving, consider a sphere of

radius R0 centered about the origin or equivalently center of the simulation box. In

each time interval #t, a particle within the sphere of radius R0 is chosen at random

and its velocity is modified to
ςv

↑
i = ςvi +ς0, (7.65)

where the components of the noise ς0 are drawn from a uniform distribution between

↘


dE0#t/6 to


dE0#t/6. For uniform driving, after each time interval #t, a

moving particle is randomly selected among all the moving particles at that time

and its velocity is modified as Eq. (7.65).

With such a driving it is straightforward to show that total energy increases as

E(t) = E0t. (7.66)
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The simulations are done using the event driven molecular dynamics scheme where

the system evolves from event to event, the events being collisions, driving and cell

crossing [81]. Boundary e!ects are avoided by choosing the number of particles and

box size such that the shock does not reach the boundary within the simulation

time. The EDMD simulations were performed for N = 4 ∈ 107 particles with mass

density ϱ0 = 0.4013, E0 = 2.5 ∈ 10→6, and R0 = 15.0 in three dimensions, and with

N = 8∈106 particles with mass density ϱ0 = 0.382, E0 = 3.3∈10→4, and R0 = 30.0

in two dimensions.

We measure the radial density, velocity, temperature, and pressure in our simulation.

We define density ϱ(ςr, t) and velocity v(ςr, t) as local average of density and radial

velocity at position ςr and time t. Local temperature T (ςr, t) is defined as the variance

of local velocity. We measure local pressure for d-dimensional hard spheres [103] as

p = ϱT ↘ ϱ

dN ↑#t↑
∑

collisions

ςrij .ςvij , (7.67)

where ςrij = ςri ↘ςrj is the distance between the colliding sphere, #t
↑ and N

↑ are time

interval and average number of particles belonging to a particular radial bin in which

pressure is being measured.

The isotropic driving generates a spherically symmetric shock which grows radially

outwards. To visualise the growing shock, in Fig. 7.5, we plot the x- and y- coordi-

nates of all the particles lying between the planes z = ↘1 and z = 1 for the central

driving case in three dimensions. It can be observed that there is a sharp boundary

between the moving particles (red) and the stationary particles (green), and the

shock front expands in time. Also, the density near the shock center is close to zero.

Similar features are seen for the case of uniform driving also.

To benchmark our EDMD simulation, we first confirm that the total energy increases

as E0t, as can be seen from Fig. 7.6(a). To further benchmark our simulations, we

compare the power law growth of the radius of the shock and the radial momentum
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Figure 7.5: Snapshots of a cross-section of shock in the x-y plane obtained by
plotting the coordinates of only the particles with z-coordinates between ↘1 to 1.
The data are for the times (a) t = 1357, (b) t = 1900, (c) t = 2443, (d) t = 2986.
Stationary particles are coloured green while moving particles are coloured red. The
data shown here are for ambient gas density ϱ0 = 0.4013 and 2 ∈ 107 number of
particles, and for central driving.
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with time with known scaling laws. For the driven shock, in the scaling regime, the

total radial momentum M(t), and the radius of shock front R(t) should increase

with time as

M(t) ↑ t
ϑ(d+1)→1

, (7.68)

R(t) ↑ t
ϑ
. (7.69)

The simulation results reproduce these power laws for large time, as can be seen

in Fig. 7.6(b) and (c). R(t) is measured as the mean value of the radial distance

of the moving particles, while M(t) is obtained as the cumulative radial velocity.

For short times, there is a deviation from these power laws for the case of central

driving. This is due to the radius of the shock being comparable to the driving scale

R0. The crossover time also gives us a measure of the time beyond which the scaling

regime is reached. However, for uniform driving, the driving radius is R0 = R(t), so

there is no such crossover and the power law behaviours are achieved from the start

of the simulation itself.

Before a detailed analysis of the behaviour of the di!erent thermodynamic quanti-

ties obtained from EDMD, we first describe the driven shock using Navier-Stokes

equations i.e. inclusion of heat conduction and viscosity e!ects in Euler equation.

7.4 Navier-Stokes equations

In Euler equation, it was assumed that at long time, the contribution of the dissi-

pation terms (heat conduction and viscosity) become negligible in the scaling limit.

Since we anticipate the need for dissipation terms to describe the EDMD results,

we now include the dissipation terms and describe how we numerically solve the

resulting Navier-Stokes equations.

The continuity equations of mass, momentum, and energy, after including the dis-

sipation terms, in the radial coordinates are given by [1, 3, 84, 85]
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Figure 7.6: Power law growth of (a) total energy E(t) = E0t, (b) radius of the shock
front R(t) ↑ t

3/4, and (c) total radial momentum M(t) ↑ t
5/4 of the system. Solid

lines represent the results from EDMD, and dashed lines represent the respective
power laws. The results are for the central driving in two dimensions with ϖ = 1.

118



7.4. Navier-Stokes equations

φtϱ+ 1
rd→1 φr(rd→1

ϱu) = 0, (7.70)

φt(ϱu)+ 1
rd→1 φr

[

r
d→1

ϱu
2]

+φrp = 1
rd→1 φr(2µr

d→1
φru)↘ 2µ(d↘1)u

r2

+φr



↽ ↘ 2
d

µ

 1
rd→1 φr(rd→1

u)


, (7.71)

φt

1
2ϱu

2 + ϱT

↼ ↘1



+ 1
rd→1 φr



r
d→1

1
2ϱu

2 + ϱT

↼ ↘1 +p



u



= 1
rd→1 φr



2r
d→1

µuφru



+ 1
rd→1 φr



r
d→1

u



↽ ↘ 2
d

µ

 1
rd→1 φr

(

r
d→1

u

)



+ 1
rd→1 φr

(

r
d→1

⇀φrT

)

+driving term, (7.72)

where µ is the viscosity, ⇀ is the heat conductivity, and ↽ is the bulk viscosity.

The viscosity µ and heat conduction ⇀ of a fluid of hard-spheres increase with

temperature T (r, t). The exact expression of µ and ⇀ for hard-sphere gas is given

by [85, 86],

µ = C1
⇐

T , (7.73)

⇀ = C2
⇐

T , (7.74)

where C1 and C2 are the coe”cients of viscosity and heat conduction respectively.

The exact value of C1 and C2 are known only for Maxwell molecules. However, as

explained in books on kinetic theory [85, 86], the values of C1 and C2 are known

only approximately that too for dilute gases. So we treat these coe”cients as free

parameters to see the e!ects of these parameters on the thermodynamic quantities

close to their kinetic theory values. From kinetic theory of gases, the approximate

values of C1 and C2 for hard sphere particles of diameter D, which we denote by C
↓
1
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and C
↓
2 , are given by [86]

C
↓
1 = 1

dDd→1



mkB

⇁d→1



$


d+1
2

2

$


d
2

 , (7.75)

C
↓
2 = 1

2Dd→1



k3
B

m⇁d→1



$


d+1
2

2

$


d
2

 , (7.76)

where m is the mass of a particle, and kB is Boltzmann constant. $ is the Gamma

function. The bulk viscosity for mono-atomic gas is zero [87].

We use MacCormack method [82] to numerically solve the Navier-Stokes Eqs. (7.70)–

(7.72), for ϖ = 1. This method has accuracy up to second order both in time dis-

cretisation #t and radial discretisation #r. We call the numerical solution of NSE

as direct numerical solution. The initial conditions on thermodynamic quantities at

t = 0 are given by: constant density everywhere, zero velocity everywhere, and zero

temperature everywhere.

For the energy source at the origin for central driving, instead of taking a delta

function energy source, we take it as a Gaussian to avoid numerical di”culties. We

replace the driving term in Eq. (7.72) by

driving term = A0ϖt
ε→1

Sdrd→1 exp
[

↘r
2
A

2
0⇁

4E2
0

]

. (7.77)

For uniform driving, we model the driving term as

driving term = A0ϖt
ε→1

VdR(t)d Sε(r,R(t)), (7.78)

where R(t) is the radius of shock front, and Vd = ⇁
d/2

/$(1+d/2) is the volume of
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7.4. Navier-Stokes equations

Table 7.2: The numerical values of di!erent parameters used in solving the Navier-
Stokes Eqs. (7.70)–(7.72).

Parameters Values (d = 2) Values (d = 3)

ϖ 1.0 1.0
#r 0.05 0.08
#t 10→4 10→4

A0 10→4 10→4

↼ 2 5/3
ϱ0 0.382 0.4013
L 1000 300
↽ 0 0
C

↓
1

⇐
⇁/8 2/(3

⇐
⇁3)

C
↓
2

⇐
⇁/8 1/

⇐
⇁3

d-dimensional sphere of unit radius. Sε(x,y) is the step function defined as,

Sε(x,y) =















1 x ↔ y,

0 x > y.

(7.79)

Such energy sources lead the total energy of the system to increase as E0t
ε.

To avoid edge e!ects, we choose the system size L in such a manner that shock does

not reach to the boundary upto the maximum time we integrate. We use boundary

conditions where at the shock center, r = 0, the radial derivative of density and

temperature are zero, and radial velocity is set to zero, and at the boundary of the

region, the initial ambient values are maintained for each of the thermodynamic

quantities [83]. The numerical values of the parameters that we use in our DNS are

tabulated in the Table 7.2. We now present the parametric study of the DNS of NSE.

We first benchmark the DNS using the same criteria that we used for EDMD, i.e. by

validating the growth of total energy, radial momentum, and radius of shock front:

E(t) ↑ t, M(t) ↑ t
5/4 [Eq. (7.68)], and R(t) ↑ t

3/4 [Eq. (7.69)], in two dimensions

for ϖ = 1. We first confirm that in the DNS, the total energy increases as E0t as can

be seen from Fig. 7.7(a). The DNS reproduce the power law growth for both shock
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Figure 7.7: Power law growth of (a) total energy E(t) = E0t, (b) radius of the
shock front R(t) ↑ t

3/4, and (c) total radial momentum M(t) ↑ t
5/4 of the system.

Solid lines represent the results from DNS, and dashed lines represent the respective
power laws. The DNS data shown here are for ambient gas density ϱ0 = 0.382,
A0 = 10→4, C1 = C

↓
1 , C2 = C

↓
2 , and ↽ = 0. The results are for the central driving in

two dimensions with ϖ = 1.

radius as well as radial momentum for large times, as can be seen in Fig. 7.7(b) and

(c).

Before comparing the DNS results with results from EDMD simulations, we first

examine the role of the various parameters like EOS, dissipation coe”cients on the

data. We point out that we obtain data collapse of the data for di!erent times when

appropriately scaled [see Sec. 7.5]. For the dependence on parameters, we examine

the data for one time.

In Fig. 7.8, we show the variation of non-dimensionalised thermodynamic functions,

obtained from the DNS of NSE [Eqs. (7.70)–(7.72)], with ω for the virial EOS with

the series truncated at the i = 0, 4, 8, 10 term. The first thing that we notice is that,
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Figure 7.8: The role of the EOS on the DNS data for (a) density R(ω), (b) velocity
u(ω), (c) temperature T (ω), and (d) pressure P (ω). The virial EOS [see Eq. (7.55)]
is truncated at i = 0, 4, 8, 10. The DNS data shown here are for initial density
ϱ0 = 0.382, A0 = 10→4, C1 = C

↓
1 , C2 = C

↓
2 , ↽ = 0, and time t = 2t

↑
0, where t

↑
0 = 489.1.

The dashed lines are for central driving and solid lines are for uniform driving in
two dimensions.

for the central driving, the scaled solution of the Navier-Stokes equations covers the

entire region of disturbance unlike the Euler equation. The results corresponding to

i = 0 represent the DNS for ideal EOS. The data corresponding to i = 8,10, lie on

top of each other, thus showing negligible truncation error beyond the 10-th term.

We will therefore work with virial EOS of 10 terms.

To study the role of viscosity, we study the DNS with four di!erent values of coe”-

cient of viscosity C
↓
1/2, C

↓
1 , 2C

↓
1 , 4C

↓
1 keeping the heat conduction fixed at C2 = C

↓
2 .

We find that the value of C1 does not a!ect the results much as can be seen from

Fig. 7.9, where the di!erent thermodynamics quantities are shown. We conclude
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Figure 7.9: The non-dimensionalised (a) density R(ω), (b) velocity u(ω), (c) temper-
ature T (ω), and (d) pressure P (ω) obtained from the DNS of Eqs. (7.70)–(7.72) for
four di!erent values of coe”cient of viscosity C

↓
1/2, C

↓
1 , 2C

↓
1 , 4C

↓
1 , keeping coe”-

cient of heat conduction fixed at C2 = C
↓
2 . The DNS data shown here are for initial

density ϱ0 = 0.382, A0 = 10→4, virial EOS up to 10th terms, ↽ = 0, and time t = 2t
↑
0,

where t
↑
0 = 489.1. The results are for the central driving in two dimensions.

that the DNS data are not sensitive to the value of the viscosity of the gas.

To study the role of heat dissipation, we study the DNS with four di!erent values of

coe”cient of heat conductivity C
↓
2/2, C

↓
2 , 2C

↓
2 , 4C

↓
2 keeping viscosity C1 = C

↓
1 fixed.

Unlike the case of viscosity, we find that the di!erent thermodynamic quantities,

except pressure, depend on the value of C2, as can be seen from Fig. 7.10.
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Figure 7.10: The non-dimensionalised (a) density R(ω), (b) velocity u(ω), (c) tem-
perature T (ω), and (d) pressure P (ω) obtained from the DNS of Eqs. (7.70)–(7.72)
for four di!erent values of coe”cient of heat conduction C

↓
2/2, C

↓
2 , 2C

↓
2 , 4C

↓
2 , keep-

ing coe”cient of viscosity fixed at C1 = C
↓
1 . The DNS data shown here are for initial

density ϱ0 = 0.382, A0 = 10→4, virial EOS up to 10th terms, ↽ = 0, and time t = 2t
↑
0,

where t
↑
0 = 489.1. The results are for the central driving in two dimensions.
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7.5 Results : comparison between the Euler equa-

tion, EDMD, and DNS

We now compare the results from the di!erent schemes that we have used to study

continuous shock: simulations of discrete hard spheres using EDMD, solution of Eu-

ler equation, and DNS of the Navier-Stokes equations for central as well as uniform

driving in two dimensions, and for central driving in three dimensions.

We first show the results in two dimensions. The di!erent non-dimensionalised

quantities for four di!erent times are shown in Fig. 7.11 for both uniform and central

driving. We first note the results of DNS for di!erent times collapse onto a single

curve verifying the scaling Eqs. (7.18)–(7.22). The DNS data are able to capture

the EDMD data for R(ω), T (ω), and P (ω). Interestingly, we find that the power law

behavior of thermodynamic quantities from the DNS as well as the EDMD in both

the drivings are the same. For the velocity field u(ω) for the uniform driving, the

results from DNS, while matching with the EDMD results near the shock front, has a

quantitative mismatch away from the shock center, as can be seen from Fig. 7.11(b).

A possible reason for this mismatch could be that, in the EDMD simulations with

uniform driving, there is a non-negligible non-radial velocity at all distances.

For uniform driving, the qualitative behaviour of scaling functions for hard sphere

gas, obtained from the numerical solution of Euler equation, are exactly same as

the exact solution for ideal gas. In fact, the variation T → ω
→2, in EDMD, indicates

that T (r, t) → r
0
t
→1/2 close to the shock center, which means that the temperature

T (r, t) decreases in time and the slope with respect radial distance r is zero, while the

behaviour T → ω
→4 in numerical solution shows that the temperature T (r, t) varies

as r
→2

t
1 which gives divergent spatial slope of temperature at the shock center. The

divergent temperature leads to infinite energy in the system, which is unphysical for

a finitely driven system. Since the heat conduction term put a boundary condition:
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Figure 7.11: The comparison between the profiles of non-dimensionalised (a) density
R(ω), (b) velocity u(ω), (c) temperature T (ω), and (d) pressure P (ω) obtained from
Euler Eqs. (7.57)–(7.59), EDMD, and the DNS of Navier-Stokes Eqs. (7.70)–(7.72)
in two dimensions. The EDMD data at for di!erent times t = 8t0, 10t0, 12t0, 16t0
for central driving (Dots), and at t = 8t1, 10t1, 12t1, 16t1 for uniform driving (Stars),
where t0, t1 = 1000. The solid lines represent the DNS of Navier-Stokes equations
at four di!erent times t = 15t

↑
0, 20t

↑
0, 25t

↑
0, 30t

↑
0 for central driving, and at t = 5t

↑
1,

10t
↑
1, 15t

↑
1, 20t

↑
1 for uniform driving, where t

↑
0, t

↑
1 = 489.1. The dashed lines represent

the results of Euler equation for uniform driving. The data shown here for DNS
are for initial density ϱ0 = 0.382, A0 = 10→4, virial EOS up to 10th terms, ↽ = 0,
C1 = C

↓
1 , C2 = C

↓
2 , and the data for EDMD are for ambient gas density ϱ0 = 0.382,

E0 = 3.3∈10→4, R0 = 30.0, #t = 1.1, and 8∈106 number of hard sphere particles.
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ς≃T = 0, the solution of full Navier-Stokes equations resolve the discrepancy between

EDMD and hydrodynamics.

We now discuss the results in three dimensions for central driving. The di!erent

non-dimensionalised quantities for four di!erent times are shown in Fig. 7.12. To

match with the EDMD data, we have run the DNS for di!erent values of C1 and

C2, and chosen values with the best match. To do so, we started with the initial

values of C1, and C2 as C
↓
1 , and C

↓
2 respectively and then we increased these values

systematically till we obtained a best fit (visually) to the data for all the scaling.

These results of central driving in three dimensions are very similar to the results

in two dimensions, and we conclude that the NSE are able to provide the correct

hydrodynamics for the driven shock problem.

7.6 Summary and discussion

In summary, we studied the hydrodynamics of shocks in a gas in which energy is

continuously input (E(t) ↑ t
ε) either at one localised region in space (central driv-

ing) or throughout the growing a!ected region in time (uniform driving). Di!erent

schemes were used to study this problem: EDMD simulations, DNS of Navier-Stokes

equations, and numerical solution of the Euler equation.

For uniform driving, we showed that the power law exponents of thermodynamic

quantities, obtained from the solution of Euler equation, are independent of ϖ. We

showed that, for uniform driving, the solution of Euler equation does not match with

the EDMD data close to the shock center in terms of di!erent power law exponents,

while it matched near the shock front. Inclusion of dissipation terms in terms of

the Navier-Stokes equations is able to describe the simulation results near the shock

center also.

For central driving, we showed that the self-similar solution of the Euler equation
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Figure 7.12: The comparison between the profiles of non-dimensionalised (a) density
R(ω), (b) velocity u(ω), (c) temperature T (ω), and (d) pressure P (ω) obtained from
EDMD, and the DNS of Navier-Stokes Eqs. (7.70)–(7.72) in three dimensions. The
symbols represent single time EDMD data at time t = 3t0, where t0 = 1357.2, and
the solid lines denote the results of DNS at four di!erent times t = 2t

↑
0, 4t

↑
0, 5t

↑
0, 6t

↑
0

where t
↑
0 = 69.2. The data shown here for DNS are for initial density ϱ0 = 0.4013,

A0 = 10→4, virial EOS up to 10th terms, ↽ = 0, C1 = 10C
↓
1 , C2 = 8.35C

↓
2 , and the

data for EDMD are for ambient gas density ϱ0 = 0.4013, E0 = 2.5∈10→6, R0 = 15.0,
#t = 0.15, and 4∈107 number of hard sphere particles.
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is singular and does not extend over the full spatial region of the shock. However,

the numerical solutions of Navier-Stokes equations are able to produce self-similar

solution that extend all the way to the shock center, thus showing the necessity

of dissipation terms to even have a sensible solution. The Navier-Stokes equations

are also able to describe the simulation results for the di!erent thermodynamic

quantities, provided the heat conduction and viscosity are chosen parametrically.

We conclude that even though the continuous drive takes the system far from equi-

librium, Navier-Stokes equations continue to give a good description of the system.

For uniform driving, the reason why Euler equation does not provide a good hydro-

dynamic description remains the same as that for the single impact. Temperature

diverges at the shock center, within the Euler equation. Adding a heat conduc-

tion term regularises this behaviour with the radial derivative going to zero. This

is what is observed in EDMD simulations also. Thus, the solution of the Euler

equation does not respect the boundary conditions seen in simulations, leading to

an incorrect description. For central driving, the Euler equation fails poorly at

describing the system.

Incorporating heat conduction in the continuity equations altered the scaling near

the shock center for the case of single impact. This crossover has been quantified

in earlier work [18, 80, 95]. Generalising these results to the case of driven shock

is an interesting problem for future research. However, obtaining clean data near

the shock center is a more challenging problem for driven shocks. Central driving

introduces a new length scale, defined by the region of driving, and hence taking the

r → 0 limit requires simulations of much larger systems. However, it will be easier

to study the crossover in the case of uniform driving.
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8
Summary and outlook

We have analysed the problem of shock propagation in both homogeneous and in-

homogeneous media, initiated by an intense explosion or a continuous energy input

either from a localised region of space around the center or throughout the a!ected

region. The shock propagation is described by the exact solution of the Euler equa-

tion based on the TvNS theory. Earlier studies have focused on applying TvNS

theory and its modifications to model phenomena such as young supernova rem-

nants, gamma-ray bursts, galaxy formation, and experimental verification of shock

front radius. However, recent particle-based molecular dynamics simulations, while

showing excellent agreement with the power law of shock radius, revealed significant

discrepancies between the TvNS theory predictions for intense explosions and the

simulation results.
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8.1 Conclusions and Outlook

In this thesis, we investigate the potential reasons for these discrepancies and propose

a resolution.

In Chapter 4, we explore shock propagation in two and three dimensions using the

Navier-Stokes equations. We hypothesise that ignoring the heat conduction term

could contribute to the observed mismatch, as it imposes a boundary condition

that requires a zero temperature gradient at the shock center. Direct numerical

solutions of the Navier-Stokes equations for a hard-sphere gas align well with EDMD

simulation data in both dimensions, whereas solution of the Euler equation does not.

We suggest that the discrepancy arises due to the order of taking limits—solving

the continuity equations after rescaling the thermodynamic variables (as done in

TvNS theory) is not equivalent to solving the equations first and then rescaling

the solution. The Navier-Stokes solution in Cartesian coordinates indeed shows

that the heat conduction is zero at the center. We demonstrate that truncating

the virial equation of state at the 10th term introduces negligible error, and the

numerical solutions for hard-sphere gases remain consistent as long as the equation

of state represents the hard sphere gas. Moreover, altering the viscosity coe”cient

while keeping heat conduction fixed does not a!ect the solution, whereas changes in

heat conduction do a!ect it. However, these changes do not impact the power-law

behaviour near the shock center.

In Chapters 5 and 6, we study shock propagation in a one-dimensional inhomoge-

neous medium, both for a blast at the center as well as a splash at the interface of

a vacuum and inhomogeneous medium. For the blast problem, the thermodynamic

quantities can be determined via dimensional analysis, but the exact solution of the

Euler equation does not match molecular dynamics simulations except for a critical

inhomogeneity parameter, ε. In contrast, the Navier-Stokes equations provide ac-

132



8.1. Conclusions and Outlook

curate results across all values of ε. For the critical value of ε, the thermodynamic

quantities from Euler, Navier-Stokes, and simulations converge, and also we find a

new length scale and scaling law for thermodynamic quantities where heat conduc-

tion dominates the Euler terms. In the splash problem, thermodynamic quantities

cannot be derived purely from dimensional analysis but can be obtained by numer-

ically solving the Euler equation using Rankine-Hugoniot boundary conditions and

ensuring single-valued profiles over the rescaled distance. We determine the power-

law exponent of energy decay from the numerical solution of the Euler equation, and

validate these exponents with molecular dynamics simulations, showing that Euler

equation su”ciently describes the splash problem in one dimension.

In Chapter 7, we extend our study to shock propagation both in two as well as

in three dimensional hard-sphere gas driven by continuous energy injection from a

localised region or throughout the a!ected region. The external driving takes the

system far from equilibrium, and it is unclear whether the Navier-Stokes equations

are applicable and solvable. Despite this, the Navier-Stokes equations describe the

driven shock well, matching molecular dynamics results when heat conduction and

viscosity are chosen parametrically in both dimensions. Also, for the case of energy

injection from a localised region, we note that the solution of Euler equation is

not achievable for full range of the rescaled distance while the solution of Navier-

Stokes equations extends all the way from the shock front to the shock center.

Our parametric study shows similar behaviour to the blast problem: changing the

viscosity while fixing heat conduction does not a!ect the solution, but altering heat

conduction does. Nonetheless, the power-law behaviour remains una!ected from

these changes, and truncating the virial equation of state at the 10th term introduces

negligible error.

Shock propagation has also been studied in granular systems, driven either by single

impacts or continuous sources. Examples include crater formation from high-energy
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impacts on granular heaps, vertical impacts of steel balls into containers of glass

beads, and shock propagation from sudden energy release or continuous particle in-

sertion. Hydrodynamic theory has been generalised to describe shock in granular

gases, where energy is no longer conserved. Extending these results to inhomo-

geneous media and driven shock problems, as well as studying splash problems in

higher dimensions, would be an interesting direction for future work.
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[63] Viktor Pavovich Korobĕınikov, NS Melnikova, and Ye V Ryasanov. The theory

of point explosion. US Department of Commerce, O”ce of Technical Services,

1962.

[64] GS Bisnovatyi-Kogan and SA Silich. Shock-wave propagation in the nonuni-

form interstellar medium. Reviews of Modern Physics, 67(3):661, 1995.

[65] Robbie C Dohm-Palmer and Thomas W Jones. Young supernova remnants in

nonuniform media. The Astrophysical Journal, 471(1):279, 1996.

[66] SES Ferreira and OC De Jager. Supernova remnant evolution in uniform and

non-uniform media. Astronomy & Astrophysics, 478(1):17–29, 2008.

[67] Dallas D Laumbach and Ronald F Probstein. A point explosion in a cold

exponential atmosphere. Journal of Fluid Mechanics, 35(1):53–75, 1969.

141



Bibliography

[68] Ya B Zel’Dovich and Yu P Raizer. Physics of shock waves and high-temperature

hydrodynamic phenomena. Courier Corporation, 2002.

[69] Richard Courant and Kurt Otto Friedrichs. Supersonic flow and shock waves,

volume 21. Springer Science & Business Media, 1999.

[70] Roger A Chevalier. Self-similar solutions for the interaction of stellar ejecta

with an external medium. Astrophysical Journal, Part 1, vol. 258, July 15,

1982, p. 790-797. Research supported by the University of Virginia, 258:790–

797, 1982.

[71] J Kelly Truelove and Christopher F McKee. Evolution of nonradiative su-

pernova remnants. The Astrophysical Journal Supplement Series, 120(2):299,

1999.

[72] Christopher D Matzner and Christopher F McKee. The expulsion of stellar

envelopes in core-collapse supernovae. The Astrophysical Journal, 510(1):379,

1999.

[73] Kirill Petrovich Stanyukovich. Unsteady motion of continuous media. Elsevier,

2016.

[74] Jilmy P Joy, Sudhir N Pathak, Dibyendu Das, and R Rajesh. Shock propaga-

tion in locally driven granular systems. Phys. Rev. E, 96(3):032908, 2017.

[75] Xiang Cheng, Lei Xu, Aaron Patterson, Heinrich M Jaeger, and Sidney R

Nagel. Towards the zero-surface-tension limit in granular fingering instability.

Nature Physics, 4(3):234–237, 2008.

[76] Bjornar Sandnes, HA Knudsen, KJ Måløy, and EG Flekkøy. Labyrinth pat-

terns in confined granular-fluid systems. Phys. Rev. Lett., 99(3):038001, 2007.

[77] SF Pinto, MS Couto, APF Atman, SG Alves, Américo Tristão Bernardes,
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