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Synopsis

In physics, relaxation refers to the process by which a system in an excited state returns to
equilibrium. This can occur through various mechanisms, such as the emission of thermal
radiation or the dissipation of energy into other degrees of freedom. Relaxation phenom-
ena is ubiquitous in nature and is studied in different setups depending on the system of
interest. Some examples in the context are relaxation of a heated liquid to the equilibrium
condition of its environment, relaxation of a charged capacitor as it discharges, relaxation
of a magnetised material as the magnetisation decreases, relaxation of an over compressed
gas, relaxation of a strained solid as it is unstrained and numerous other phenomena. In
order to come to the context of this thesis, we consider the case of hot water relaxing
when suddenly cooled to a lower temperature. Does an initially hotter sample of water
equilibrate faster than an equal volume of cold water? The well-known Newton’s cooling
law, which assumes quasi static relaxation, states that the rate of change of temperature
of an object is proportional to the difference between the temperature of the object and
the temperature of its surroundings. The law predicts that the relaxation time increases
logarithmically with the increase in the initial temperature difference of the system with
respect to its surrounding. Thus, the hotter sample should take longer time to cool, con-

sistent with intuition.

In contrast, E. Mpemba in 1960s showed that water that is initially hotter can indeed
freeze faster than an equal volume of cold water [1]. Clearly, it violates Newton’s cool-
ing law and such anomalous cooling has been referred to as Mpemba effect. Numerous
experiments that have since been done confirm the existence of the anomalous behaviour.
While multiple reasons have been put forward, there is no concensus for the explanation
of Mpemba effect in water. Mpemba effect is not restricted to water and has been observed
experimentally in many different physical systems. Examples include magnetic alloys [2],
polylactides [3], colloidal systems [4], etc. More recently, the Mpemba effect behaviour

has been observed in idealised theoretical models such as spin systems [5, 6, 7, 8, 9, 10],
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Figure 1: Schematic diagram describing the general scenario of the Mpemba effect: (a)
state A is initially farther in the phase space than state B from the final desired state,
(b) state A which is initially farther in the phase space equilibrates faster illustrating the
Mpemba effect.
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discrete state Markovian system [11, 12], particles diffusing in a potential [13, 14, 15],
active systems [16], spin glasses [17], molecular gases in contact with a thermal reser-
voir [18, 19, 20, 21], granular systems [22, 23, 24, 25, 26, 27] and quantum systems [28].
The analysis in terms of these model systems are more tractable and hence provides better

understanding of the Mpemba effect.

The general protocol to study the Mpemba effect is to consider two different initial states
in the phase space of a given physical system. The initial states can be either equilibrium
state or non-equilibrium steady states. Both the initial states are then quenched to a com-
mon final state as shown in Fig. 1(a). As a result of the quench, the system is driven out of
equilibrium till it reaches the final steady or equilibrium state. The question that is asked
in this context is whether the initial state which is initially farther in the phase space from
a given final state can undergo faster relaxation compared to another initially prepared

state of the same system but placed closer to the final state in phase space [see Fig. 1(b)].

In this thesis, we investigate the anomalous behaviour in the relaxation dynamics of both
single particle systems as well as multi-particle systems. The choice of the single particle
Langevin system for the study of the Mpemba effect is directly motivated from experi-
ments on colloidal particles. Granular systems is a prototypical example of a system far

from equilibrium. Most of the studies on Mpemba effect focus on relation to equilib-



rium. By studying granular systems, we are able to explore Mpemba effect in nonequilib-
rium context. Also, granular systems is an area where a strong interplay between exper-
iments and analytical calculations is possible, promoting a deeper understanding on the
Mpemba effect. In the following, we summarise our results for Mpemba effect obtained

for Langevin and granular systems.

Mpemba effect in driven granular gases

The system of driven granular gas consists of a dilute collection of particles that undergo
momentum conserving inelastic collisions. The inelastic interaction among the particles
results in the dissipation of kinetic energies of the particles. However, in addition, the
particles are also driven at a constant rate which drives the system to a time invariant non-
equilibrium steady state. In this setup, the relaxation dynamics of the system is studied as
it is quenched from a non-equilibrium steady state to another. In this setup, the Mpemba
effect is identified by measuring the time evolution of the total kinetic energy of the system
as the system relaxes from an initial to a final state. The previous approaches for the study
of the Mpemba effect in both smooth (only translational degrees of freedom are consid-
ered) and rough granular gases (both translational and rotational degrees of freedom are
considered) looked at the existence of the such anomalous relaxations for non-stationary
initial states of the system. But the final state of the system is a non-equilibrium steady
state. In the analysis for both the rough and smooth granular gas, the velocity distribu-
tion at all times is approximated by a Gaussian or Gaussian and first order corrections,

respectively, making the calculations perturbative in nature.

Nature of the initial condition: We try to understand the nature of the initial conditions
required for the existence of the Mpemba effect in the system of driven granular gases
through an exact analysis. We consider the inelastic Maxwell model for granular gas

where the equations for the two point correlations close among themselves resulting in



a coupled set of linear equations allowing for an exact solution. This linearity happens
to be natural to the model and thus does not require any approximations that have been
employed in models where the collision rates are velocity dependent. To demonstrate
the existence of the Mpemba effect, we determine the conditions under which a hotter
system relaxes faster than a cooler system when quenched to a temperature lower than
both. We investigate the existence of the Mpemba effect for both mono-dispersed and bi-
dispersed Maxwell gases. For the case of mono-dispersed Maxwell gas, which consist of
only one type of particles, we show that the Mpemba effect is possible only if the initial
states do not correspond to steady states. On the other hand, for bi-dispersed Maxwell
gas, consisting of two types of particles, there is a range of parameters for which the
Mpemba effect exists, even when the states from which the quench is done are restricted
to valid steady states. In a similar framework, we also demonstrate the existence of the
inverse Mpemba effect where a system is heated instead of cooled, i.e., a system at a
lower initial temperature relaxes to a high temperature state faster than another system
with an intermediate initial temperature. We also demonstrate the existence of a strong
Mpemba effect in the binary Maxwell gas which refers to the phenomenon wherein the
system at higher temperature relaxes to a final steady state exponentially faster, namely

with a larger exponential rate compared to other initial conditions.

Anisotropically driven granular gas: The existence of the Mpemba effect for the case of
isotropically driven granular gases is far from experimental realisation as the initial states
from where the quench is done involves a non-stationary state. But we demonstrate the
existence of the Mpemba effect starting from steady state initial conditions by considering
anisotropically driven granular gases. We present analysis for the Mpemba effect in such
systems for two different cases. First we present a kinetic theory analysis for the Mpemba
effect in a system of two-dimensional granular gas composed of identical, smooth, inelas-
tic hard particles. The particles evolve through momentum conserving inelastic binary
collisions. The rate of collison between two particles is proportional to the relative ve-

locities of the particles. In addition, the particles are anisotropically driven at a constant



rate such that at long times, the system reaches a stationary state. Here, we derive the
time evolutions for mean kinetic energies of the particles based on the Enskog-Boltzmann
equation for granular gases with the simplifying assumption that the velocity distribution
of the particles is a gaussian. We linearise the time evolution equations by considering
initial states close to the final stationary state to derive the condition for the existence
of the Mpemba effect. The results for the spatially homogeneous system is also verified
with the results of molecular dynamics simulations of hard discs in two dimensions. The
good agreement between the two results show that the results continue to hold even for
spatially extended systems. Using the same analysis, we also demonstrate the existence
of the inverse Mpemba effect where the system is heated instead of being cooled and also
the existence of the strong Mpemba effect where the initially hotter system cools at an ex-
ponentially faster rate leading to smaller equilibration time. The analysis shows that the
ansiotropic driving is the key to demonstrate the Mpemba effect from steady state initial
conditions. Such a set up should allow for an experimental realisation of the Mpemba
effect in granular systems as anisotropic driving can be achieved by different amplitudes

and frequency of shaking in the two directions.

We also do an exact analysis of the system of monodispersed inelastic gas with anisotropic
driving based on the inelastic Maxwell model in two dimensions. In the Maxwell gas, the
rate of collision is independent of the relative velocities of the particles. The Maxwell
gas allows for a rigorous analysis and at the same time retaining the qualitative features
of that of a more realistic collision model. The equations for the time evolution of the
relevant two point velocity correlations for the Maxwell gas form a closed set of equations.
We analyse these equations to determine the condition and the parameter regime for the
existence of the Mpemba effect. We demonstrate the existence of the Mpemba effect and
its inverse for steady state initial conditions. In this analysis, we also demonstrate the
existence of the strong Mpemba effect where for certain specific initial steady states, the
equilibration rate is exponentially faster compared to any other initial steady states. The

exact analysis for the anisotropically driven Maxwell gas puts the kinetic theory results



for the Mpemba effect, which depended on many simplifying assumptions, on a more

sound footing.

Different measures to study the Mpemba effect: In driven granular gases, granular tem-
perature or the mean kinetic energy of the system is used to track the evolution of the
system [22, 24, 23, 25, 26, 27] as it relaxes from an initial state to a final state. The
system with higher granular temperature is considered further away from the final steady
state and is referred to as the hot system whereas the system with lower granular temper-
ature is referred to as the colder system. Here, the Mpemba effect occurs if the system
which is further from final steady state relaxes faster than an identical system which is ini-
tially closer to the final state when both the systems are quenched to the common steady

state, having granular temperature lower than both the initial temperatures.

However, the measure of mean kinetic energy seems ad-hoc and there is an ambiguity in
the present definition. It is because the time evolution of the system is being projected
onto only one of the variables which is the total granular temperature. In that way, the
demonstration of the time evolution of the system do not provide the complete picture
and it is not known a priori whether mean kinetic energy correctly predicts the distance
of the initial states from the final steady states. It is also not clear whether one observes
the Mpemba effect if the evolution of the system is described in the phase space of all the

relevant variables instead of projecting the evolution in one of the variables.

In order to address the issues related to the use of a certain measure, we introduce several
other measures such as Manhattan measure (£;), Euclidean measure (£,) and Kullback-
Leibler (KL) divergence which can describe the evolution of the system in the complete
phase space of all the relevant variables. We do the analysis in the setup of anisotropically
driven granular gas [26, 27] as such a model shows the Mpemba effect for initial steady
states. We derive the criteria for the existence of the Mpemba effect with the various mea-
sures and show the non-universality of the various definitions in predicting the existence

of the Mpemba effect. The non-universality in the description of the Mpemba effect using



the various measures is in contrast to the systems obeying Markovian dynamics where all
the measures show qualitatively similar behaviour. It is because the distance functions sat-
isfy the following properties [11]: (1) as the system relaxes toward thermal equilibrium,
the distance function is monotonically non-increasing with time, (2) for three tempera-
tures 7, > T. > Tj,, where T, is the temperature of bath, the distance from 7, is larger
for Tj, compared to T;, and (3) the distance function is a continuous, convex probability
distribution function. As a result, there is an one to one correspondence between the dis-
tance from the final steady state and the initial temperature difference of the systems from
that of the final steady state irrespective of the choice of the various measures. Because
of the above features, the identification of the Mpemba effect is indifferent to the choice
of the distance function. However, granular systems have certain differences compared
to the systems studied in Refs. [11, 14]. It is a system far from equilibrium. Also, it is
an athermal system with no natural definition of temperature. As a result, the distance
measures defined for the study of the Mpemba effect in the case of granular systems do
not satisfy the above features and hence there is lack of universality among the various

measures.

Mpemba effect in Langevin system

The system of a single particle Langevin system consists of a Brownian particle immersed
in a heat bath and diffusing in a potential landscape. Here, the initial state of the system is
an equilibrium state corresponding to the bath temperature. The relaxation dynamics of
such a system is studied in the overdamped limit as the bath temperature is quenched to
some lower temperature. In order to probe the existence of the Mpemba effect, we com-
pare the relaxations of two such out-of-equilibrium systems. The two systems are initially
prepared at the equilibrium of the two different temperatures, 7, and 7;. corresponding to

a comparatively hot and a cold temperature of a bath respectively. Both the systems are
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Figure 2: Schematic diagram of the potential landscape

then quenched to an even colder bath temperature and their relaxation is studied. In this
study, the Mpemba effect is evaluated by defining certain measures for the distance of the
systems from their final equilibrium state in the space of probability densities. To this end,
the probability densities of the initially hot and the comparatively cooler system is known
in terms of their equilibrium (Boltzmann) densities of the hot and the cold temperature.
As both the systems are then quenched into an environment with a colder temperature,
the probability densities of the systems evolve in time toward the equilibrium of the final
temperature. By tracking the distance in the space of probability densities, the Mpemba

effect can be identified.

We analyse the various key configurations of the external potential as shown in Fig. 2
that lead to the Mpemba effect. The choice of the double well piece-wise linear poten-
tial allows for an exact analysis of the problem. We show that the presence of a larger
potential barrier between its two wells leads to the Mpemba effect. The explanation is
given in terms of the concentration of the population of the Brownian particle as a result
of modulation of the external potential. The larger barrier leads to a significant amount
of population concentration for the initially colder system in the intermediate energy well
or the metastable state as compared to the initially hotter system. The population concen-

tration of the initially hotter system is effectively flat across the domain of the potential



and does not experience the metastable state. As a result, the colder system takes effec-
tively more time to relax to the equilibrium configuration as compared to the hotter system

which leads to the Mpemba effect.
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to the steady state faster than Q, though its initial energy is larger. The
time at which the trajectories cross each other is 7 = 0.1334, as given by

BQ (236). o o o e e

The AE /AC-r phase diagram showing regions where the Mpemba effect
is observed for mono-dispersed Maxwell gas (see Sec. 2.4), where r is
the coefficient of restitution. All other parameters are kept constant. The

region below the critical line show the Mpemba effect. . . . . . ... ..
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(0) = 4 such that E? (0) > EZ (0), which satisfies the condition for
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The AE;,/AEgiss—rap phase diagram showing regions where the
Mpemba effect is observed for the bi-dispersed Maxwell gas, where only
one component of the gas is driven (see Sec. 2.5.1) and r4p is the coef-
ficient of restitution. All other parameters are kept constant. The choice
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diff
condition for the Mpemba effect as described in Eq. (4.36). The choice
of the other parameters defining the system are mp = 10my, rapa = rpp =
rw=0.5rag=0.6,v4=0.2 vg=0.8, 64 =2 and op = 1. P relaxes to

the steady state faster than Q, though its initial energy is larger. The time

at which the trajectories cross each other is 7=0.39 as given by Eq. (5.11).
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Mpemba effect is observed for the bi-dispersed Maxwell gas, where both
components of the gas are driven (see Sec 2.5.2) and r4p is the coefficient
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ry = 0.6 and ras = rpp = 0.5. The region below the critical line gives
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The time evolution of the total energy, E,(t) for two systems P and Q of
bi-dispersed Maxwell gas where both components are driven with initial
steady state conditions: EF,(0) = 150.4, EZ,(0) = 132, Egl.ff
(0) = 30.5 such that EZ,(0) > EZ,(0), which satisfies the con-

(0) =752
and Ein ff
dition for the inverse Mpemba effect as described in Eq. (4.36). The
choice of the other parameters defining the system are mp = 10my,
raa =rgp="ry =0.5,r4p =0.6,v4 =0.2, v = 0.8, 64 = 8 and op = 8.
P relaxes to the steady state slower than Q, though its initial energy is

larger. The time at which the trajectories cross each other is 7=0.39 as

givenby Eq. (5.11). . . . . .. ..
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32

The time evolution of the total energy, E, (t) for two systems P and Q of
bi-dispersed Maxwell gas, both components are initially in steady states,
with Ef,(0) = 47.8, ES,(0) = 43.8, Ef,,(0) =45.6 and Ef; .,
such that EP (0) > EZ,(0). These initial values satisfy both the conditions

(0) = 39

for the Mpemba effect as described in Eq. (4.36) as well as those for the
strong Mpemba effect (for system P) as described in Eq. (4.40). The
choice of the other parameters defining the system are mp = 10my, ras =
0.5,rgp=0.4,r,=0.6,r4p =0.35,v4 =0.2, vg =0.8, 64 =2 and 6 =
1. P equilibrates to the final state at an exponentially faster rate compared
to Q. Inset: The trajectories for P and Q cross at a time 7 = (.73, as given

BYEQ. (5.11). o o oo e

Variation of 7% (r, 1) and Tdsff(r, w) with u for two different cases of (a)
r=0.01 and (b) r = 0.65. le.’f(r,u) goes to zero in the limit of isotropic
driving, 4 — 1 and its value decreases with the increase in r for any given

value of the ratio of driving strengths, p. . . . . . . ... ... ...

(a) The time evolution of T;,(¢*) with time #* for two systems P and Q,
with initial conditions T,/ (0)/T;%,=1.005, T;+(0)/T,%,=0.28 (&3, /&5 =
6 x 1073), T,5(0)/T5=1.004 and T,(0)/T%=0.2 (§2 /&% = 0.168),
show the Mpemba effect when quenched to the final stationary state
values of T;3,=1.00 and Ty /T;5=0.28 (&3,/&5 = 1.54 x 107%). (b)
The initial conditions 7;,(0)/7,%,=0.997, T}, .(0)/T,5,=0.277 (&,/ &7, =
7.34x 1072), T,5(0)/T;%,=0.996 and T, (0) /T;%=0.198 (§2,/ §2,=0.169)
show the inverse Mpemba effect when heated to the final stationary state
values of T,%,=1.0 and T}/ T;%,=0.28 (&, /&5 = 1.54 x 10~%). The solid
lines represent the exact time evolution of 7;,; and the dashed lines repre-

sent its time evolution after linearisation. The other parameters used for

the systems are m=1, n6?=0.02and r=0.65. . . . .. . . ... ... ...

14

74

90



33

34

3.5

The AT, / ATyis—r phase diagram showing regions where the Mpemba ef-
fect is observed and r is the coefficient of restitution. All other parameters
are kept constant. Here, both the systems are quenched to the final sta-
tionary state given by 7;5, = 1.0 and T} /T;5, = 0.15. The region below
the critical line show the Mpemba effect whereas the region on the other

side of the critical line does not show the Mpemba effect. . . . . . . . ..

Time evolution of T;,,(t*) with ¢* for two identical systems P and Q with
initial conditions 7,7, (0)/T;%=1.026, T7, (0)/T;%,=0.456 (£2,/£2,=0.08),
7,(0)/T:5=1.014 and T,,(0)/T;%=0.2 (£2,/£2,=0.438) which are cho-
sen close to the final stationary state values of 7;5,=1.0 and T;;/T;5,=0.1
(éfy /E2=0.667). P cools exponentially faster than Q though it has higher

initial temperature and thus exhibits the strong Mpemba effect. The other

parameters used for the systems are m=1, n6>=0.02 and r=0.2. . . . . . .

(a) The time evolution of T, (t*) with time ¢* for two systems P

and Q, with initial conditions 7;,(0)/T;5,=1.051, T,

(E3/E2=3.64107),  T9(0)/T34=1.046 and T2,(0)/T3=—0.172

(0)/T;5=0.294

(Jjozy/ £2=3.87), show the Mpemba effect when quenched to
the final stationary state values of T;7=1.0 and Tj./T,5=0.279
(£2,/£5=3.89x1077). (b) The initial conditions 7;5,(0)/7;,=0.953,
T (0)/T5=0267 (£2/E2=3.59x107%),  T.2(0)/T=0.948 and
Td%.(O)/T,g,:—O.l% (£2,/£2=3.89) show the inverse Mpemba ef-
fect when heated to the final stationary state values of 7;%,=1.0 and
T

exact time evolution of 7;,; and the points represent the results from sim-

JT3=0.279 (fozy/ £2=3.89x107%). The solid lines represent the

ulation. The other parameters used for the systems are m=1, n6>=0.02

and r=0.65. . . . . . e,
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3.6 Time evolution of T, (t*) with * for two identical systems P

4.1

and Q with initial conditions T2 (0)/T%=2.1, TF .(0)/T%=1.26

dzf
(62,/62=5.89x107%),  T,5(0)/T%=2.0 and  Tg.(0)/T=—

(&2 /6 ' =1.697x10%) show the Mpemba effect when quenched
to the final stationary state values of 7,5=1.0 and T;./T;7,=0.6
(&2 v/ £2.=5.893x107°). The other parameters used for the system are

r=0.05, m = 1 and n6? = 0.02. The solid lines represent the exact time

evolution of 7;,; and the points represent the results from simulation.

(a) The time evolution of the total energy, E;,(t) for anisotropically
driven systems P and Q of a two dimensional inelastic Maxwell gas,
driven along both the directions of the plane, with initial conditions
Eb,(0)=2027, ES,(0)=17.32, E}(0)=-7.93 and E;,
EP (0) > EZ,(0), which satisfies the condition for the Mpemba effect as

(0)=6.26 such that

described in Eq. (4.36). The other parameters decribing the systems are
chosen to be r=0.3, r,, = 0.88 and r,, = 0.39. P relaxes to the steady
state faster than Q, though its initial energy is larger. The time at which
the trajectories cross each other is T = 0.73 as given by Eq. (5.11). (b)
AE;; /AE4;s—A phase diagram showing regions where the Mpemba effect
is observed and A [given by Eq. (4.37)] is a function of the parameters of
the system. The region below the line given by Eq. (4.36) denotes the set
of steady state initial conditions that show the Mpemba effect whereas the

region on the other side of the line corresponds to initial states that do not

95

show the Mpembaeffect. . . . . ... ... ... ... ... ..., 109
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4.2 The time evolution of the total energy, E;(t) for anisotropically driven

4.3

systems P and Q of a two dimensional inelastic Maxwell gas, driven along
both the directions of the plane, with initial conditions EZ,(0)=20.27,
EZ,(0)=17.32, EL,

Etht(O), which satisfies the condition for the inverse Mpemba effect as

(0)=-7.93 and ES (0)=6.26 such that E,(0) >

described in Eq. (4.36). The other parameters decribing the systems are
chosen to be r=0.3, r,, = 0.88 and r,,, = 0.39. P relaxes to the steady
state slower than Q, though its initial energy is larger. The time at which

the trajectories cross each other is T = 0.73 as given by Eq. (5.11). . . . .

(a)The time evolution of the total energy, E; (¢) for anisotropically driven
systems P and Q of a two dimensional inelastic Maxwell gas, driven along
both the directions of the plane, with EX,(0) = 95.89, EZ,(0) = 61.57,

P — Q

These initial values satisfy both the conditions for the Mpemba effect as

(0) = —4.26 such that E,(0) > EZ,(0).

described in Eq. (4.36) as well as those for the strong Mpemba effect (for
system P) as described in Eq. (4.40). The other parameters defining the
system are chosen to be r = 0.2, r,, = 0.88 and r,, = 0.49. P equili-
brates to the final state at an exponentially faster rate compared to Q and
the time at which the trajectories cross each other is T = 4.14 as given by
Eq. (5.11). (b) E;,(0)-E};(0) phase diagram showing regions of initial
conditions where the system P shows the Mpemba effect as well as the
strong Mpemba effect. The initial conditions for system Q and all the
other parameters describing the two systems are similar to (a). Both the
systems are quenched to the final steady state condition E;,; = 35.92 and
Egir = 23.66. The region below the solid line given by Eq. (4.36) denotes
the set of steady state initial conditions that show the Mpemba effect and
the dashed line denotes the set of initial conditions of system P for which

it shows the strong Mpembaeffect. . . . . . . .. ... ... ... ....
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4.4 (a) The time evolution of the total energy, E;,(f) for anisotropically
driven systems P and Q of a two dimensional inelastic Maxwell gas driven
along a single direction with initial conditions EZ,(0)=28, EZ,(0)=22,
E} (0)=26 and ES,

condition for the Mpemba effect as described in Eq. (4.36). The other

(0)=5 such that EZ,(0) > EZ,(0), which satisfies the

parameters decribing the systems are chosen to be r=0.5 and r,,, = 0.6. P
relaxes to the steady state faster than Q, though its initial energy is larger.
The time at which the trajectories cross each other is T = 1.07 as given by
Eq. (5.11). (b) AE;;/AE,;s—A phase diagram showing regions where the
Mpemba effect is observed and A [given by Eq. (4.45)] is a function of the
parameters of the system. The region below the line given by Eq. (4.36)
shows the Mpemba effect whereas the region on the other side of the line

does not show the Mpemba effect. . . . . ... ... ... ........
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5.1

5.2

The time evolution of anisotropically driven (a) inelastic Maxwell and (b)
hard disc granular gas is illustrated in terms of the mean kinetic energy,
E;o: for two systems P and Q. The initial conditions for the inelastic
Maxwell gas in () are Ef, (0) = 1.148, E2,(0) = 0.92, Ef, ,(0) = —0.595
and Ein f(O) = 0.455, corresponding to the choice of the driving strengths
ol =0.25, GyP —1.0,62 = 0.6 and GyQ = 0.45. The choice of the other
parameters defining the system are r = 0.3, r,,x = 0.88, r,,, = 0.39, 0, =
0.1 and oy = 0.05. The initial conditions for the hard disc granular gas in
(b) are Ef,(0) = 10.05, E2,(0) = 10.04, EL .(0) = 2.797 and E§ (0) =
1.979, corresponding to the choice of the driving strengths o = 0.476
and GyP = 0.003 and G)gQ = 0.405, GyQ = 0.070. The final steady state is
characterized by E;, = 10.0 and E¥; = 2.82 corresponding to the driving
strengths 6, = 0.476 and o, = 7.351 X 1073, The choice of the other
parameters defining the system are r = 0.65, m = 1, n = 0.02. P relaxes
to the steady state faster than Q, though it is initially at a larger distance

compared to the final steady state. . . . . .. ... ... ... ......

The time evolution of the anisotropically driven inelastic Maxwell gas
in terms of the Euclidean measure, £,(¢) for two systems P and Q with
initial conditions £5'(0) = 6.34 and EZQ (0) = 6.15, shows two crossings
as illustrated in (a) and (b) for the different times. The multiple crossing
times are obtained using Eq. (5.16). The choice of the other parameters

defining the system are r = 0.1, ry, = 0.95, r,y, = 0.39, oy = 1.6 and
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5.3 The time evolution of anisotropically driven (a) inelastic Maxwell and
(b) hard disc granular gas is illustrated in terms of Euclidean measure,
L(t) for two systems P and Q. The initial conditions for the inelastic
Maxwell gas in (a) are £5(0) = 3.13 and [,g (0) = 2.79, corresponding
to the choice of the driving strengths Gf =1.9, GyP =1.2, GXQ =1.55
and GyQ = 2.0. The driving strengths corresponding to final steady state
are 0y = 1.6 and o, = 1.1 whereas the choice of the other parame-
ters defining the system are r = 0.3, r,, = 0.95, r,, = 0.39. The ini-
tial conditions for the hard disc granular gas in (b) are £5(0) = 0.432
and EZQ (0) = 0.208, corresponding to the choice of the driving strengths
ol =0.491 and 6} =7.572 x 10~ and 6 = 0.444, 6 = 0.037. The
driving strengths corresponding to final steady state are o, = 0.476 and
oy, = 7.351 x 107> whereas the choice of the other parameters defining
the system are r = 0.65, m = 1 and n = 0.02. P relaxes to the steady state
faster than Q, though its initial Euclidean distance from the final steady

statedislarger. . . . . . . L. L. 135
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5.4 The time evolution of anisotropically driven (a) inelastic Maxwell and
(b) hard disc granular gas is illustrated in terms of Manhattan measure,
L(t) for two systems P and Q. The initial conditions for the inelastic
Maxwell gas in (a) are £§(0) = 7.54 and [,?(0) = 7.06, corresponding
to the choice of the driving strengths Gf =272, GyP =1.2, GXQ = 0.1 and
GyQ = 1.2. The driving strengths corresponding to final steady state are
0, = 1.6 and 6, = 1.1 whereas the choice of the other parameters defining
the system are r = 0.9, r,,, = 0.88 and ry, = 0.3. The initial conditions
for the hard disc granular gas in (b) are £7(0) = 0.52 and E?(O) =0.42,
corresponding to the choice of the driving strengths 67 = 0.466 and Gf =
0.023 and 62 = 0.444, GyQ = 0.037. The driving strengths corresponding
to final steady state are 6, = 0.476 and o, = 7.351 x 10~ whereas the
choice of the other parameters defining the system are r = 0.65, m = 1

and n = 0.02. P relaxes to the steady state faster than Q, though its initial

Manhattan distance from the final steady state is larger. . . . . . . . . .. 138
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5.5

5.6

The time evolution of anisotropically driven (a) inelastic Maxwell and (b)
hard disc granular gas is illustrated in terms of KL divergence measure,
Dky(t) for two systems P and Q. The initial conditions for the inelastic
Maxwell gas in (a) are D¥, (0) = 0.82 and DI%L(O) = 0.64, correspond-
ing to the choice of the driving strengths Gf =14, GyP =4.0, GxQ =245
and GyQ = 2.3. The driving strengths corresponding to final steady state
are 0y = 1.5 and o, = 0.9 whereas the choice of the other parameters
defining the system are r = 0.3, r,, = 0.88 and r,,, = 0.39. The initial
conditions for the hard disc granular gas in (b) are D%, (0) = 0.01 and
DI%L(O) = 0.0078, corresponding to the choice of the driving strengths
of =7.148, of =0.026, 6f = 1.144 and o = 5.609. The driv-
ing strengths corresponding to the final steady state are o, = 6.62 and
oy = 0.026, whereas the choice of the other parameters defining the sys-
tem are r = 0.65, m = 1, n = 0.02. P relaxes to the steady state faster than

0, though its initial KL divergence with respect to the final steady state is

The time evolution of the two systems P and Q for an anisotropically
driven inelastic Maxwell gas is illustrated for the following measures:
(a) total energy, (b) Euclidean measure, (c) Manhattan measure and for
(d) KL divergence. The initial conditions for the various measures are
identical and are given in terms of the driving strengths for systems P and
Qas (6f =1.9,67 =1.2) and (o = 1.55, 6 = 2.0). The choice of the
other parameters defining the system are r = 0.3, r,,, = 0.95, r,,, = 0.39,
0, = 1.6 and 6, = 1.1. The existence of the Mpemba effect and the notion
of “hot* and “cold” system in terms of distance from the final steady
state for a given pair of initial conditions is not unique among the various

measurcs. . . . . . . L Lo e e e e e e s e e e e e e e e e e e e e e e e
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5.7

5.8

6.1

The phase diagram in the (SEC%f /SEP )-(8EZ,/SEE,) plane shows the
existence of the Mpemba effect in the driven inelastic Maxwell gas for
the use of different distance measures: (a) total energy, (b) Manhattan, (c)
Euclidean, and (d) KL-divergence. The red (green) region corresponds to
absence (presence) of the Mpemba effect, while the regions outside the
triangular shape are not valid steady states. The white regions inside the
triangle in (d) is due to discrete sampling of phase space. The choice of
the parameters defining the system are r = 0.4, r,,, = 0.44, r,,, = 0.95,
SEf, = 1.00 and SEJ; -/SE/, = 0.53, which are kept constant across all

the various measures. . . . . . . . . . e e e e e e

The phase diagram in the (3Ec%f /SEP )-(SEZ, /SEP ) plane shows the
existence of the Mpemba effect in the driven hard disc granular gas for the
use of different distance measures: (a) total energy, (b) Manhattan, and (c)
Euclidean. The red (green) region corresponds to absence (presence) of
Mpemba effect, while the white regions are not accessible. The choice of
the parameters defining the system are n =0.02, c =1, m =1, r =0.1,

SEf, = 1.00 and SEJ;/SE/, = 0.11, which are kept constant across all

the various measures. . . . . . . . . v e e e e e e e e e

Schematic diagram of the piecewise linear double well potential. The
boundaries of the potential are situated at —x;;,;, and X,,. The two min-
ima of the double well potential are located at — 0tx;;; and Bxpqy, Where
o, € (0,1). The parameters ky, k3, k3 and k4 refer to the various slopes.

AU depicts the difference in the depths of the twowells. . . . . . .. ..
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6.2

6.3

Modulation of the potential and its effect on the population distribution
of the Brownian particle in the two wells. Panel (a) and (c) corresponds
to different configurations of the potential well. The parameters of the
potential in (a) are chosen to be o = 0.3, B = 0.3, xpin = T, Xppax = 7,
ki =2,ky=5,ks=6andky =7 and in (c) @ = 0.5, B = 0.3, |xpin| = 7,
Xmax = 7, k1 = 0.1, kp = 0.1, k3 = 0.1 and k4 = 0.9. Panels (b) and (d)
depict the population distribution corresponding to the external potentials
in (a) and (c) respectively for the initial temperatures 7, (red), T (blue)

and final temperature 7}, (black) with 7, > 7. >T,. . . . . . . . .. ...

[lustration of the absence of the Mpemba effect in an asymmetric double
well potential indicating that asymmetry is not sufficient. (a) Asymmetric
shape of the potential with different depths for the left and right wells
while keeping all the other parameters of the potential symmetric about
the origin. The potential heights at its left, center and right edges are
equal and so are the positions of the two wells about the origin. The
shape of the potential corresponds to the choice of the parameters x;,,,, =
Xmin=T", 0= =0.5,k; =k, =0.32 and k3 = k4 = 0.57. (b) Monotonic
evolution of |ay(T')| with T showing the absence of the Mpemba effect.
Inset: Initial population distribution of the confined Brownian particle for
the chosen temperatures 7, = 50 (red) and 7. = 10 (blue) showing almost
similarly distributed populations across the potential landscape. The final

equilibrium distribution (black) corresponds to bath temperature 7;, = 1.
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6.4

6.5

Ilustration of the Mpemba effect in a confined double well potential with
equal domain widths. (a) Shape of the potential with equal domain widths
(3 units) about the origin. The asymmetry in the potential configuration
is introduced through the choice of different slopes in separate domains.
The configuration of the potential is determined by the choice of the pa-
rameters: Xpygy = Xmin = T, &« = B =0.1, ky =2, kp =5, k3 = 6 and
kg = 7. Inset: Initial population distribution of the confined Brownian
particle for the chosen temperatures 7;, = 1000 (red) and 7. = 7 (blue)
such that |a%| < |a$|. This shows a significant population distribution for
T around the metastable state compared to that (which is almost flat) of
Tj,. The final equilibrium distribution (black) corresponds to bath tem-
perature T, = 1. (b) Non-monotonic evolution of |ay(7T')| with T clearly

indicates the presence of the Mpemba effect in this set-up. . . . . . . ..

AU-Tj, phase diagram illustrating the region of the Mpemba effect in the
case of double well potential with equal domain widths. The phase di-
agram is obtained by varying the depth of the right well of the potential
while keeping the depth of its left well fixed and by changing the temper-

ature ratio. The phase space is partitioned into two domains: one where

the Mpemba effect is present corresponding to the criteria |ag| < |d§|, and
other complementary region. The phase diagrams correspond to different
choices of the position of the potential wells which are symmetric about

the origin and are determined by: (a) a = =0.1,(b)a=8=0.5. . . .
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6.6

6.7

Ilustration of the Mpemba effect in a confined double well potential with
unequal domain widths while keeping every other parameters symmet-
ric about the origin. (a) Shape of the potential with unequal domain
widths (Xjuax 7 Xmin) about the origin. The various slopes of the poten-
tial are kept equal. The configuration of the potential is determined by
the choice of the parameters: X, = T, Xpuax = 1.57, ¢ = B = 0.1 and
ki = ko = k3 = kg4 = 7. Inset: Initial population distribution of the con-
fined Brownian particle for the chosen temperatures 7, = 50 (red) and
T. = 10 (blue) such that |a%| < |a$|. This shows a significant population
distribution around the metastable state for 7, compared to the same for
Tj,. The final equilibrium distribution (black) corresponds to the bath tem-
perature 75 = 1. (b) Non-monotonic evolution of |a,(7')| with T confirms

the presence of the Mpemba effect in this set-up. . . . . ... ... ...

AU-Tj, phase diagram illustrating the region of the Mpemba effect for the
case of double well potential with unequal domain widths. The phase
diagram is constructed in the similar manner as in Fig. (6.5). The phase
diagrams in the left- and right- panel correspond to different choices of
the widths for the right domain of the potential : (a) X, = 1.27, (b)
Xmax = 1.57 keeping the width of its left domain fixed at x,,;, = w. The
position of the two wells are determined by the parameters o = 3 = 0.1

forboththecases. . . . . . . . . . . . . ...
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6.8 Illustration of the Mpemba effect in a confined single well potential with
no metastable state. (a) Shape of the single well potential is determined by
the choice of the parameters: Xy = Xpmin = T, & = = 0.5, ko = k3 =0,
k; =3.18 and k4 = 5.73. (b) Non-monotonic evolution of |a,(T)| with
T showing the presence of the Mpemba effect. (c) Initial population dis-
tribution of the confined Brownian particle for the chosen temperatures
T, = 48 (red) and T, = 6 (blue). Here, |a]§| < |a§| which shows a signif-
icant difference in the population density at the minimum of the poten-
tial well. The final equilibrium distribution (black) corresponds to bath
temperature 7, = 1. The Mpemba effect disappears for the above con-
figuration of the potential if the depth of the potential well is decreased
as shown in (d). The modified potential configuration corresponds to a
change in the slopes to k1 = 0.38 and k4 = 2.93 while keeping the other
parameters same as in the earlier case. (¢) Monotonic evolution of |a,(T)|
with T shows the absence of the Mpemba effect for the modified configu-
ration. (f) Initial population distribution of the confined Brownian particle
for the same pair of temperatures 7, = 48 (red) and 7. = 6 (blue) show

nearly similar population distribution at the minimum of the potential well. 177

6.9 AU-T}, phase diagram illustrating the region of the Mpemba effect for the
case of a single well potential. The phase diagram is obtained as before
by varying the depth of the potential minimum & the temperature ratio.
Here, there are two distinct regions and the criterion |a4| < |a$| marks the
one where the Mpemba is observed. Here, T, = 4 as before and the other

parameters determining the configuration of the potential are: &« = 8 = 0.5.178
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6.10 Illustration of the Mpemba effect in terms of the distance measures: the
norm measure (L) in left panel (a) and Kullback-Leibler (KL) divergence
measure in right panel (b). The configuration of the potential is the same
as in Fig. 6.4 where it is determined by the choice of the parameters:
Xmax = Xmin =T, &« =B =01,k =2,k =5, ks =6 and ky = 7. The
temperatures of the initially hot and the cold systems are 7;, = 100 and
1. = 8 respectively. Both the plots confirm the existence of the Mpemba

effect. . . . . . e,

A.1 Schematic diagram for the collision between two hard discs. . . . . . . .
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Chapter 1

Introduction

1.1 Mpemba effect

Does a hotter system indeed cool faster? We will be addressing this counter-intuitive

question in this thesis.

Consider the simple experiment: Let us put two equal volume of water that are initially
heated to two different temperatures and they are placed in a freezer at the same time. Now
let us ask the question whether the initially hotter sample can freeze faster. But common
sense suggests that the initially colder sample should freeze faster as it is closer to the
freezing temperature. A similar kind of phenomena is observed by plumbers reporting
the damage of hot water pipes in winter as they burst in subzero temperature whereas the

cold water pipes remain in good shape.

Such anomalous phenomena is an apparent paradox that finds its description in the science
literature from the time of Aristotle, Rene Descartes and Sir Francis Bacon. However, the
modern terminology for the anomalous behaviour in the relaxation dynamics is called the
Mpemba effect as it finds its name after Erasto Mpemba who was a Tanzanian school

student when he did the first scientific study of the anomalous relaxation phenomenon for
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the case of water, along with the physicist Denis Osborne who was at University College
in Dar es Salaam, in the 1960s. The scientific study about the Mpemba effect finds its
description in the 1969 paper [1] and it has an interesting story behind the discovery

which goes as:

“My name is Erasto B. Mpemba, and I am going to tell you about my discovery, which

was due to misusing a refrigerator.”

Mpemba and his friends used to make ice-creams in school. However, space was limited
in the school’s freezer. As a result, Mpemba prefers to skip waiting for the mixture of
boiled milk and sugar to cool down before putting it in the freezer as is usually followed
by his other friends in order to keep the freezer in order. After certain time has passed
by, Mpemba finds that his mixture of milk and sugar has turned into ice whereas others’
mixture is still in a thick liquid state. Later Mpemba and Osborne found evidence for the
anomalous behaviour in a proper scientific study with the freezing of water. However,
Osborne had concluded that the tests were crude and more sophisticated experiments

would be required to know the exact cause of the effect.

In proper terms, the Mpemba effect refers to the counter-intuitive relaxation phenomenon
wherein a system initiated at a hot temperature equilibrates faster than the one prepared
at a lower temperature when both are quenched to a cold temperature bath. Clearly, it
contradicts Newton’s law of cooling which states that the relaxation time of a system
increases logarithmically with the increase in the initial temperature with respect to its
surrounding. However, in Newton’s law of cooling, it is inherently assumed that the
cooling process is quasi-static and in that case, the initially hot system always lags behind
the initially cold system as they relax towards a common state. Here, the cooling process
involves quenching which is completely different from quasi-static cooling and is rather

a far-from-equilibrium relaxation process.

The case of water is still debated and there is no clear consensus as of today about the

cause of the effect in water. The numerous possible causes that are cited for the case
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of water involve supercooling, convection, presence of impurities, hydrogen bonding,
etc. One such study for the case of water also casts doubt about the presence of the
Mpemba effect [29]. The Mpemba effect, as described in the case of water, involves a
phase transition where the final phase is ice and the initial phase is water or steam, the
Mpemba like effect has been observed in other physical systems that does not involve a
phase transition. The measurement of freezing time in the study of the Mpemba effect
brings ambiguity in the analysis as water may exhibit supercooling where its temperature
goes below the freezing time without undergoing the freezing. Moreover, as the water
equilibrates, the temperature varies throughout the volume as it is out-of-equilibrium.
As a result, the particles at the boundary layer of the volume of the water experiences
the freezing environment while those that are present in the bulk are still warm. Hence,
variables like temperature are not well defined in this scenario and brings ambiguity in

the measurement.

The other physical systems where this effect has been demonstrated experimentally that
does not involve a phase transition and does not involve the measurement of temperature
that brings ambiguity in the out-of-equilibrium scenario includes magnetic alloys [2] and
polylactides [3]. For example, in the case of magnetic alloys, two identical systems are
prepared but with different initial magnetisations. Both the systems are quenched to a
same magnetisation state which is lower than the initial magnetisations of the two sys-
tems. As both the systems relax towards the final equilibrium state, magnetisation of the
systems is measured as a function of time. It is observed that the system with the initial
equilibrium state having magnetisation further away from that of the final state relaxes
faster compared to the system which is initially equilibrated to a state having magnetisa-

tion closer to the final state, thus exhibiting a Mpemba like behaviour.

On the theoretical front, the Mpemba effect has been studied in various model systems
that provides more rigorous understanding of the effect. Such systems includes spin sys-

tems [5, 6, 7, 8, 9, 10], discrete state Markovian system [11, 12], particle diffusing in a po-
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Figure 1.1: Schematic diagram describing the general scenario of the Mpemba effect
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tential [13, 14, 15, 30], active systems [16], systems with phase transitions [31, 8, 32, 33],
spin glasses [17], molecular gases in contact with a thermal reservoir [18, 19, 20, 21],
granular systems [22, 23, 24, 25, 26, 27, 34] and quantum systems [28, 35]. We will learn

about the various models and their framework in slightly more details in the later chapters.

All the studies indicate to the fact that the Mpemba effect is more general and can be
studied as a general relaxation phenomena in the physical systems for both thermal as
well as athermal systems (where temperature is not even the physical observable that can
be tracked to study the relaxation). Figure 1.1 shows the general protocol of studying the
Mpemba effect in any out-of-equilibrium system. It consists of two different initial states
of a given system. The states can be equilibrium or the non-equilibrium steady states.
Both the initial states are quenched to a common final state following some mechanism
which is system dependent. The relevant question of interest is whether the system that
starts from an initially further distance in phase space from the final desired state actually
relaxes faster compared to the state which is initially closer to the final state, thus showing

a Mpemba like behaviour in the relaxation dynamics of out-of-equilibrium systems.

In this thesis, we study the Mpemba effect in the two class of stochastic systems namely
the interacting many particle driven granular gases and the model of single particle
Langevin system. The Mpemba effect is highly counter-intuitive and it is required to
study the phenomena in terms of simple models that have experimental relevance in or-

der to underpin the cause of the effect. The motivation for the choice of the system of
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driven granular gas is that it is a prototypical far from equilibrium system which provides
a strong interplay between theoretical studies and the experiments at the same time. On
the other hand, our study of the Mpemba effect in the model of single particle Langevin
system is motivated from an experimental setup [4]. Unlike the case of driven granular
gas where the initial and final states are steady sates here, the states are in equilibrium
and described by the Boltzmann distribution. Our studies of the Mpemba effect in both
the systems consist of analytically tractable models and the results are also verified using

numerical simulations.

Now we briefly discuss the systems of many particle driven granular gas and single parti-

cle Langevin system.

1.2 Driven granular gas

The system of driven granular gas is a dilute collection of identical point particles, hard
discs or spheres in one, two and three dimensions respectively. In this thesis, we will
be constrained to one and two dimensions for the purpose of analytical tractability. The
particles undergo inelastic collisions which are momentum conserving. The change in
velocities of two particles undergoing collision and having velocities v and v; in two

dimensions is given by

1+r A1 A

'ul{ =, — 2 [(vi—v;).€]é,
(1.1)

p 1+r AT A

v, =vj+ 5 [(vi—vj).€]é,

where r is the co-efficient of restitution and é is the unit vector along the line joining
the centres of the particles at contact. Note that the case of r = 0 corresponds to com-
pletely inelastic collisions where two particles stick together after collision whereas r = 1
corresponds to elastic collisions. The collision between any pair of particles having ve-

locities v and v, is proportional to the absolute of their relative velocities, |v; — v|.
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Figure 1.2: Schematic diagram of a driven granular setup. The discs represents the gran-
ular particles in two dimensions. The arrows of different lengths represent the different
velocities of the particles. The particles are driven at a constant rate with the driving
strength &.

In the absence of any external supply of mechanical energy, the mean kinetic energy of
the particles decreases with time. In order to compensate for the loss of kinetic energies
during the collision, the particles are driven at a constant rate A;. The stochastic driving

is modelled as

v =—r,v+n, (1.2)

where r,, is a parameter that reduces the velocity and 7) is a noise taken from a fixed
distribution ¢ (7). The form of the driving ensures that the system reaches a steady state
in a long time. The motivations for the chosen form of driving will be discussed in the
later part of this section. The scenario of the driven granular system in two dimensions is
depicted in Fig. 1.2 where the particles are discs and are moving with different velocities

resulting in collisions and at the same time, the particles are driven with driving strength

&o.
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On the theoretical front, the evolution of the system in the presence of dissipation and
driving is studied using the Enskog-Boltzmann’s description of the kinetic theory of gases.
Enskog-Boltzmann equation describes the particle collision rules in terms of the velocity
distribution function f(x,v,t) which is defined as the probability to find a particle at
position  with velocity v at time ¢. The integral of the velocity distribution function

f(x,v,t) over the phase space gives the total number of particles, N present in the system

/f(a:,'v,t)da:d'v:N. (1.3)

We will consider the case of homogeneous systems where the distribution function is

independent of the position x of the particles and in that case,

/f('v,t)d'v =n, (1.4)

where n is the number density of the particles. The description of the system in terms of
Enskog-Boltzmann equation involves setting up a master equation for the single particle
velocity distribution function f(v,#) at any time ¢. The master equation takes into account

the gain and loss terms from the collision and driving events and is given by

%f(vl,t) =2(0)0 [dvy [dOO(—viz.€)|vi2.€] [r%f(v'{,t)f(vg,t) _f<vlat)f(v27t)]

—Aaf(vi,t)+Aq [ [dndvio(n)f(v],1)0[—rwi+n—vi].  (1.5)

The details of the derivation for the Enskog-Boltzmann equation and the various terms
are explained in the Appendix A. The contribution from the driving terms in the Enskog-
Boltzmann equation is of particular interest for the system of driven granular gases as
there are certain motivations for the chosen form of driving [see Eq. (1.2)]. The motiva-

tions for the choice of driving scheme are detailed in the Appendix B.

The system of driven granular gas is of particular interest as it provides a strong inter-
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play with experiments. There exists vast literature on the experimental studies regarding
various aspects of driven granular systems. Experimental setups of the driven granular
systems in two dimensions generally consists of a collection of millimetre sized parti-
cles (such as steel balls or active disks resting on circularly aligned tilted elastic legs)
resting on a two dimensional surface. The surface is vibrated along the vertical direc-
tion of the plane by external means to provide the input of kinetic energies to the parti-

cles [36, 37, 38, 39, 40, 41, 42, 43, 44].

The characterisation of the steady state velocity distribution f(v) of driven granular sys-
tems is one such aspect and is one of the central problem in the kinetic theory of driven
granular gases. We briefly discuss about the nature of velocity distribution of driven gran-

ular gases in Appendix C.

Inelastic Maxwell gas

As discussed earlier, the system of granular gas is modelled as collection of agitated hard
discs or spheres in two and three dimensions respectively. However, the fact that the rate
of collision in the model of hard discs or spheres is proportional to the relative velocities
of the colliding particles hampers the analytical tractability of the model. In that case, the
collision moments cannot be expressed in terms of finite number of velocity moments.
Thus, in order to overcome the drawbacks of hard disc or hard sphere model of granular
gas, a simplified model is introduced where the rate of collision among the particles is
independent of their relative velocities. The collision between the particles take place
with an associated constant rate. Such a simplification in the collision dynamics captures

the major features of the granular gas while allowing for an exact analysis.
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Table 1.1: Different setups of the driven granular system.

Model Collision rate Driving
Mono-dispersed Maxwell gas (1D) Constant Isotropic drive
(one type of particle)
Bi-dispersed Maxwell gas (1D) Constant Isotropic drive
(two species of particles: A & B) (different strengths for A & B)

Mono-dispersed hard disc granular gas (2D) Velocity dependent Anisotropic drive
(different strengths along x & y)

Mono-dispersed Maxwell gas (2D) Constant Anisotropic drive
(different strengths along x & y)

The Enskog-Boltzmann equation for the inelastic Maxwell gas simplifies to

0 " "
Ef(vbt) = X(G)GdeZ.[de r%f(’l)pl‘)f(’vz,[) _f(v17t>f<v27t)

—Aaf(vi,0) +Ag [ [dndvio(n)f(v],)0[—rwi+n—vi].  (1.6)

We will be studying the Mpemba effect in driven granular gases with both the models
of hard disc granular gas as well as the inelastic Maxwell model. Although the analysis
based on the model of hard disc granular gas requires certain approximations, we provide
numerical evidence about the validity of such approximations in the analysis. On the

other hand, we derive exact results for the case of inelastic Maxwell model.

Various variants of the driven granular setups

In this thesis, we will study the Mpemba effect in several setups of the granular system.

Here, we briefly outline the various setups in Table 1.1.

1.3 Single particle Langevin system

Unlike the case of driven granular gases which is an interacting many-particle system,

here we will discuss about a single particle Langevin system. The system consists of
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Figure 1.3: Schematic diagram for a double well potential. Here, AE is the difference of
energy between the two wells of the potential.

a colloidal particle undergoing diffusion while immersed in water. The water having a
temperature 7}, acts as heat bath to the colloidal particle. The colloidal particle exhibits
Brownian motion due to the impact of the water molecules. The equation of motion or the
Langevin equation of the particle having mass m, position coordinate x at time ¢ is given
by

d’x(t) dx(t)
" T Ta

L T(), (1.7)

where 7y represents the damping or the drag experienced by the colloidal particle due to

water molecules. I is uncorrelated white noise whose mean and variance satisfies

(C()) =0, (D)D) = 2yksTyS(r —1'), (1.8)

where kg is the Boltzmann’s constant.

Many interesting problems are studied when the particle diffuses in addition of an external
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potential. A schematic diagram of the potential landscape is shown in Fig. 1.3. Here, it’s a
quartic shaped potential with AE being the difference in energy between the two wells of
the potential landscape. In experiments, the external potentials are realised using optical
traps. One particular problem of interest in this setup being the famous Kramer’s escape
problem where the rate at which the Brownian particle can escape from one well to the
other is determined. In the presence of an external potential U (x), Langevin equation is

given by

d’x(t)  dU(x) _dx(r)
= Y (). (1.9)

m

For simplification, we consider the overdamped limit where we neglect the second order

time derivative and the Langevin Eq. (1.9) reduces to

dx(t)  1dU(x) 1
Ty dx —|—yF(t). (1.10)

The corresponding Fokker-Planck equation for the evolution of the probability density of

the particle of being at position x and time # is given by

op(x,t 0 r1dU kgT), 9%p(x,t
pix1) [——xp(x,t)}—l—%—gg ), (1.11)

The stationary solution of Eq. (1.11) is the equilibrium Boltzmann distribution given by

e~ U)/kpT,,

p(x,Tp) = X))

(1.12)

where % (T},) = [ dxe~VU®)/*sTh jg the normalization constant of the Boltzmann distribu-
tion at temperature 7. We would be analysing in details about the solution of the Fokker-

Planck equation in Chapter 6 for analytically tractable models of the external potentials.

For the analysis of the Mpemba effect in the setup of the single particle Langevin system,

we will study in details about the role of the external potential in inducing Mpemba like
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(a) (b

Figure 1.4: Schematic diagram for the population distribution of the Brownian particle
in the potential landscape at two different temperatures. The curves shown in black solid
line denote the potential landscape whereas the population distribution of the Brownian
particle across the potential landscape is shown by red and blue solid lines corresponding
to the initially hot and cold particles respectively. Two configurations of the potential
landscape is shown corresponding to a slightly (a) deeper and (b) shallow well.

anomalous behaviour in the relaxation dynamics. In addition, we will also study the role
of population distribution or the probability density of the Brownian particle as a function
of the modulation of the shape of the external potential and the temperature in order
to understand the Mpemba effect. As an example to illustrate the effect of the external
potential in the population distribution of the Brownian particle, we consider two different

configurations of the external potential as shown in Fig. 1.4.

In the potential landscape where there is a significant height of the barrier between the two
wells of the potential [see Fig. 1.4(a)], the hotter particle has a flat population distribution
(shown by red curve) compared to the initially colder particle which has a localised pop-
ulation distribution (shown by blue curve) across the potential landscape. On the other
hand, Fig. 1.4(b) shows the potential landscape which has a relatively flat barrier between
the two wells of the potential. In this case, both the hotter and the colder particles have rel-
atively similar population distribution (shown by red and blue curves respectively). Thus,
the presence of a barrier of significant height between the two wells of the potential affect
the population distribution of the Brownian particle. We will study the role of such differ-
ence in the population distribution of the Brownian particle for different configurations of

the potential in inducing the Mpemba effect.
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1.4 Overview of the thesis

The thesis is organised as follows:

In Chapter 2, we consider the inelastic driven Maxwell gas, a simplified model for a gran-
ular gas, where the rate of collision is assumed to be independent of the relative velocity.
Through an exact analysis, we determine the conditions under which the Mpemba effect
is present in this model. For mono-dispersed gases, we show that the Mpemba effect is
present only when the initial states are allowed to be non-stationary, while for bi-dispersed
gases, it is present for some steady state initial states. We also demonstrate the existence
of the strong Mpemba effect for bi-dispersed Maxwell gas wherein the system at higher
temperature relaxes to a final steady state at an exponentially faster rate leading to smaller

equilibration time.

In Chapter 3, we demonstrate the existence of Mpemba effect in anisotropically driven
granular gases, even when quenched from initial states that are stationary. Our theoretical
predictions, based on kinetic theory, for the regular, inverse and strong Mpemba effects

agree well with results of event-driven molecular dynamics simulations of hard discs.

In Chapter 4, we do an exact analysis for the existence of the Mpemba effect in an
anisotropically driven inelastic Maxwell gas, a simplified model for granular gases, in
two dimensions. We demonstrate the existence of the Mpemba effect in anisotropically
driven granular gases even when the initial states are non-equilibrium steady states. The
precise conditions for the Mpemba effect, its inverse, and the stronger version, where the

hotter system cools exponentially faster are derived.

In Chapter 5, we define several measures for the choice of distance function from the final
steady state for the study of the Mpemba effect. We derive the criteria for the existence
of the Mpemba effect based on the different measures. In this chapter, by studying four
different distance measures based on the mean kinetic energies as well as velocity distri-

bution, we show that the Mpemba effect depends on the definition of the measures. The
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non-universality among the various measures of the Mpemba effect in driven granular
systems in terms of the phase space initial conditions is illustrated and the possible cause

of it is discussed.

In Chapter 6, we present an exact analysis of the Mpemba effect in a single particle
Langevin system by considering an exactly solvable model for the external potential. We
consider different configurations of the external potential in order to understand its role
in inducing the Mpemba effect. We discuss the role of metastable states in the energy
landscape as well as the initial population distribution of the Brownian particle in its
confined domain as the possible cause of the Mpemba effect in the presence of external
potential with a local minima. However, we find that presence of metastable state is not
the necessary criteria as we show that the Mpemba effect exists even in the presence of

external potential without metastable states.

In Chapter 7, we summarize the findings of this thesis and give future outlook.
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Chapter 2

Mpemba effect in driven granular

Maxwell gases

2.1 Introduction

Mpemba effect has been observed experimentally in a wide range of physical systems
ranging from water [45, 46, 47, 48, 49, 29], magnetic alloys [2], and clathrate hy-
drates [50] to polylactides [3]. In addition to experiments, various numerical tools and
model systems were used to shed light on such anomalous relaxations. To better un-
derstand the effect in water, detailed molecular dynamic simulations were performed
[51, 48, 52]. In these simulations, the system is made of up to several thousand molecules,
with pairwise interactions that model the interactions between the water molecules. The
initial configuration of the system is commonly sampled from the Boltzmann distribution
of the hot or warm temperature, and the dynamic follows a standard molecular dynamic
protocol that corresponds to the cold temperature. A different numerical approach was
applied on spin systems, for both ordered [5] as well as glassy [17] models. Using a
Monte Carlo simulation, the value of some order parameters were tracked during the re-

laxation process of systems that were sampled from the equilibrium distribution of a hot
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and a warm temperature, and evolved under Markovian dynamics that corresponds to a
cold temperature. If, during the relaxation process the corresponding order parameters of

the hot and cold systems intersect, then the Mpemba effect exists in the system.

On the analytic front, two different approaches were used to address the Mpemba effect
so far. In Refs. [11, 6, 7], the Mpemba effect was defined and evaluated through the
distance between probability distributions during the relaxation process. To this end, the
probability distribution describing the system is initiated at the equilibrium (Boltzmann)
distribution of the hot or warm temperature. The system is then quenched into an environ-
ment with a cold temperature, and thus the probability distribution of the system evolves
in time towards the equilibrium of the cold temperature. By tracking the distance, in
probability space, between the time dependent probability and the final equilibrium, the
Mpemba effect can be identified, and the exact conditions for its existence were derived.
Moreover, this framework naturally suggest a rich class of related phenomena, including
the inverse Mpemba effect [11] where a cold system heats up faster than a warmer sys-
tem; the strong Mpemba effect [6] where a specific initial temperature results in a jump in
the relaxation rate; and non-monotonic optimal heating protocols [5] where the optimal

heating protocol has a pre-cooling stage.

A different theoretical framework was used in the context of driven granular gases [22,
23, 24]. A granular gas is a dilute composition of particles that move ballistically and
interact through momentum conserving binary inelastic collisions. These dissipative sys-
tems approach a steady state when externally driven to compensate for the kinetic energy
which is lost in the inter-particle collisions. For the driven granular system with smooth
mono-dispersed particles (only translational velocity is considered and rotational degrees
of freedom are ignored) which interact via binary collisions with a rate proportional to
the magnitude of the relative velocities of the colliding particles, it was shown that the
total energy of a system with a higher initial energy attains the final low energy state be-

fore a similar system with an intermediate initial energy [22]. The effect was achieved
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by independently varying the deviation of the velocity distribution from a Gaussian, char-
acterized by the coefficient of the second Sonine polynomial a;. In this approach, the
system was initiated in a non-stationary distribution, and relaxed towards the correspond-
ing steady state (which is not an equilibrium distribution) associated with the parameters
of the system. The Mpemba effect then exists in the system if a non-equilibrium sys-
tem which is further away from equilibrium, namely has more energy in its initial state,
equilibrates faster than an initial condition which is closer to the equilibrium state. The
Mpemba effect was also demonstrated for a rough granular gas (both translational and
rotational velocities are considered and they couple with each other), where a much larger
range of initial energies result in anomalous relaxations [23] red as well as for a gas of
viscoelastic particles [24]. In both the rough and smooth granular gas, the velocity distri-
bution at all times was approximated by a Gaussian or Gaussian and first order corrections

respectively, making the calculations perturbative in nature.

Do the results in the various frameworks for different systems correspond to the same
effect? This is a key question, for which the answers is yet unknown. In this chapter,
we partially address a specific difference that plays an important role in both the numer-
ical and analytical results developed so far — the initial condition of the system. In the
Markovian framework, the initial condition of the hot and warm systems is an equilib-
rium distribution corresponding to the initial temperature [11, 6, 7]. In contrast, in the
granular gas approach the initial distributions are not a steady state of the system for any
(effective) temperature, but are rather transient distributions with different amount of total
energy. These distributions relax towards the steady-state distribution by energy exchange
between the particles as well as with some bath [22, 23]. A similar difference in the initial
conditions exists between the various molecular dynamic simulations calculated for wa-
ter molecules: in [52] the system was initially sampled from a hot or warm temperature
and then quenched to a cold environment, whereas in [51] the initial condition is not the
equilibrium distribution of any temperature, but rather an altered distribution of the final

temperature.
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To address this specific difference between the two approaches, we consider the inelastic
Maxwell model for granular gas in which the collision rates are assumed to be indepen-
dent of the relative velocity [53, 54]. The model thus presents a simpler system of gran-
ular gas keeping the essential physics intact, while allowing for exact calculation. We
investigate the existence of the Mpemba effect for both mono-dispersed and bi-dispersed
systems. In Maxwell gases, the equations for the relevant two-point correlations is known
to form a closed set of equations [55, 56, 57]. By analyzing these equations in detail, we
determine the parameter regime in which the Mpemba effect can be seen in these sys-
tems. In particular, we show that while transient initial conditions are required for the
effect to be present in mono-dispersed gas, the bi-dispersed system shows the Mpemba
effect for steady state initial conditions. This allows us to use the Markovian approach
for the Mpemba effect in driven granular gas, and therefore identify the existence of the
strong effect in this system, where for a specific initial steady state the relaxation rate is
smaller than from any other initial steady state. The content of this chapter is published

in Ref. [25].

2.2 Model

In this chapter, we analyze both mono-dispersed as well as bi-dispersed driven inelastic
Maxwell gases. We first define the bi-dispersed gas, and then indicate the limits when
it reduces to a mono-dispersed gas. Consider Ny particles of type A, each of mass my,
and Np particles of type B, each of mass mp. Let Ny + Np = N. Each particle has a
scalar velocity v;x, where i = 1,...,N and k € {A,B}. These velocities evolve in time
through binary collisions and external driving. A pair of particles of type k and /, where
k,l1 € {A,B}, collide with rate A;/N. The factor 1/N in the collision rates ensures that
the total rate of collisions between N[Ny — 1]/2 pairs of similar type of particles and that
between NqNp pairs of different type of particles are proportional to the system size N.

During a collision, momentum is conserved, but energy is dissipated. Let v;; and v;;
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denote the pre-collision velocities and vg . v;. ; denote the post-collision velocities. Then

Vig=vik— (1 +ry) 1 (Vik—Vvi1),

mi—+m

my
m (v,'7k—vj71), (21)

my

Vig=vii+ (1 +r)

where k,l = A, B, ry; € [0, 1] is the coefficient of restitution for the collision, and my and
m; are the masses. There are three coefficients of restitution: ra4, rgp, and rap depending
on whether the pair of colliding particles are of type AA, BB, or AB. It is convenient to

define
1+ ry
2

O = , k,l=A,B, (2.2)
where 1/2 < oy < 1.

In addition to collisions, the system evolves through external driving. We implement
a driving scheme that drives the system to a steady state, and has been used in earlier
studies [55, 56, 58]. Each particle is driven at a rate A;. During such an event, the

velocity of the driven particle is modified according to
Vig=—rwik+M —1<n <1, k=A,B, 2.3)

where r,, € (—1,1] is a parameter and 1, is noise drawn from a fixed distribution @ (7).
There is no compelling reason for ¢ (1) to be Gaussian. However, we restrict ourselves

to distributions with zero mean and finite second moment sz given by

ot = [ _anniem), k=AB. 2.4)

The physical motivations for the form of driving may be found in Refs. [59, 60]. Without
loss of generality, in all the plots, we set the driving rate A; = 1, so that time is measured

in units of l[jl.
In the model, the spatial degrees of freedom have been neglected. This corresponds to the
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well-mixed limit where the spatial correlations between particles are ignored. In addition,
we have assumed that the collision rates are independent of the relative velocity of the

colliding particles. This corresponds to the so-called Maxwell limit.

Let P,(v,1), where k = A, B, denote the probability that a randomly chosen particle of type

k has velocity v at time z. Its time evolution is given by:

d Ak (N — 1

L) 2N L dvsavapi, 0BG, 08101 — v + s —]
+ )Lk]lEVN]_{ //dvldvzpk(vlJ)%(V%t)‘S[(l —Xp)vi+ X2 —v]
e 1)

ANy
Pk(vvt) - %Pko)vt)

+ Ag [_Pk(vvt)+//dnkdvl‘pk(nk)Pk(Vl7t)6[_rwvl‘|‘le_v] , (2.5)

where
_|B, if k=4,
k= (2.6)
A, if k=B,
and
ka
X = Olap U where Hi = k=A,B, 2.7)

mp +mpg’
with € (0,2) and ayp is defined in Eq. (2.2).

The mono-dispersed Maxwell gas is obtained by taking the limit Ny = N with (N4 —
1)/N — 1, Ng = 0, raa = r and setting all other coefficients of restitution to zero. The
rate of inter-particle collisions is denoted by A and the rate of driving for the particles by

Aq. If P(v,t) denote the probability that a randomly chosen particle has velocity v at time
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t then its time evolution, for a mono-dispersed gas is given by:

%P(v,t) — CAP(v1) — AgP(v1)

) / / dvidvaP(v1,1)P(va,1)8[(1 = a)vi + ava —v]

24 [ [ dndvigm)Plvi.08[-nm +n -, (2.8)
where
1+r
o= - (2.9)

2.3 Calculation of the two point correlations

In this section, we define the relevant two point correlation functions for both mono-
dispersed and bi-dispersed gases. The evolution equations for these correlation functions
were derived in Refs. [55, 57]. We summarize these derivations and then develop a so-
lution that will be useful for demonstrating the Mpemba effect. Sections 2.3.1 and 2.3.2

contain the derivation for mono-dispersed and bi-dispersed gases respectively.

2.3.1 Mono-dispersed Maxwell gas

We first discuss the case of mono-dispersed Maxwell gas. Consider the following two

point correlation functions:

E() =+ Y 07(0),
’:11 . (2.10)
C<t) = N(N— 1) Z ' Z <vl(t)vj(t>>a
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where E(¢) is the mean kinetic energy of a particle, and C(¢) is the equal time velocity-
velocity correlation between a pair of particles. In the steady state, the inter-particle
two point correlation function is known to be zero [56]. However, for the purpose of
demonstrating the Mpemba effect, we consider non-zero correlations, which correspond
to non-stationary states. The time evolution of these correlation functions can be obtained
in a straightforward manner from Eq. (2.8) and can be compactly represented in matrix

form as [55]

— _RS()+D, 2.11)
where 3(¢) = [E(t),C(¢)]T, D = [A462,0], and R is given by

Ac(1 =)+ 25(1 — 12 —Ae(1 =72
R— (1=r)+Aa(1=ry) (1-r9) ' 2.12)

Ac(1—12
N-1 1(\/—1 )+kd(1+rw)

Note that while R{; and R;, are positive, Rj» and R are negative.

Equation (2.11) for the correlation functions forms a closed set of linear equations and
does not involve higher order correlation functions. This allows for a complete solution.
Equation (2.11) can be solved exactly by linear decomposition using the eigenvalues A4

of R:

_Ru+Rp+ V/(Ri1 —R2)2+4RyR1»

Ay 7

(2.13)

Here, the eigenvalues A4 > 0 with A1 > A_. The solution for E(¢) and C(z) can then be

obtained as:

E(t)=Kie ™ +K_e 4+ K,
(2.14)
Ct)=Lye ™ +L e ™" +1L,

where the coefficients K ,K_,Ko,Ly,L_ and Ly are given by
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1 A_—R
Ky =— (7L_—Rn)Zl(O)—RuZQ(O)——( “)ldcz},
YL A
1[ Ay —R
K_ = v —(Ay —R11)Z1(0) + R12X2(0) +(+/1—11))~d0'2] ,
1 "A_— R A =Ry >
KO_ ,}/ I ).+ A,, )’dG 9
1[(A+ —Ri)(A- —Rn1) (M—Rn)(l—Rn)] 2
Lo=— — AdG”,
- Rip A4 RipA— ¢
1 [(A4 —Ru)(A- —Ru) (A+ —Ri1)(A- —Ru) 2]
L,—- £1(0) — (A — Ry1)Z2(0) — A0,
sl Ris 1(0) = (A4 = R11)22(0) Riohs d
1 [—(A-—Ry1)(A_ —R Ay —Ri1)(A- —R
[ — = ( + 11)( 11)21(0)+<17_R”)22(0)+( + 11)( ll)ld62:|,
YL Ri2 R]Z;L_
Y= )u«+_)u/_.
(2.15)

2.3.2 Bi-dispersed Maxwell gas

For the case of bi-dispersed Maxwell gas, we can define two point correlation functions,
E,4 and Ep for the mean kinetic energies of type A and B particles, and three two point

velocity-velocity correlation functions C;;, where i, j € (A, B):

1 Ma

Ex(t) = — Y (via(0)),
=
1 Mg
:_Z lB
Ns Np
C
At NNBlZ“Z vial)vlt (2.16)
No Ni
Caalt) = NA—l ;Jz“l via(t)vjal(t
J#i
Ng Np
Cpp(t
BB(t) = Ny NB—l lleZ] vig(t)v;p(t
J#
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The time evolution for these correlation function can be obtained from Eq. (2.5), as de-
rived in Ref. [57] when only one type of particle is driven. We generalize these calcula-
tions to the case where both types of particles are driven. The time evolution equations

are linear and form a closed set of equations as

420) _ RX(1)+ D, (2.17)
dt
where
T
EU):{EA@), Ep(1), Cap(t), Caalt), CBB@)} : (2.18)
T
D={7Ldo§, 403, 0, 0, 0} : (2.19)

where k=A, B and the matrix R is given by

R=
i Rop—Ria—R3p—Ry Rop —2R2p + R3p 2R14 0 ]
Roa Roa—Rip—R3a  —2Roa+ R 0 —Rip
% _ Ry % _R, 4R4+R%B—R3A _% + 1% _% + R% . (2.20)
% 0 Rsp 11511’\*,A —R3p— 157% 0
L 0 % R3p 0 % —Rsp |

The constants Ry, Ryx, R3x, R4, Ry are given by:

Ak Ok (1 — e ) (N — 1)

le = N ’
AN X2
2k — T?
Ry — Rk (2.21)
X
AasXaX
Ry — ABNA B7
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In the steady state, in the thermodynamic limit, the inter-particle two point correlation
functions C;;, where i, j € (A,B) are zero, as shown in Ref. [57]. If in the initial state,
these correlations are zero, then it remains zero for all times. We will be only considering
such initial states. In that case, we can ignore these correlations, and write for the time

evolution of mean kinetic energies E4 and Ep as

dE;t(’ ) k(0 (AasViXE — 2aatan (1 = @aa)va = 2AapViXs — Aa(1 = 12) )
—i—EB(t) <1A3V3X1§> +ld6f%,
i) (222)
;t =Ep(t) ( AapVaX; — Appopp(1 — 0pg) Ve — 2AapVaXa — Aq(1 — Ffv))

t)(
Ea(7) (AABvij) + 2402,

We can write the time evolution of mean kinetic energies of A and B type particles, i.e.,

E4 and Ep respectively in a compact form as

=) _ RX(t)+ D, (2.23)
dt
where
T
E(T)Z[EA(t), EB(z)] , (2.24)
T
Dz[adag, ;deg} : (2.25)

and R is a 2 x 2 matrix, whose entries are given by

Rll :)VABVBXI% — A,AA(XAA(l — (XAA)VA - 2}dABVB)(B - )’d(l - r\%v)a
R12 =AapVBX3,

(2.26)
Rt =AapvaX3,

R22 :)‘ABVAXIZ — A‘BBaBB(l — aBB)vB - 22'ABVA)(A - 2’d(l - ri)?

where v4 and vp are the fraction of A and B type particles, respectively. In order to obtain
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the steady state values, we set the time derivative of Eq. (2.22) to zero. The steady state

values for E4 and Ep are given by

— QLde% < — )ud<1 — rvzv) — ZAABVAXA + QLABVAXX — )VBBVB(I — OCBB)OCBB>

+ QLABQLdeX,%G,%
E\ = , (2.27)

F

— AdGé ( — ld(l — I’VZV) — ZAABVBXB —I—AABVBX§ — AAAVA(l — OCAA)(XAA)

+ A,ABldVAXj G[%
Ep= . (2.28)

Y

where

F =— A3pvavpXiX3
+ (— ld(l — rvzv) — ZAABVBXB —l—)LABVBX]% — XAAVA(I — (XAA)OCAA>

< — /'Ld(l — rvzv) — ZAABVAXA + QLABVAXX — A,BBVB(l — OCBB)OCBB> . (2.29)

One can do similar calculations to solve for the steady state mean kinetic energies, for the
case where only one component (say A) is driven with driving strength (o) and at a rate

(A4)- In that case, the mean kinetic energies of the components are given by

2.402

Eq— (230
ld(l — I’vzv) —|—2VAAAAOCAA(1 — OtAA) —I—lABVBXB(Z —XB) —X/%XI%VAVBA/%BQ
EB = EAAABVAXKQ, (231)
where
1
9= (2.32)

(2 —Xa)XaVadap +208pAspVp(1 — Oppg)
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We note that the linearity in the evolution equations [Egs. (2.11) and (4.19)] for the en-
ergy arises naturally for Maxwell gases (both mono-dispersed and bi-dispersed) when
compared to the granular gas models studied earlier [22, 23], wherein the non-linear
evolution equation limits analytical treatment unless linearized using perturbative meth-
ods [22]. Similar exact linear evolution equation has been analyzed in the case of Marko-
vian Mpemba effect [11] where the vector denoting the probabilities of various states

evolves according to an equation similar to Egs. (2.11) and (4.19).

2.4 The Mpemba effect in Mono-dispersed Maxwell gas

In this section, we derive the conditions for the Mpemba effect to be present in the mono-
dispersed driven Maxwell gas, based on an analysis of Eq. (2.14) for the solution of E(¢)
and C(t). More precisely, we define the Mpemba effect as follows. Consider two systems
with two different granular temperatures, or kinetic energies [the terms *“granular temper-
ature and “kinetic energies” are used interchangeably]. We let these systems evolve to
a steady state at the same final temperature, that is lower than the initial temperatures. If
the hotter system cools faster (the energy-time plots show a crossing), then we say that

the system shows the Mpemba effect.

We now proceed to find out the criteria for the Mpemba effect to be present in the mono-
dispersed Maxwell gas. Consider two systems labeled as P and Q. Let their initial con-
ditions be denoted by (E¥(0),CF(0)) and (E€(0),C2(0)) with EF(0) > E2(0). Both
systems are then driven to a common steady state. This is achieved when the systems P
and Q are driven with the same driving strength (o) which is chosen such that the mean
kinetic energy of the common steady state is lower than the initial mean kinetic energies

of P and Q, while keeping all the other parameters of both the systems constant.

If this system shows a Mpemba effect, then the trajectories E”(¢) and E€ () must cross
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each other, such that there is a time ¢ = T at which

Ef(t)=E9(1). (2.33)

Substituting into Eq. (2.14), we obtain relation:

KPe T4 KPeh T =KCe M7 4 KCe T, (2.34)
whose solution is
1 KP — K9
7= In |t "+ (2.35)
Ay —A- | KP —K©

which in terms of the initial conditions reduce to

1 R2AC — (A_ —Ry1)AE
tsioanm [RleC— (A+ —Ri1)AE ]’ (2.36)
where
AE = EP(0)—E9(0), (2.37)
AC = CP(0)—c2(0). (2.38)

For the Mpemba effect to be present, we require that 7 > 0. Since A, > A_, the argument

of logarithm in Eq. (2.36) should be greater than one. We immediately obtain the criterion

(14_ —RH)AE < RppAC. (239)

Note that Rj; < 0, and A > Rj; [see Eq. (2.12)]. Since AE > 0 by definition, we con-
clude that Eq. (2.39) can be satisfied only if AC < 0, i.e., the two point velocity-velocity
correlation of the hotter initial system C”(0) is sufficiently smaller than that of the cooler

counterpart C2(0). Note that if the two systems P and Q were initially in a steady state,
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Figure 2.1: The time evolution of the mean kinetic energy, £ of the mono-dispersed
Maxwell gas for two systems P and Q with initial conditions E¥(0) = 4, E2(0) = 2,
CP(0) = 3 and C2(0) = 23, which satisfy the conditions for the Mpemba effect as de-
scribed in Eq. (2.39). The choice of the other parameters defining the system are r = 0.5,
ry = 0.5 and o = 1. P relaxes to the steady state faster than Q, though its initial energy
is larger. The time at which the trajectories cross each other is 7 = 0.1334, as given by
Eq. (2.36).

then in the thermodynamic limit the correlations vanish, i.e., AC = ¢'(1/N), and the in-
equality in Eq. (2.39) cannot be satisfied. Thus, for the Mpemba effect to be present in

the mono-dispersed gas, the initial condition of the cooler component cannot be a steady

state of the system.

In Fig. 2.1, we demonstrate the time evolution of the energies of two systems with initial
conditions that satisfy Eq. (2.39). Though the initial energy of P is larger, it relaxes to the
steady state faster than Q. As predicted by Eq. (2.36), the two relaxation trajectories cross

at some finite time.

Keeping all other parameters fixed, and allowing only the coefficient of restitution to vary,
we can identify the region of phase space (initial condition) where the Mpemba effect is

observable, based on Eq. (2.39). This is shown in Fig. 2.2. Clearly, as r decreases to zero,
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Figure 2.2: The AE /AC—r phase diagram showing regions where the Mpemba effect is
observed for mono-dispersed Maxwell gas (see Sec. 2.4), where r is the coefficient of
restitution. All other parameters are kept constant. The region below the critical line
show the Mpemba effect.

the correlations need to be large for the Mpemba effect to be present. On the other hand,
that in the near elastic limit » — 1, it is much easier to observe the Mpemba effect, as the
only requirement is that AC and AE are anti-correlated. However, we note that even in

this case, non-zero correlations imply that the system is not in a steady state.

2.5 Mpemba effect in bi-dispersed Maxwell gas

In Sec. 2.4, we discussed the possibility of the Mpemba effect in mono-dispersed gas.
The Mpemba effect was only present when the initial states were different from the steady
states at that corresponding temperature. We now generalize the analysis to bi-dispersed
gases, based on an analysis of Eq. (4.19), and show the presence of the Mpemba effect

even when the initial states are restricted to steady states.

In a bi-dispersed gas, the temperatures of the two components are generally different [see
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Eqgs. 2.28 and 2.29]. We denote them by E4 and Ep. We denote the total kinetic energy of

the system by E;,;, where

E;or = Eo + Ep, (2.40)

and the difference in energies by Ey;rs:

Ediff:EA_EB~ (2.41)

We define the Mpemba effect in bi-dispersed gases similarly to the definition in the mono-
dispersed gases. To this end, we consider two systems P and Q where E;,; of P is larger.
Both P and Q are initially in their steady states. We then quench both systems to a lower
temperature. The Mpemba effect is present in this case when the E;,; trajectories of the

two systems cross each other.

We next consider separately the cases of one or both components driven. The reason for
this separation is that in some experiments only one component is driven [61, 62, 63,
64, 65, 66], whereas in others both components are driven [67, 68, 69, 70, 71, 72]. The

respective analysis may be found in Secs. 2.5.1 and 2.5.2.

2.5.1 One component is driven

Consider a bi-dispersed driven Maxwell gas where only component A is driven with driv-
ing strength o. The time evolution equation [see Eq. (4.19)] for the correlation functions
can be expressed in terms of E;,; and Eyjfr as

dE(t)
dt

— — xE()+D, (242)
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where

T
E(t)= [Em,(t), Ed,-ff(r)l , (2.43)

T
D:|:ld62, Ad62:| ’ (244)

and x is a 2 x 2 matrix with components Y11, X12, X21 and X»2 given by

_ Riy+Rp+Ry+Rxp
Xi1=— )
2
_ Riy—Rp+Ry—Rp
X2 =— 5 5
(2.45
_ Riy+Rp—Ry—Rp )
X21 = — )
2
_ Riy—Rp—Ry+Rp
X202 =— 2 .

Equation (4.25) can be solved exactly by linear decomposition using the eigenvalues A+

of x:

Ay = [(Xll +x0) £ \/(Xll — Xzz)z +4x12X01 |- (2.46)

1
2
It is straightforward to show that Ay > 0 with Ay > A_. The solution for E;, () and

Edl’ff(l‘) is

Eo(t) =K e ™' +K e+ Ky, o4

Egipf(t) = Lye M +L_e ™"+ L,
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where the coefficients K ,K_,Ko,L,L_ and Ly are by

_xe—AAn), o
A M’}’

1 — AL+
K_ = ¥ [(Lr — X11)E10:(0) — x12E4ifr(0) + wldfﬂ :

Ko = 1 [%12— (A-—xu1)  X2— (7L+—X11)}7Ld62,

1
o= L[ 200 a0

” % p

Lo— H(M —X;])Z(ﬁr— —x) (A —X;Cll)z(jt_— —%11)}&1627

L= [~ IS g (0) 4 (s — 1) B (0) - U200 62),
L ;[(M —Xu)zl(zl _XII)Etot(O) O — )i (0) + (As _x;lz()? _%“)Mﬂ ’
Y=Ar—A_.

(2.48)

We now consider two systems labeled as P and Q with different initial conditions

(E,};t(O),Egiff(())) and (EZ,(0),E2,,(0)) where EE.(0) > EZ,(0). Both the systems are

0o

diff
quenched to a common steady state whose total energy is smaller than the initial total
energies of P and Q. This is achieved when the systems P and Q are now driven with the

same driving strength (o) for the component A, while keeping all the other parameters

same for both the systems.

The Mpemba effect is present when the trajectories EX (¢) and EZ (1) cross each other at

some finite time ¢ = T at which
Eb(t) =EZ (7). (2.49)
Substituting into Eq. (5.4), we obtain

KPe T 4 kPe* " = K2 M T KA T, (2.50)
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whose solution is

1 K — k9
_ 1 [ + +], 2.51
[ W e 220

which in terms of the initial conditions reduce to

1 X12AE irr — (A~ — X11)AE o
T— In , 2.52
Ay — A [XIZAEdiff — (A4 — X11)AEtoz] (22
where
AE; o = EzI;t(O) - EtQ0t<0)7
(2.53)

AEaiss = Edigy(0) = Egiy4(0).

Following the same argument as for the case of mono-dispersed Maxwell gas in Sec. 2.4,

Eq. (5.11) leads to the criterion for the crossing of the two trajectories as

XlZAEdiff > (QL+ - Xll)AEtot- (2.54)

In Fig. 2.3, we consider such a situation where Eq. (4.36) is satisfied. The trajectories
cross at the point as predicted by Eq. (5.11). It is clear that though P has larger initial

energy, it relaxes faster.

In Fig. 4.2, we identify the region of phase space (initial condition) where the Mpemba
effect is observable, based on Eq. (4.36). In the figure, the variation with r4p is shown.
The region below the line in the phase diagram shows the Mpemba effect whereas the

other region does not show the effect.

In the above analysis, the systems P and Q have the same parameters once the quench
is done. However, in the initial states, the parameters — reaction rates, coefficients of
restitution, driving strength — could be different for P and Q. These parameters, though
not explicitly mentioned, enter through the initial values E;,; and Eyirr. As a result,

one can tune the parameters appropriately to obtain initial steady states that satisfy the
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Figure 2.3: The time evolution of the total energy, E;, () for two systems P and Q of
the bi-dispersed Maxwell gas where only one component is driven with initial conditions:
E},(0) =22, ES,(0) = 14, E}.(0) = 18 and EJ;, (0) = 4 such that Ef,(0) > E$,(0),
which satisfies the condition for the Mpemba effect as described in Eq. (4.36). The choice
of the other parameters defining the system are mp = 2mgu, raga = rap = rpgp =y = 0.5,
v4 =0.2, vg = 0.8 and 0 = 1. P relaxes to the steady state faster than Q, though its initial
energy is larger. The time at which the trajectories cross each other is 7=0.807 as given
by Eq. (5.11).
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Figure 2.4: The AE;, /AE irs—rap phase diagram showing regions where the Mpemba
effect is observed for the bi-dispersed Maxwell gas, where only one component of the
gas is driven (see Sec. 2.5.1) and rap is the coefficient of restitution. All other parameters
are kept constant. The choice of the other parameters defining the system are m4 = 2mp,
V4 = v = 0.5 and rq4 = rpp = r,, = 0.5. The region below the critical line shows the
Mpemba effect whereas the region on the other side of the critical line does not show the
Mpemba effect.
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condition given by Eq. (4.36) and hence show the Mpemba effect.

We now ask a more refined question. Let us suppose that the systems P and Q have
the same parameters throughout (both initially, as well as after the quench) except for
the driving strength, which is different initially and the same after the quench. Can the
Mpemba effect be present in this case, when only component A is driven? The condition
for the Mpemba effect to be present is the same as that derived for the more general
case [see Eq. (4.36)]. However, when all parameters other than driving strength are kept

identical, the ratio AE;,; /AEy; 7 in the initial steady states has a simple form:

AEiy 1+ ApVaX3 2
AEdl'ff 1— lABVAXAZQ ’

(2.55)

where 2 is defined in equation (2.32). Note that 2 > 0 and hence the ratio in Eq. (4.46)
is always larger than one. On the other hand, the ratio AE;,;/AEy;¢s should always be
less than x12/(A+ — x11) for one to observe the Mpemba effect and it can be shown that
the maximum value of the quantity is one. Thus, Eq. (4.46) does not satisfy the required

condition for the existence of a Mpemba effect.

So far we have discussed the possibility of having the Mpemba effect in a bi-dispersed
Maxwell gas where only one component is driven. We showed that, as compared to the
mono-dispersed gas, for initial states that correspond to steady states, the bi-dispersed gas
shows a Mpemba effect for a wide range of parameters. However, when the two systems
P and Q are identical except for the driving strength, the Mpemba effect is not possible
for steady state initial conditions. We now generalize the calculations to a bi-dispersed
gas where both components are driven, and show that even for systems that differ only by

the driving strength, the Mpemba effect can be observed.
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2.5.2 Both components are driven

Next we consider a bi-dispersed Maxwell gas where both the components of the gas are
driven. Here, type A and B particles of the bi-dispersed Maxwell gas are driven at the same
rate Ay but with different driving strengths 64 and op, respectively. The time evolution
of the quantities E;,; and Ey;¢y are given by Eq. (4.25) with the column matrix D of the

form

D = |2(03+03), Aa(ci—o03)| - (2.56)

The solutions for E;(t) and Ey;7¢(t) are obtained in a similar way as in Eq. (5.4), but the

coefficients Ky ,K_,Ko,L+,L_ and Ly are now given by

K= 71/{— (A= = 211)E10(0) + X12Eai£(0) — ?: [(x12— (A= —x11)) oz — (212 + (A= —%11))013}} ;

K = %{(M = X11)E10r(0) — x12Eai77(0) + % (12— (A —x11)) 05 — (X2 + (A —7611))61%]} ;

K Ad [ (2= (A= —xi))oi = (2 + (A= —xn))oz (2= (A —x11)) 0z — (X2 + (A4 _7{11))05}
"y A A ’

L= [ IS0 0) 4 (b = 200) gy 0) — 3 [(hs = 200) R — )R - )]

L= [P g 0) = 1000 Bagg 0) + 2 [0~ 02— )0} - 03]

L= [ = 1)~ 1)@~ o) (-~ 5)].

Y=Ai—A. @.57)

Our main aim is to look for the existence of a Mpemba effect by considering two sys-
tems with identical parameters, except for the driving strengths. To this end, we consider
two such similar systems, P and Q, driven with different noise strengths, thus attaining

different initial steady states with different initial total energies.

Let system P have higher initial total energy compared to Q. Both systems are then

driven to a common steady state with a lower energy compared to the initial steady state
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Figure 2.5: The time evolution of the total energy, E;, () for two systems P and Q of
a bi-dispersed Maxwell gas where both components are driven with initial steady state

conditions: Ef,(0) = 150.4, E,(0) = 132, Ef;(0) = 75.2 and EJ,.,(0) = 30.5 such

that EX,(0) > EZ%(O), which satisfies the condition for the Mpemba effect as described
in Eq. (4.36). The choice of the other parameters defining the system are mp = 10my,
rapa =rgg="ry =0.5,rag =06, vy =0.2, vg = 0.8, 64 =2 and oz = 1. P relaxes to
the steady state faster than Q, though its initial energy is larger. The time at which the
trajectories cross each other is 7=0.39 as given by Eq. (5.11).

of systems P and Q. This is achieved when P and Q are driven with the same driving
strengths (o4 and op) for the components A and B . The cross-over time 7 for the crossing
of the trajectories of E(t) and E,QO,(I) is obtained using Eq. (5.11), and the criterion for
the occurrence of the Mpemba effect is given by Eq. (4.36). An example of such a crossing
is shown in Fig. 4.4.

In Fig. 2.6, based on Eq. (4.36), we identify the region of phase space (initial condition)
where the Mpemba effect is observable. In the figure, the variation with r4p is shown. If

the ratio AE;, /AE; rr falls in the region below (above) the line in the phase diagram [see
Fig. 2.6], then the system exhibits (does not exhibit) the Mpemba effect. For steady state
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initial conditions, the ratio AE;,,/ AE,;¢r is given by

Jana [vaX3((05)? = (0f)) +vaXi((of)? = (o))
— A { —Aa(1=rL) = 2AapVaXa + AapVaXi — Appvpogp(l — OCBB)} ((af)* - (O-AQ)Z)
AE, [ —Aa(1=ry) = 2AaBVEXp + AagVEXi — Aaavaaa(l — aA“‘)} (05)” - (o5)")

AR daua (o) - ()~ X (0] - ()]

. (2.58)

'y [ — Aa(1=12) = 22agVaXa + AapVaX3 — ApViops(l — aBB)} ((64)* = (a£)%)

2| = A1 = 12) = 2AagVBXs + AsVaXE — Aaavadaa (1 - aan)| ((05)2 — (0)?)

Note that the ratio AE,,; /AE4; ¢ 18 also a function of the driving strengths, 64 and op [see
Eq. (2.58)]. It turns out that the driving strengths can be appropriately tuned to access the

entire region of phase space (initial condition) in which the Mpemba effect is observable.

2.5.3 The Inverse Mpemba Effect

The inverse Mpemba effect refers to the phenomenon that, when quenched to a high tem-
perature, an initially colder system heats faster than a system at intermediate temperature.
The analysis for showing the Mpemba effect in Sec. 2.5.2 can be generalized to show the
inverse Mpemba effect in the driven binary gas when both components are driven. We
prepare two systems P and Q in steady states such that the total energy of P is larger
than that of Q. Both systems are then quenched, using suitable driving strengths for the
individual components of the bi-dispersed gas, to a common steady state having a higher
energy compared to the initial energies of both P and Q. The cross-over time 7 for the
crossing of the trajectories of EX (¢) and EZ, (1) is obtained using Eq. (5.11) and the crite-
rion for the occurrence of the inverse Mpemba effect is given by Eq. (4.36). An example

of such a crossing is shown in Fig. 2.7.

The accessible steady states of the system that satisfy the condition for the inverse
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Figure 2.6: The AE;, /AE irs—rap phase diagram showing regions where the Mpemba
effect is observed for the bi-dispersed Maxwell gas, where both components of the gas
are driven (see Sec 2.5.2) and rsp is the coefficient of restitution. All other parameters
are kept constant. The choice of the other parameters defining the system are mp = 2my,
v4=0.2,vp=0.8,r,=0.6 and ryy = rpp = 0.5. The region below the critical line gives
the set of initial steady states that show the Mpemba effect whereas the region on the other
side of the critical line correspond to initial states that do not show the Mpemba effect.
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Figure 2.7: The time evolution of the total energy, E;,(¢) for two systems P and Q of
bi-dispersed Maxwell gas where both components are driven with initial steady state con-
ditions: Ef,(0) = 150.4, ES,(0) = 132, EL,.(0) = 75.2 and ES,,.(0) = 30.5 such that
EE (0) > EZ,(0), which satisfies the condition for the inverse Mpemba effect as described
in Eq. (4.36). The choice of the other parameters defining the system are mp = 10my,
rapa =1rgg="rw = 0.5, rap = 0.6, v4 = 0.2, vg = 0.8, 64 = 8 and 6 = 8. P relaxes to
the steady state slower than Q, though its initial energy is larger. The time at which the
trajectories cross each other is 7=0.39 as given by Eq. (5.11).
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Mpemba effect turns out to be the same as that for the direct Mpemba effect and can
be obtained using Eq. (2.58). Thus Fig. 2.6 also illustrates that the valid steady states of
the system given by Eq. (2.58) belongs to the region of phase space (initial condition)

given by Eq. (4.36) where the inverse Mpemba effect is observable.

2.5.4 The Strong Mpemba Effect

We now explore the possibility of a strong Mpemba effect in the binary Maxwell gas. The
strong Mpemba effect refers to the phenomenon wherein the system at higher temperature
relaxes to a final steady state exponentially faster, namely with a larger exponential rate
compared to other initial conditions. Up to now, we had only considered the case where
the trajectories cross, which in general does not imply that the decay rate at large times is
different. The linear evolution equation in Eq (4.19) allows certain set of initial conditions
to relax to the final steady state exponentially faster compared to other initial states. The
effect may be realized when the coefficient (K_) associated with the slower relaxation
rate in the time evolution of total kinetic energy, E;(t) [see Eq. 5.4] vanishes. In what
follows, we would like to probe the system of bi-dispersed gas with both type of particles

driven to look for the presence of the strong Mpemba effect.

Setting the coefficient K_ [given by Eq. (2.57)] to zero, we obtain

X12

B0 = 2

Ediff(()) —C, (259)

where

. Aa (12 = A+ 211) 05 — (02 + Ay — 1) o ‘ (2.60)

A (Ay—211)

For a system with all other parameters kept fixed, solution of Eq. (4.40) in terms of E;, (0)

and Ez;¢¢(0) provides the set of initial states whose relaxation is exponentially faster than

72



the set of generic states. Note that the set of initial states that satisfy Eq. (4.40) lie on a

straight line.

Among these initial states one would like to determine the ones which are steady states.

Remember that the steady state ratio of E;,(0)/Eg;¢¢(0) for a system is given by

E[Ot (0)
—7 7 — f(os.0 2.61
Edlff(()) f( A B), ( )

where f(0y,0p) is given by

AagAd [Vszg(Gg)z + VAXX(GE)Z}

— QLd — )yd(l — ri) —2AapVaXa + AABVAX,Z — ;LBBVBOCBB(I — OtBB) (G:)z

—ld _—Ad(l — I’%V) —2AABVBXB +7LABVBX§ — ).AAVAOCAA(l — OCAA)_ (G )

f(oa,08) =
Mg [Vszg(Gg)z —VaX;(of)?

— 7Ld — ld(l — 1’3‘/) — ZAABVAXA + AABVAXX — ABBVB(XBB(I — OCBB) (Gf)z

+7Ld —A,d(l — I’%V) _2AABVBXB —f—)LABVBXé — AAAVAOCAA(I — OCAA) (GB )2

and is only a function of driving strengths (64 and op) as all other parameters are kept
constant. One observes that valid steady states with initial energies, E;o;(0) and Eg;z7(0)
that satisfy the condition for the strong Mpemba effect [see Eq. (4.40)] can be obtained

by appropriately tuning the driving strengths 64 and op.

Thus for a system of bi-dispersed Maxwell gas where both components are driven, there
exists steady state initial conditions which satisfy the condition given by Eq. (4.40) and
hence approach the final steady state exponentially faster compared to any other similar
system whose initial energies lie slightly below or above the line. An example of the
strong Mpemba effect is shown in Fig. 2.8. The figure shows the evolution of the total
energy E;, as a function of time ¢ for two bi-dispersed systems P and Q that have iden-

tical parameters except for the initial driving strength after being quenched to a lower
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Figure 2.8: The time evolution of the total energy, E; () for two systems P and Q of bi-
dispersed Maxwell gas, both components are initially in steady states, with EL (0) =47.8,
EZ,(0) =438, Ef,,(0) = 45.6 and ES,(0) = 39 such that EL,(0) > E2,(0). These
initial values satisfy both the conditions for the Mpemba effect as described in Eq. (4.36)
as well as those for the strong Mpemba effect (for system P) as described in Eq. (4.40).
The choice of the other parameters defining the system are mp = 10mg4, rag = 0.5, rpp =
0.4, r,=0.6,r4p =035, v4 =0.2, vg = 0.8, 64 =2 and op = 1. P equilibrates to the
final state at an exponentially faster rate compared to Q. Inset: The trajectories for P and
Q cross at a time T = (0.73, as given by Eq. (5.11).

temperature by changing the driving strength to a common lower value. The initial state
of the system P is chosen in such a way that [E;;(0), Ezis(0)] satisfies the condition for
the strong Mpemba effect [Eq. (4.40)], and hence evolves to the final state with a single
faster relaxation rate. On the other hand, in system Q, the initial state does not satisfy the
strong Mpemba effect condition, thus it relaxes differently, and asymptotically evolves
with the slower rate. Further, as the initial condition of the two systems P and Q happen
to satisfy the relation for the existence of the Mpemba effect [Eq. (4.36)], the trajectory
of the system P with higher initial energy crosses that of Q with lower initial energy. The
crossing time T could be obtained using Eq. (5.11) which is captured in the inset of the

figure.
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2.6 Conclusion

In summary, through an exact analysis of the driven mono-dispersed and bi-dispersed
Maxwell gases, we derived the conditions under which the Mpemba effect, the inverse
Mpemba and the strong Mpemba effect can be observed. In Maxwell gas, the rate of
collision between particles is independent of the relative velocity. In addition, the well-
mixed limit is assumed such that spatial correlations are ignored. The equations for the
two point correlations close among themselves resulting in a coupled set of linear equa-
tions allowing for an exact solution. This linearity happens to be natural to the model and
thus does not require any approximations that have been employed in models where the
collision rates are velocity dependent. To demonstrate the existence of the Mpemba ef-
fect, we determine the conditions under which a hotter system relaxes faster than a cooler
system when quenched to a temperature lower than both. For the case of mono-dispersed
Maxwell gas, we showed that the Mpemba effect is possible only if the initial states do
not correspond to steady states. On the other hand, for bi-dispersed Maxwell gas, there
is a range of parameters for which the Mpemba effect exists, even when the states from
which the quench is done are restricted to valid steady states. In a similar framework, we
also demonstrated the existence of the inverse Mpemba effect where a system is heated
instead of cooled, i.e., a system at a lower initial temperature relaxes to a high temperature
state faster than another system with an intermediate initial temperature. We also showed
the existence of a stronger version of the Mpemba effect, where a system equilibrates to

a final steady state at an exponentially faster rate.

The exact analysis allows us to identify the reason behind the Mpemba effect in these
systems. First, we note that, though the system evolves stochastically, the evolution of
the history-averaged correlation functions is deterministic. The evolution equations are
first order differential equations, therefore two trajectories in the correlation functions-
time phase space cannot intersect. However, for the mono-dispersed gas, the state of the

system is defined by two quantities: energy and inter-particle correlation function. In
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this three dimensional space (third dimension being time), two trajectories cannot cross.
Nevertheless, when projected onto the lower dimensional energy-time plane, trajectories
may cross, leading to the Mpemba effect. If the initial states correspond to steady states,
then the inter-particle correlations are exactly zero and remain zero during time evolution,
constraining the correlation function-time plane to be two dimensional. Thus, a necessary
condition for the Mpemba effect to be observed is a non-zero inter-particle correlations,
or alternatively non-stationary initial states. On the other hand, for bi-dispersed gases,
there are two kinetic energies and three inter-particle correlation functions. Since the
energy-time dimensions are themselves three dimensional, it is possible to observe the
Mpemba effect when the correlations are set to zero, as in a true steady state. Note
that for the present study, we have chosen intersection of total energy as an indicator
of the Mpemba effect. This is a natural choice, as this is the quantity that is easiest to
track in an experiment. It is possible to characterise the state of the system by more
macroscopic quantities. For example, by temperature 7" and second Sonine coefficient, a,
in the expansion of velocity distribution function around Gaussian, as studied for the case

of granular systems of hard sphere particles [22].

Our results are analogous to those found in the perturbative treatment of the most real-
istic granular systems [22, 23]. In these calculations, the Mpemba effect can be seen in
mono-dispersed systems when the initial conditions do not correspond to any steady state,
but rather to some transient states that are close to the final steady state. This is achieved
by choosing appropriate initial velocity distribution functions for the two systems. For
the case of rough granular gas, calculations were carried out by considering states with
Gaussian velocity distribution at all times which may not hold good for non-equilibrium
systems. In contrast, the analysis in the present work does not make any assumption
regarding the nature of velocity distribution in the steady state of the granular system.
Therefore, extending the calculations of Refs. [22, 23] to smooth bi-dispersed gas would
be a promising area for future study. One can also search for exponentially faster re-

laxation protocols in these systems as studied in Refs. [5, 6]. In addition, the results in
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this chapter, particularly the case of bi-dispersed Maxwell gas where both components
are driven, suggest that driven binary gases are a good candidate for observation of the

Mpemba effect in granular experiments.

Further, in the aim of demonstrating the existence of the Mpemba effect in Maxwell gases,
we have assumed that energies evolve monotonically, by not explicitly accounting for the
possibility that when a hot system is quenched to a lower temperature, the temperature
could drop below the final temperature. In order to include scenarios with non-monotonic
evolution of energy into the present framework, one may have to look at the behavior
of the absolute values of the coefficients K_ [11]. This extended case may be addressed
in future, to the present and other models of granular gases. One may also look at the
relation between the existence of such non monotonic relaxation and the strong Mpemba
effect, as the presence of non-monotonicity indicate a change in sign of the coefficient

K_.
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Chapter 3

Mpemba effect in an anisotropically

driven granular gas

3.1 Introduction

In the previous chapter, we investigated the role of initial conditions for the existence of
the Mpemba effect in driven granular gases. The Mpemba effect has been demonstrated
for homogeneous and isotropically driven smooth as well as rough gases, which requires
the initial states to be non-stationary [22, 23, 24, 25]. The results from an exact analysis
of the driven, inelastic Maxwell gas where the rate of collision is taken to be independent
of the relative velocity of the colliding particles, is consistent with the above results for
the mono-dispersed gas [25]. However, the lack of stationarity of the initial conditions
makes it difficult for experimental realisation because while stationary states are easy to
achieve due to them being attractive, non-stationary states require careful preparation of

the initial state.

On the other hand, we demonstrate the existence of the Mpemba effect in driven bi-

dispersed granular gas, starting from steady state initial conditions. However, we find that
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the criteria for the steady state initial conditions is fulfilled only when the two species of
particles of the bi-dispersed gas are driven differently. Such a criterion makes the model
more abstract and one does not know how to drive two species of particles differently
in experiments. Moreover, the model brings in too many system parameters making to

difficult to analyse the minimal criteria that can lead to such effect.

In this chapter, we switch to the mono-dispersed granular gas but now anisotropically
driven in two dimensions, and show the existence of the Mpemba effect starting from
initial conditions that are stationary. The benefit for the choice of such a model is two
fold: (a) it has fewer system parameters to analyse compared to the bi-dispersed gas where
both the species are driven differently and (b) such a model is experimentally realisable.
In addition, we derive the conditions for the inverse and the strong Mpemba effect in this
system. The analysis is exact for stationary states that are close to the final stationary state.
For generic initial stationary states, we verify our theoretical predictions with detailed
event-driven molecular dynamics simulations of hard discs. We propose that this set
up of anisotropically driven granular gases is ideal for studying the Mpemba effect, and
later for possibly more practical applications. The content of this chapter is published in

Ref. [26].

3.2 Model

Consider a two-dimensional granular gas composed of identical, smooth, inelastic hard
particles. The velocities of these particles change in time through momentum conserving
binary collisions. When two particles i and j with velocities v; and v; collide, the new

velocities v; and v’; are given by

147 AT A
vl = v — 5 [(vi—vj).€]é,
14+r . 3.1



where r is the coefficient of restitution and € is the unit vector along the line joining the
centres of the particles at contact. The particles are anisotropically driven at a constant

rate. At long times, the system goes into a stationary state.

The velocity distribution function f(wv,t), defined as the number density of particles hav-

ing velocity v at time ¢, obeys the Enskog-Boltzmann equation [73]

d B g 92 &, 02
Ef(‘)?t)_%I(faf)+<78v§+78_v§>f(vat>7 (32)

where ) [74] is the pair correlation function, I(f, f) is the collision integral which ac-
counts for the rate of collision of two particles being proportional to their relative velocity

and is given by

1) = 0 [[dva [ de®(—viz.e)lvizel [ 70 0) (05,0 = FO1,0 7 020)] . 3)

Here, égx and (:‘Ozy are the variances or strengths of the white noise along the x- and
y-directions respectively. Note that in Eq. (3.2), we have introduced different driving
strengths along the two directions, and we will refer to such driving as anisotropic driv-
ing. The Enskog-Boltzmann equation can be used to describe a spatial system but here
we consider a spatially homogeneous system such that the spatial degrees of freedom
are ignored. Moreover, as usually assumed in kinetic theory for dilute gases, we apply
the molecular chaos hypothesis to use product measure for the joint velocity distribution
function in the collision integral I(f, f).

The anisotropic driving implies that, though the system remains homogeneous with (v) =
0, the mean kinetic energies per particle (granular temperature) along the two directions

are different. The granular temperatures are defined as 7;(tr) = (2/n) [ a’v%mvi2 fv,t),

where n = [dv f(v,t) is the number density, m is the mass of the particles, and i = x,y.
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The time evolution equations are given by

ol . 4nxc(1+r)\/Ty ) , "
5 =Mt B T T <[ (4er-312+ -3 —20+012)E(1-F)
+Tx(27}(3—2r)+7}(1+r))K( —%)} (3.4)
and
aT,

2 dnyo(14r)\/Ty T, T,
W:méoer WR(T{;X 2(1+r)(7;2—Tyz)E(lff)+(3r77)\/ny(Tx—2Ty)E( fﬁ)

R RK(1-F) -V (- )], 69

We introduce two quantities T, and Ty;r which are the total and the difference of the

temperatures in the two directions:

Ttot(t) - Tx(t)‘i'Ty(t)a

Taip(t) = Te(t) = T(1).

(3.6)

We define the dimensionless variable for time, #* in terms of mean collision time as

= vt, (3.7)

where vy is the frequency of interparticle collisions given by

2(Tst +TYt ) 2T€t
Vo= gon|| — g (AL, (3.8)
Tm T3 + le. 5

Within kinetic theory, the velocity distribution of a driven granular gas, f(v,t*), is ex-
panded about the Gaussian in terms of Sonine polynomials [73, 74]. For the sake of
simplicity, we restrict ourselves to the first term in the expansion, namely a Gaussian.

Adding more terms will not change the qualitative results obtained in the chapter. Thus,
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we write

Flo,t) = m exp | - ME ™ (3.9)
T L) T | 2n) 24,() | '

Substituting Eq. (3.9) into Eq. (3.2), we find that the equations governing the tempo-
ral evolution of T;,,(¢*) and Ty;¢(t*) form a closed set of coupled non-linear differential

equations, and is given by

J .
%Tmt(l‘ )= g(TlotaTdif)a
) x
%Tdif(t ) =9 (Tior, Tuir),

(3.10)

where

F(T.,.. Tyir) = m(i&x-&-é&) nx 0 (1+r)y/Tror—Tais
( tots dlf) - Vo lSVO\/ZTEdeif

2T,
x [((3r— VI, +4(Tr — 3) T Tyip +3(3r — 7)szif)E(T%£f>

2Ty
7(3)’* 7)(Tzot - 3Tdif) Tf‘%’ o szifE(T’”’j{ﬁf)

—2Ty;
*(E()t + Tdif) ((3"* 7)Tl()t + (7”7 3)Tdif)K(7;w,(;‘[£f>

2Tyir
+(3r = 7)y/Toar & Ta (Toor = Taig) K (o )|, G.11)

and

m(E—E3)  nxo(14+r)(3r—7)\/Tror—Tuiy —2T4if
g(th’ Tdif) = Vo =+ 15v\21mTy;f % [(Z}or * 3Tdif)(7}0r + Tdif)E(ﬂm*Tdif)

27y,
+(Tior —3Taig)\/ Tioe — szifE(Wdem)

—2Ty;
- (Tlm‘ + Tdif)2K< T}Ut*(;‘tj;f)

2Ty
~/Toor + Taig (Toor = Taig) K ( Tt Tay )] ' G-12)

We denote the parameters of the final stationary state by 7;%; and T/ - In the stationary

state, the time derivatives in Eq. (3.10) can be set to zero and hence .7 (T3, Tdsl?f) =0and
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Y(Tio Tji;) = 0. Let us study the variation of the stationary temperatures 7,7, and 7/, as

a function of the system parameters. We define the following scaling functions:

2 \2/3
Tst — ( §0x > Tst
tor =M nyo for (1L,
5 ) (3.13)
T = m( S )2/3ng (r,), where =2
dif nyoc dif\" ) —ggx'

On using the scaling forms for 7%, and Tdsff [see Eq. (3.13)] in the steady state condition

of Egs. (3.11) and (3.12), we obtain the following coupled equations in terms of 7% (7, )

and le?f(r,u):
() [T =T, 7 ag oy 72 g2 g 2l
0 - (1 +,u«) + W X |:_ (3]"_ 7)(7;{)[ - 3lef) 7—;01 - TdifE(T}m-i-Tdif)
o ) _ oy
(T + ) (Gr=7)T + (77 3)Tgff>K<—T;gth§;f>
. o1y,
FOr=T) T+ Tt (T = Titg) K ()
) o ~ Ty
+(Br=7) (T +4(7r 3)Tt2’tijf+3(3’—7><T55f)2)E<T,z’,%Gfﬂ  3.19)
and
NBr-DTa—Ti T o o 2
0= (-m+—7mm [(Tfsotf+3Tdsff)(7}gf+T55f>E(ﬁ>

~ ~ = = 2T&lr
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Figure 3.1 shows the variation of the scaled functions, 7% (r,ut) and le.’f(r, W), for two
different values of coefficient of restitutions, » = 0.01 and r = 0.65. It is evident from
Fig. 3.1 that as the ratio of the driving strengths (1) approaches unity, i.e., in the limit of

isotropic driving, Tj{ f(r, ) goes to zero irrespective of the value of r. Also, as r increases,

83



I
- St
1.2 th)t 1.6 =
Ty
- 812 0 -
2508 1 7312
> % st 3 %0°8 |
=04 Ty IS ~
= o 0.4 |- Ty .
0 0.3 0.6 0.9 0 0.3 0.6 0.9
u u

Figure 3.1: Variation of 7%, (r, i) and Tdsff(r, ) with u for two different cases of (a)

r=0.01 and (b) r = 0.65. Tdsl?f(r, W) goes to zero in the limit of isotropic driving, u — 1
and its value decreases with the increase in r for any given value of the ratio of driving
strengths, U.

i.e., as collisions become more elastic, ijf(r, 1) decreases to zero for any given value of

.

3.3 Mpemba effect

We define the Mpemba effect as follows. Consider two systems with different initial 7;,;.
Both systems are quenched to the same final stationary state whose temperature is lower.
If the system that is initially hotter reaches the final stationary state faster, then we say
that the system shows the Mpemba effect. Likewise, if the initial systems are heated to a
higher temperature and the cooler system equilibrates faster, we will say that the system
shows the inverse Mpemba effect. Finally, for both effects, we will say that the system
shows strong Mpemba effect, if the hotter system relaxes exponentially faster than the
cooler system for the Mpemba effect and vice versa for the inverse Mpemba effect. We
will demonstrate the existence of all these four features for the anisotropically driven
granular gas, both analytically using a linearised theory as well as through event-driven

molecular dynamics simulations.

We first analytically demonstrate the Mpemba effect by considering only those initial
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stationary states that are close to the final stationary state, allowing for linearisation of
the system thus making it tractable. This method of linearisation closely follows that of
Ref. [22]. Let 8Ty (t*) = Tror (t*) — Ty and 8Ty;¢(t*) = Tuif (t*) — Ty denote the time-
dependent deviation from the stationary state values. For small deviations, the non-linear
differential equations in Eq. (3.10) can be linearised about the stationary state values to
give

d | 0T (") OTio (1)

4 __R , (3.16)
5le’f(l‘*) 6Td,'f(l‘*)

where R is a 2 x 2 matrix with components R, Ri2, R>; and Ry, given by

R nxo(l+r)
11 ==
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where the coefficients K ,K_,L; and L_ are given by
1
K, = ;/[RIQSTd,-f(O) ~ (A= R1)8T(0)]
1
K = E/[—RuSTd,-f(O) + (As = Ri1)8Ti0 (0),
(3.18)
1 Ay —Ry)(A-—Ryy
L= 2 (e = Rty 0) - F=RE= R g7 )
1 A —Ry1)(A-—Ry
L_ :}[—(A—R11)6Td,~f(0)+ ( R)1(2 )(STZOZ(O)].

Here, A are the eigenvalues of Rand y=A4, —A_.
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We now derive the condition for the Mpemba effect to be present in the linearised regime,
based on the analysis of Eq. (5.6). Consider two systems P and Q whose stationary
state parameters are denoted as [7}5,,T£f] and [TtoQ,,Td%c] respectively. We will assume
that P is hotter than Q, i.e., TF, > T,2. On quenching to [T}%,, Tois

will be present when there exists a finite time 7 such T;F (*) < TmQ,(t*) for t* > 7. To

], the Mpemba effect

characterise the difference between the two system, we introduce the quantities AT;,; =
T5,(0) — T,/(0) and ATy;¢ = T (0) — T2, (0). From Eq. (5.6), written for both P and 0,
the time 7 at which the two relaxation curves cross, corresponding to T, (7) = T2 (1), is

given by

1 [RIZATdif — (A —Rll)ATmz]

T=—-In
RleTd,'f - (A«Jr —Rll)ATtot

3.19
v (3.19)

For the Mpemba effect to be present, we require that T > 0, or equivalently (since y > 0),
the argument of the logarithm in Eq. (3.19) should be greater than one. We immediately

obtain the criterion for the crossing of the two trajectories as
R12Ale'f > (l_,_ — RH)ATmt. (3.20)

In Fig. 3.2(a), we choose initial conditions P and Q such that Eq. (3.20) is satisfied. The
trajectories cross at the point as predicted by Eq. (3.19). For initial stationary states that
are close to the final state, there is little difference between the linearised (dotted lines)

and the full numerical solutions (solid lines).

In Fig. 3.3, we identify the region of phase space (initial conditions) where the Mpemba
effect is observable for varying coefficient of restitution r, based on Eq. (3.20). The initial
conditions in the region below the line in the phase diagram show the Mpemba effect
whereas the other region does not show the effect. The phase diagram is for a generic
final stationary state with parameters 7., = 1.0 and le?f = 0.15. As r approaches unity,

the gas becomes more isotropic, and the the key feature responsible for the presence of
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Figure 3.2: (a) The time evolution of T, (t*) with time * for two systems P and
Q, with initial conditions T;},(0)/7;5=1.005, T :(0)/T;5=0.28 (&5,/&5 = 6 x 107),
T,5/(0)/T3%=1.004 and T, (0) / T;54=0.2 (&2, /E2, = 0.168), show the Mpemba effect when
quenched to the final stationary state values of 7;5,=1.00 and T/ T;7,=0.28 (é(,zy JE2 =
1.54%107%). (b) The initial conditions T;}, (0) /T;5,=0.997, T;+(0) /T,5,=0.277 (&5, /&5 =
7.34 % 1072), T.(0)/T,%,=0.996 and T,5,(0)/T;3=0.198 (£2,/£2,=0.169) show the in-
verse Mpemba effect when heated to the final stationary state values of 7;%,=1.0 and
T3,/ Ti5=0.28 (§5,/&5 = 1.54 x 10~%). The solid lines represent the exact time evo-
lution of T;,; and the dashed lines represent its time evolution after linearisation. The
other parameters used for the systems are m=1, n6>=0.02 and r=0.65.
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Figure 3.3: The AT;,;/ATyis—r phase diagram showing regions where the Mpemba effect
is observed and r is the coefficient of restitution. All other parameters are kept constant.
Here, both the systems are quenched to the final stationary state given by 7,5, = 1.0 and
ijf /T, = 0.15. The region below the critical line show the Mpemba effect whereas the
region on the other side of the critical line does not show the Mpemba effect.

the Mpemba effect, 1.e., anisotropy of temperatures, is lost and hence the Mpemba effect

is not observed.

It can be shown that an inverse Mpemba effect also exists wherein the system is heated
instead of being cooled. The condition for the inverse Mpemba effect to be present turns
out to be the same as in Eq. (3.20). An example is illustrated in Fig. 3.2(b). Initially Q is
at a lower temperature. On being heated to a common higher temperature, it can be seen
that Q equilibrates faster. Again, the difference between the exact linearised solution and

the full numerical solution of the non-linear equation is negligible.

We also explore the possibility of the strong Mpemba effect in which the system at higher
temperature cools exponentially faster. The linear evolution equation in Eq. (5.6) allows
certain set of initial conditions to relax to the final stationary state exponentially faster
compared to other initial states. The effect may be realised when the coefficient asso-

ciated with the slower relaxation rate in the time evolution of total temperature, T;,(1*)

91



\d
|

)
<
N
LR
(=)

L4 -

| IIIIIII|
L2

RIREET

1 0-5 | | | |

=]
=
@ o)
[u—
[\®)
[
=)

Figure 3.4: Time evolution of 7, (t*) with t* for two identical systems P and Q with ini-
tial conditions 7,5, (0)/7;%=1.026, T} .(0) /T;5,=0.456 (£2,/£2,=0.08), T,5(0) /T;,=1.014

dif
and Td%f(O) /T4=0.2 (&2 /&2,=0.438) which are chosen close to the final stationary state

values of T;3,=1.0 and T} ./ T;7,=0.1 (éozy /E2.=0.667). P cools exponentially faster than Q
though it has higher initial temperature and thus exhibits the strong Mpemba effect. The
other parameters used for the systems are m=1, n6%=0.02 and r=0.2.

vanishes. Setting the coefficient (K_) associated with the slower relaxation rate to zero

[see Eq. (5.6)], we obtain the condition for the strong Mpemba effect to be
= ———T4is(0) —c, (3.21)

where ¢ = Ryp /(A4 — RH)Tdsff — T¥.. For a system with all other parameters kept fixed,
solution of Eq. (3.21) in terms of T;,,(0) and 7;;+(0) provides the set of initial states whose
relaxation is exponentially faster than the set of generic states. Among these initial states,
we look for stationary states that can be obtained by applying suitable driving strengths
ﬁozx and éozy. One such example is illustrated in Fig. (3.4). Here, P which is hotter cools

exponentially faster.
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3.4 Comparison with simulations

In these calculations, the spatial degrees of freedom have been ignored. To show that the
results continue to hold even when spatial correlations may be present, we compare the an-
alytical results with event-driven molecular dynamics (MD) simulations. In the MD sim-
ulations, we have analysed the systems with dimensionless number density, ng? =0.02
and r = 0.65. During a collision, the velocities are updated according to Eq. (4.1). For
driving, after a certain time step dt, a particle is chosen at random at rate A; and the ve-
locity of the particle is updated according to: v; = —v; + ﬁozl /Aa®i, where i = x,y and ¢
is drawn from a normal distribution. We prepare two systems P and Q in their stationary
state initial conditions having different initial temperatures and then quenched to the same
lower temperature. The driving strengths §§x and éozy corresponding to the initial and final

stationary temperatures are computed using Egs. (3.11) and (3.12).

Figure 3.5 shows the time evolution of the total temperature, 7;,, with time, t* when the
two systems, P and Q are driven from their different stationary state initial conditions to
a same final state. In order to compare between the theory and simulation results, we
plot the ratio of T;,,/T,%, obtained from the respective theoretical and simulation results.
The solid lines represent the theoretical predictions as obtained by solving the full non-
linear Eq. (3.10) by assuming Gaussian distribution for the velocity distribution function
whereas the points denote the results obtained from the MD simulations. Clearly, there
is a good agreement between the theoretical predictions and the results from the MD
simulations for both the Mpemba effect [see Fig. 3.5(a)] and its inverse [see Fig. 3.5(b)].
For much larger initial temperatures (twice as large), the comparison between simulation
and the numerical solution of Eq. (3.10) is shown in Fig. (3.6). While there is a small

quantitative difference, the qualitative features of the Mpemba effect persist.
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Figure 3.5: (a) The time evolution of T;,(t*) with time ¢* for two systems P and
Q, with initial conditions T/;t( )/T=1.051, lef( )/T355=0.294 (&7, /£2=3.64x1077),
72(0)/T* =1.046 and T +(0)/T;5=—0.172 (é(,y/éox—3.87), show the Mpemba effect
when quenched to the ﬁnal stationary state values of T,5=1.0 and Ty./T;7,=0.279
(&oy/E0x=3-89x107%). (b) The initial conditions 7,7, (0)/7;%,=0.953, T}, (0)/T;%,=0.267
(£2/€2=3.59%107%), T,5(0)/T,%,=0.948 and T2 (0) /T, =—0.156 ({2 /£2,=3.89) show
the inverse Mpemba effect when heated to the ﬁnal stationary state values of 7;%,=1.0 and
T)i¢/ T3 =0.279 (£2,/£2=3.89x107?). The solid lines represent the exact time evolution
of T;,; and the pomts represent the results from simulation. The other parameters used for
the systems are m=1, n6>=0.02 and r=0.65.
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Figure 3.6: Time evolution of 7, (t*) with t* for two identical systems P and Q with ini-
tial conditions T;}; (0)/T;3,=2.1, Ty, (0) /T;3,=1.26 (§5,/5,=5.89x 107?), 72(0)/T5=2.0
and Td%(O) JTih=—1.2 (&3, /£2=1.697x10%) show the Mpemba effect when quenched to
the final stationary state values of 7;7,=1.0 and 7))} -/ T;7,=0.6 (£2,/£2=5.893x107°). The

other parameters used for the system are » = 0.05, m = 1 and n6? = 0.02. The solid
lines represent the exact time evolution of T;, and the points represent the results from
simulation.
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3.5 Conclusion

To summarise, we showed the existence of the Mpemba effect, the inverse Mpemba effect
and the strong Mpemba effect in an anisotropically driven granular gas. The key feature
is that the initial states are stationary states unlike earlier analysis of the Mpemba effect in
isotropically driven granular systems which required the initial states to be non-stationary.
Our analysis also shows that anisotropy in the velocity distribution of particles is a key
ingredient for the existence of such anomalous behaviour, and the Mpemba effect van-
ishes when the collisions become elastic. It also demonstrates that the Mpemba effect,
though usually studied in detailed balanced systems, is more general and is applicable to
systems far from equilibrium. The time taken to relax to the steady state could depend
anomalously on the distance of the steady state from which it is quenched. Though the
exact results were based on a linearised theory for a spatially homogeneous system, MD
simulations of hard discs in two dimensions show that the results are true for a spatially
extended system also. Achieving anisotropic driving in experiments is not difficult as
the amplitude and frequency of shaking can be chosen to be different in different direc-
tions, and should therefore allow for an experimental realisation, which has been hitherto

lacking, of the Mpemba effect in granular systems.
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Chapter 4

Mpemba effect in anisotropically driven

inelastic Maxwell gases

4.1 Introduction

To achieve the Mpemba effect in a granular system with stationary initial conditions, a
couple of systems have been put forward. Through an exact analysis of a driven binary
granular Maxwell gases [25], it was shown that the coupling between the mean kinetic
energies of the two components of the binary gas leads to the Mpemba effect, the inverse
Mpemba effect and the strong Mpemba effect starting from steady state initial conditions.
Here, a mechanism of driving the two types of particles differently is required, which
may be difficult to achieve in practice. For a monodispersed gas in two dimensions, it was
shown in the previous chapter that it is possible to achieve the Mpemba effect, its inverse
and the strong counterpart with initial stationary states provided the driving is anisotropic
(different in the two directions) [26]. This was established based on an analysis of the
Enskog-Boltzmann equation for driven granular gases with the simplifying assumption
that the velocity distribution is a gaussian. By linearising the theory about the stationary

states, it is shown that the Mpemba effect can be achieved by simply tuning the driving
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strengths, thus making it an effective system for experimental realisation of the effect.
Results from event-driven simulations are consistent with the results from the linearised
theory [26]. However, it is not very clear how much the results depend on the simplifying
assumptions which are ad-hoc and not perturbative. In addition, the Enskog-Boltzmann
equation for driven granular gases assumes that the driving is diffusive and hence limits
the form of driving. It would thus be of importance to have a more rigorous derivation of

the results.

In this chapter, we do an exact analysis of the system of monodispersed inelastic gas with
anisotropic driving based on the inelastic Maxwell model in two dimensions. Compared
to the system studied in Ref. [26] where the rate of collision is proportional to the relative
velocity, in the Maxwell gas, the rate of collision is independent of the relative velocity.
While this makes the Maxwell gas more unrealistic, it renders it more amenable to exact
analysis, at the same time retaining the qualitative features. This advantageous feature has
been exploited in obtaining more rigorous results in both freely cooling granular gas [75,
76, 77, 78] as well as in the velocity distributions of driven granular gases [79, 80, 81,
55, 56, 58, 57]. The equations for the time evolution of the relevant two point velocity
correlations for the Maxwell gas form a closed set of equations [60]. We analyse these
equations to determine the condition and the parameter regime for the existence of the
Mpemba effect. Compared to the model studied in Ref. [26], the rigorous analysis in the
Maxwell model allows us to explore the entire region of phase space of the system as well
as to analyse every aspects of the possible anisotropy that can demonstrate the Mpemba
effect. With our exact analysis of the anisotropically driven Maxwell gas, we are able to
put the results of Ref. [26], which depended on many simplifying assumptions, on a more
sound footing. We show that the Mpemba and the inverse Mpemba effects exist for steady
state initial conditions which can be prepared by tuning the physical parameters defining
the system. In this analysis, we also demonstrate the existence of the strong Mpemba
effect where for certain specific initial steady states, the equilibration rate is exponentially

faster compared to any other initial steady states. The content of this chapter is published
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in Ref. [27].

4.2 The Model

Consider a monodispersed granular gas composed of N identical particles. We label the
particles by i = 1,...,N and denote their two dimensional velocities by v; = (vix, viy).
These velocities evolve in time through momentum conserving inelastic binary collisions
and external driving. A pair of particles i and j collide at a constant rate A./N (Maxwell
model). The factor 1/N in the collision rates ensures that the total rate of collisions
between N[N — 1]/2 pairs of particles are proportional to the system size N. The new

S / .
velocities v; and v; are given by

'vl{ =v; — of(v; —v;).€]€,

4.1)
v = v+ of(vi—v;).€]é,
where
1+r
o= 4.2
> 4.2)

r being the co-efficient of restitution, and € is the unit vector along the line joining the
centres of the particles at contact. We assume that é takes a value uniformly from [0,27)
for each collision. In addition to collisions, the system evolves through external driving.

Each particle is driven at a rate A,. During a driving event, the new velocity v; is given by

Vgx:_rwxvix‘i‘nm —1 <y <1,
4.3)

/
Viy = —FwyViy + My, —1<n,y <1,

where the parameters r,,, and r,,, are scalars that are related to the driving along the x and

y directions respectively and 7 is a noise taken from a fixed distribution ®(77). We denote
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the second moment of the noise distribution by 62 and Gyzi

of = [ dnmiem), k=xy 4.4)

Note that 62 # Gy2 OF Iy 7 T'yy corresponds to anisotropic driving and will introduce an

anisotropy in the resultant velocity distribution of the particles.

The driving scheme described above [Eq. (4.3)] takes the system to a steady state and the
isotropic case has been used extensively in earlier studies [55, 56, 58]. We note that if
rwx = —1 or r,, = —1, then the driving is equivalent to the diffusive driving, dv/dt =
7, in which case the total energy diverges with time and therefore there is no steady
state [59, 60]. This model of dissipative driving [Eq. (4.3)] can be thought of as particles
colliding with a vibrating wall. In that case, the velocity of a particle vy, after the collision
with the wall is given by: vjcyy — Vv’vx,y = —Fyuxy(Vey — Vix,y), Where 1y, , is the coefficient
of restitution between the wall and the particle and V,,,, being the wall velocity. Since
/

the velocity of the wall remains unchanged during a collision, we have Vi, = Vi y.

Therefore, we can write V', —FwxyVxy T (1+ rwx,y)wa. We assume that the velocity

Y=
of the wall in each collision is like an uncorrelated random noise. Hence, we can write

V/

ey = ~TwxyVey T Ty The physical values for ry, y lie in [0, 1], where zero denotes

completely inelastic wall collisions and one denotes elastic wall collisions. However, as
a mathematical model for driving, it is valid for the range ry,,, € (—1,1]. A detailed
explanation regarding the physical motivations for the form of driving in Eq. (4.3) may

be found in Refs. [59, 60].

Let P(v,t) denote the probability that a randomly chosen particle has velocity v at time ¢.
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Its time evolution is given by

%P(u,t) 'y / / / dédvidvaP(v1,1)P(v2,1)8(v1 — a[(v1 —v2).8]é —v)
"‘)Ld//d"?d'vlcb('r’)P(vlat)a[_rwxle+nx_VX]S[_rwa1y+ny_Vy]

— AP (v,t) — AgP(v,1), 4.5)

where the first and third terms on the right hand side describe the gain and loss terms due
to collisions while the second and fourth terms describe the gain and loss terms due to
driving. We now analyse the driving terms for the special case of ry = r,, = 1 and for
small 17 and show that it leads to a diffusive term. We denote the driving terms as Ip and

is given by
ID:_;LdP(Uat)+;Ld//dndvlq)(n)P(vlat)(s[_le+nx_Vx]s[_vly+ny_vy]- (4.6)

Integrating over v1 and using the property P(v,t) = P(—v,t), we obtain

Ip = —AgP(,1) + Ag / dn®(n)P(v —n,1). @.7)

Upon Taylor expanding the integrand about |n| = 0 and then integrating over 1 gives

2a(nl*) oo :
Ip = TV P(v) +higher order terms, 7y =7y = 1. (4.8)

When the higher order terms are ignored, the driving terms in the time evolution equation
for P(wv,r) takes the form of Fokker-Planck diffusive term, and we therefore call the case

Fwx = hyy = 1 as diffusive driving.
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4.3 'Two point correlations

We are interested in the time evolution of the following two-point correlation functions:

N

Edt) = D 0A0), ) = sty B 0 i),
i=1 i
N

B0 = K030, GO = p B Z) 1000
i= JFi

&S|

£l
2=
I=

<Vix(t)viy(t)>7 ny(t):m g\[:lzy;1<vix(t)vjy(t)>- (4.9)
JA

E.(t) and E,(r) denote the mean kinetic energies of the particles along x and y direc-
tions respectively. Ey(f) denote the correlations between v, and v, of the same particle
whereas Cx(t), Cy(t) and Cy,(t) denote the velocity-velocity correlations between pairs of
particles. The time evolution for these correlation functions can be obtained starting from
Eq. (4.5) [55, 56, 58, 60, 25]. These may be written compactly in a matrix form as

dit(’) = RX(t)+ D, (4.10)

where the column vectors 3(¢) and D are given by:

(1) = [Ex(t),Ey(t),Exy(t),Cx(t),Cy(t),ny(t)]T, 4.11)

D = [A407,240;,0,0,0,0]". (4.12)

While the matrix R can be written for any N, in the thermodynamic limit N — oo, it

simplifies to
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- A +AY Ay 0 —A; —Ap 0 -
Ar Ay —|—Aiy 0 —A; —A4 0
B 0 0 —A3+A7 0 0 Aj “413)

0 0 0 245 0 0

0 0 0 0 2A§ 0

0 0 0 0 0 A3 +A§

The constants A ,AQ,A3,A£{',AQ are given by:
Al = %Acoc“ — Ao, Ay= %4?4,
Ay =Aea(1=5), AF = =2a(1 = riry) (4.14)

A5 = —24(1+ry), wherei,j € (x,y).

In the steady state, the left-hand side of Eq. (4.10) equals zero. After taking the ther-
modynamic limit (N — o), we obtain the steady state values of the different two point

correlation functions as

" [(4a(1 = 1)) + Acx(4 = 30)) o7 + 0 A7 | , (4.15)

F
Aa[(82q(1 = rk) + Ao (4 —3a)) o7 + 0 A.07 |
Ey, = 7 , (4.16)
Ey=Cy=Cy=Cy=0, 4.17)

where

F =403 (1—r2)(1 - riy) + oA Ag(4—30)(2— r@x—rfvy) +20°A2(2 - 3a+a?).
(4.18)

From the structure of R [see Eq. (4.13)], it is evident that the time evolution of velocity-
velocity correlations only depend (linearly) on other velocity-velocity correlations and do

not depend on the mean kinetic energies. Thus, if in the initial state, these correlations are
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zero, then they remain zero for all times. Since we will be considering only initial states
that are stationary, the velocity-velocity correlations are initially zero [see Eq. (4.17)] and

will continue to remain zero for all times.

We therefore set these velocity correlations to zero and write the time evolution for only

the non-zero quantities, E, and Ey, as:

dX(t)

o = BE@)+S, (4.19)
where
T
EU%=FN%@@J, (4.20)
S = {ldoxz,kdcyz] T, (4.21)

and R is a 2 x 2 matrix, whose entries are given by

3
R11 :Z CO£2 —/lca—ld(l —ngx), R12 = —062,

; (4.22)
R22 :Z Caz—lca—ld(l—rfvy), R21 = o-.

It is convenient to work in a different set of variables than E,(¢) and Ey(f). We introduce

the total energy, E;., and the difference in energies, Ey;y, as:

Eior = Ex + Ey, (4.23)

Egif = Ex—E,. (4.24)

Note that since the driving is anisotropic, Ey;¢ # 0 in general.

The time evolution equations for E;,; and Ey;¢ can be expressed, starting from Eq. (4.19),

as
dE(t)
dt

— — XE(1)+D, (4.25)
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where

E(t) = {Emt(t),Ed,-f(t)] , (4.26)

T
D = [/’Ld(cf +067), Aa(07 — 62)} ; (4.27)

and x is a 2 X 2 matrix with the components of the matrix given by

Z)Lca(l_a)—i—ld(z_rvzvx_rvzvy) Ad(rvzvy_rvzwc)
X1 = 5 y o X2 = 5
5 ) ) ) (4.28)
A‘Ca(z_a)—f—ld(z_rwx_rwy) Ad(rwy_rwx)
X2 = 5 o X211 = 5

Equation (4.25) can be solved exactly by linear decomposition using the eigenvalues A4

of x:

1

A 2

[Md(z =)+ (4 30) £ [4A2 (2, — 12,2+ a‘%g] . (429)

— Ix

It is straightforward to show that Ay > 0 with A, > A_. The solution for E;,(¢) and

Edif(t) is

El()t (t) - <E[0t> = K+eia’+[ +K7€717[,
(4.30)

Edif(t) - <Edif> = L_i_e_hrt _|_L_e—l,t,

where (E;,) and (Eg;y) are steady state values of E;.(t) and Eg;¢(t) respectively. The

coefficients K ,K_,L and L_ along with (E;,;) and (Ey;s) are given by
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K, =— [— (A= = X11)E101(0) + X12E4if (0)

/){ [(x12— (A= —x11)) o7 — (x12+ (A= —xll))oyzﬂ,
N

K_ :%/ [(l+ — X11)E101(0) — x12E4i(0)
+/?Lt_d[(7512— (A4 —Xll))cf_ (112+(7L+_x“))6yzﬂ’
(12— (A= —x11)) o — (2 + (A _75“))%2
Etot [ )u
n
(%12— (Ay — %11))0 —(7612+(7L+ Xll)) yz}
A{i )
L. :l [_ ()L+ —%11)@_ _XII)Etot(O)+ (M— —Xll)Edif(O)
Y X12
A’Lm (s~ ) (A~ 200)(02 — D]

L :_[(M i) (A —xi1)
Y X2

(A=) (A== zn)(0? o)) .

Etor(0) — (A4 — X11)Eaif (0)

/1%1
Ad 11
(Eaif) = 7 y[(M x”)(l_X11)<03—0§)(Z—Z)],
'}/:2,+—A,.

These coefficients depend only on the system parameters and initial conditions. Equa-
tion (5.4) gives the full time dependent solution for the energies, and we utilise them to

demonstrate the Mpemba effect.

4.4 The Mpemba effect in an anisotropically driven gas

In this section, we show and determine the conditions for the existence of the Mpemba
effect in the anisotropically driven monodispersed Maxwell gas based on the analysis of

E;(t) and Ey;f(t) [see Eq. (5.4)]. The Mpemba effect in granular systems has been de-
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fined as follows [22, 23, 25, 24, 26]. Consider two systems P and Q which have identical
parameters except for the pair of driving strengths, ¢ and Gyz. We will choose E;, of
P to be higher. Note that the systems P and Q are initially in steady states. We denote
their steady state values for the energies by [EZ, (0),E”. #(0)] and [E,% (0), EdQl. #(0)] respec-
tively. Both the systems are then quenched to a common steady state having lower energy
compared to the initial steady state energies of P and Q. This is achieved by changing
the driving strengths of P and Q to the common driving strengths, G)% and (73 of the final

steady state, keeping all the other parameters of both the systems constant.

We say that the Mpemba effect is present if the two trajectories EX, (1) and E2,(¢) cross

each other at some finite time ¢ = 7T at which

EP (7) = EZ (7). (4.31)

To obtain the value of 7, we equate the energies for P and Q from Eq. (5.4) to obtain
Kfe Mt KPem T = KQe M T4 Kl HT, (4.32)

whose solution is

1 KP — k9
T = |5 ]. 4.33
A K2 kP #39
In terms of the parameters of the initial steady states, T reduces to
1 AE ir— (A — AE
T— In [ 222000 (A= 21)AB ) (4.34)
Ap—A Lx12AEzip — (Ay — X11)AE o
where
AE;o = Etlj)t((» - Etht(O)a
(4.35)

AEgiy = Ej;¢(0) — Einf(O)'
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For the Mpemba effect to be present, we require that 7 > 0. Since A, > A_, the argument
of logarithm in Eq. (5.11) should be greater than one. Simplifying, we obtain the criterion

for the crossing of the two trajectories to be

AE; A
< , (4.36)
AEgip  14+VAZ+1
where,
27,
AQer A, P Tuy) = 7 (12, —12y). 4.37)
O

The right hand side of Eq. (4.36) depends only on the intrinsic parameters of the sys-
tem and it is always less than one (since o,A4,A. > 0). On the other hand, the ratio
AE;,: /AE; r» depends on the initial steady state energies of P and Q [see Eq. (5.12)]. In

the stationary state, the ratio AE;,; /AE ;¢ is given by

AEy  [22a(1=r3) + @de(2— @) | Ay + [224(1 = ry) + 04 (2 — @) | Aoy
AEgs 2[[10,(1 —12,)+ 0 (1 — )| AG2 — [Ag(1—12,) + oA (1 — a)]Aoyz} ’

(4.38)

where,
Ac? = (cF)? —(c2)?, i€ (x,y). (4.39)

Equation (4.38) shows that the ratio AE;,,/ AE,;r depends on the intrinsic parameters of
the system as well as the driving strengths, 6 and Gyz. As a result, the driving strengths
can be appropriately tuned, keeping all the other intrinsic parameters identical for both P
and Q, to prepare the initial conditions that satisfy Eq. (4.36). In Fig. 4.1(a), we consider
such a situation where Eq. (4.36) is satisfied. Here, the systems P and Q have identical
intrinsic parameters but the pair of driving strengths, 62 and Gyz, are different for the two

systems. The trajectories cross at the point as predicted by Eq. (5.11). It is clear that
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Figure 4.1: (a) The time evolution of the total energy, E;,(¢) for anisotropically driven
systems P and Q of a two dimensional inelastic Maxwell gas, driven along both the direc-
tions of the plane, with initial conditions EZ,(0)=20.27, EZ,(0)=17.32, EX.,(0)=-7.93 and

dif
Eg £(0)=6.26 such that EP (0) > EZ,(0), which satisfies the condition for the Mpemba

effect as described in Eq. (4.36). The other parameters decribing the systems are chosen
to be r=0.3, r,,, = 0.88 and r,, = 0.39. P relaxes to the steady state faster than Q, though
its initial energy is larger. The time at which the trajectories cross each other is 7 = 0.73
as given by Eq. (5.11). (b) AE;,;/AE;;;—A phase diagram showing regions where the
Mpemba effect is observed and A [given by Eq. (4.37)] is a function of the parameters of
the system. The region below the line given by Eq. (4.36) denotes the set of steady state
initial conditions that show the Mpemba effect whereas the region on the other side of the
line corresponds to initial states that do not show the Mpemba effect.

though P has larger initial energy than Q, it relaxes faster compared to the latter.

Note that the time evolution of E;.; (¢) and Ez;¢(t) [see Eqs. (4.28)-(5.4)] remains invariant
of the sign of r,,, and r,,y. Similarly, the condition for the Mpemba effect [see Eqgs. (4.36)
and (4.37)] do not change irrespective of the sign of r,, and r,,. Hence, even if the
model allows for the range —1 < r,,xy, < 1, we consider only the physical positive range

of ryxy € [0, 1] as the result is invariant irrespective of its sign.

Figure 4.1(b) illustrates the phase space (initial conditions), based on Eq. (4.36), where
the Mpemba effect is observable. In the figure, the line denotes the variation of right hand
side of Eq. (4.36) with A [given by Eq. (4.37)]. If the ratio AE,,;/AE; + which depends
on the initial conditions of P and Q, falls in the region below (above) the line in the phase

diagram [see Fig. 4.1(b)], then the system exhibits (does not exhibit) the Mpemba effect.
For steady state initial conditions, the ratio AE;,/AE;y is given by Eq. (4.38). As the
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ratio AE;; /AE4;r is a function of the driving strengths, ze and Gy2 [see Eq. (4.38)], they
can be appropriately tuned, independently for the systems P and Q as well as along the
x and y directions, to access the entire region of phase space where the Mpemba effect is

observable.

Note that one can introduce anisotropy in the mean kinetic energies by simply consid-
ering the case G)? =+ Gyz, and keeping ry,, = ryy [see Egs. (4.15) and (4.16)]. But in that
case, the condition for the Mpemba effect reduces to AE;,; < 0 [see Eq. (4.36)] which is
not possible to realise as we have assumed AE,,, = EF,(0) — EZ,(0) > 0. Therefore, to

demonstrate the Mpemba effect, we restrict ourselves to the case 7y, 7 7yy.

4.4.1 The inverse Mpemba effect

Consider now the case where a system is heated instead of being cooled unlike the direct
Mpemba effect. Now if an initially colder system heats up faster than a system at an
intermediate one then it is called the inverse Mpemba effect. We follow the same analysis
as in the direct Mpemba effect. The condition for the inverse Mpemba effect is same as
that for the direct Mpemba effect as given in Eq. (4.36). We prepare two systems P and
Q such that P has a higher initial total energy than Q and also satisfy the condition for
the inverse Mpemba effect [Eq. (4.36)]. We then quench both the systems to a common
steady state having higher total energy compared to the initial total energies of both P and
Q. The cross-over time T at which the trajectories EZ (¢) and EZ (1) cross is given by

Eq. (5.11). An example is illustrated in Fig. 4.2.

The phase space of the initial steady states that satisfy the condition for the inverse
Mpemba effect turns out to be the same as that for the direct Mpemba effect and is given
by Eq. (4.38). Thus, Fig. 4.1(b) also illustrates the valid initial steady states given by
Eq. (4.38) that satisfy the condition [Eq. (4.36)] where the inverse Mpemba effect is ob-

servable.
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Figure 4.2: The time evolution of the total energy, E;,, () for anisotropically driven sys-
tems P and Q of a two dimensional inelastic Maxwell gas, driven along both the direc-
tions of the plane, with initial conditions EZ,(0)=20.27, E2,(0)=17.32, E}+(0)=-7.93
and Esz’ £(0)=6.26 such that EP (0) > EZ,(0), which satisfies the condition for the inverse
Mpemba effect as described in Eq. (4.36). The other parameters decribing the systems are
chosen to be r=0.3, r,, = 0.88 and r,,, = 0.39. P relaxes to the steady state slower than
0, though its initial energy is larger. The time at which the trajectories cross each other is
T =0.73 as given by Eq. (5.11).
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4.4.2 The strong Mpemba effect

It can be shown that there exists certain initial conditions such that the system at higher
temperature relaxes to a final steady state exponentially faster compared to other initial
conditions. This phenomenon is called the strong Mpemba effect. The effect may be
realised when the coefficient (K_) associated with the slower relaxation rate in the time

evolution of total kinetic energy, E;(f) [see Eq. (5.4)] vanishes.

Setting the coefficient K_ [given by Eq. (2.57)] to zero, we obtain

A
Etot (0) = mEd#(O) —C, (440)
where
4;Ld [H_m(c o Gy)+ (ze"i_cyz)}
c= 4.41)

(21d(_2+rvzvx+rgvy) _4Aca +7LC(X2(3 +1 —|—A2)) ’

and A is as given in Eq. (4.37). The solution of Eq. (4.40) in terms of E;,;(0) and E;(0)
yields the set of initial states whose relaxation is exponentially faster than the set of
generic states. Among these initial states one would like to determine the ones which
are steady states. The steady state ratio of E;;(0)/E4;¢(0) [see Eq. (2.57)] for a system is

given by

E(0)  [2Aa(1=70) +02(2— )]l + [224(1 = 73,) + ad(2— )] o}

Eaif(0) 2[[7Ld(1—rfvy)+azc(1—oc)}c — [Aa(1=r5) + @A (1~ )}Gyz] |

(4.42)

and is a function of the driving strengths, 2 and Gyz, as all other parameters are kept con-
stant. One observes that the valid steady states with initial energies, E;;(0) and Eg;¢(0)
that satisfy the condition for the strong Mpemba effect [see Eq. (4.40)] can be obtained

by appropriately tuning the driving strengths.
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Thus, for a system of monodispersed Maxwell gas in two dimensions, there exists steady
state initial conditions that satisfy the condition given by Eq. (4.40) and hence approach
the final steady state exponentially faster compared to any other similar system whose
initial energies lie slightly below or above the line. An example of the strong Mpemba

effect is shown in Fig. 4.3(a).

Figure 4.3(b) illustrates the phase space (initial conditions) of system P where the
Mpemba effect as well as the strong Mpemba effect are observable. In the figure, the
region below the solid line denotes the initial conditions where the system exhibits the
Mpemba effect. In the region of the phase diagram where the Mpemba effect is observ-
able, the dashed line denotes the set of initial states that also satisfy the condition given

by Eq. (4.40) for which the system P exhibits the strong Mpemba effect.

4.5 Special case when the driving is only in one direction

In Sec. 4.4, we discussed the possibility of the Mpemba effect in the case of anisotrop-
ically driven monodispersed Maxwell gas where the particles are driven along both the
directions. We now consider a similar system but the driving is restricted to one direction.
We follow the same analysis as in Sec. 4.4. Here, for the case when particles are driven
only along x-direction (say) with driving strengths, G)% # (0 and Gy2 = 0, the time evolution

of mean kinetic energies Ey and Ey, is

db:;(r) = EfiaCa 1)~ (1~ 2] + B[] + Aol
dEy(1) _ [&az} SB[ a(§a—1)} (4.43)
dt Ly y[#e®y .
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Figure 4.3: (a)The time evolution of the total energy, E;, (¢) for anisotropically driven
systems P and Q of a two dimensional inelastic Maxwell gas, driven along both the
directions of the plane, with EZ.(0) = 95.89, EZ,(0) = 61.57, Ej+4(0) = —59.82 and

Ec% 77(0) = —4.26 such that EP (0) > EZ,(0). These initial values satisfy both the con-
ditions for the Mpemba effect as described in Eq. (4.36) as well as those for the strong
Mpemba effect (for system P) as described in Eq. (4.40). The other parameters defining
the system are chosen to be r = 0.2, r,,, = 0.88 and r,,, = 0.49. P equilibrates to the final
state at an exponentially faster rate compared to Q and the time at which the trajectories
cross each other is T = 4.14 as given by Eq. (5.11). (b) E, (O)—Efz.f(O) phase diagram
showing regions of initial conditions where the system P shows the Mpemba effect as
well as the strong Mpemba effect. The initial conditions for system Q and all the other
parameters describing the two systems are similar to (a). Both the systems are quenched
to the final steady state condition E;,; = 35.92 and Ey;r = 23.66. The region below the
solid line given by Eq. (4.36) denotes the set of steady state initial conditions that show
the Mpemba effect and the dashed line denotes the set of initial conditions of system P
for which it shows the strong Mpemba effect.
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The time evolution for the quantities E;,, and Ey;¢ are given by Eq. (4.25) but now the

column matrix D takes the form

T
D= [zdcg,adag] , (4.44)

The solutions for E;,(t) and Eg;¢(t) are obtained in the similar way as in Eq. (5.4) with
the coefficients Ky ,K_,L, and L_ along with the steady state energies (E;,;) and (Ey;r)

are now given by

Iy — A+
Ky = —|(=A= 4+ 211)E:0:(0) + X12E4i£(0) — A2 XH)MGXZ} 7
vl A+
T At
K = ¥ (Ar = X11)E10r(0) — x12Eqi£(0) + A1 ; XH)M@?}
Lrxio—(A——x11)  xi2— (A4 —x11) )
<El‘01> - ;/_ A«+ - 2‘_ i|ﬂ’d6x7
Lr(As —20)(A- —xn) - (A4 —x) (A= — xu1) 2
E i - - - A‘ Gx7
\Eair) A X124+ X12A— } d
11 (AL — A —
L= ez oy (0 — ) B (0)
Yt X12
(A —211) (A= — x11) 2
— AdOC7 |,
X12A+ ¢ x}
17(As — A —
L =-— (s =) x“)Etot(O) — (A= —x11)E4ir(0)
Y X12
Ay —x11) (A — x11) 2
- AaGy |,
Xi2A— ¢ }
’y: A,+—A,,.

We now consider two systems labeled as P and Q with different initial conditions
[E,I;(O),EZJC(O)] and [E,%(O),E[%f(O)] where EF,(0) > EZ,(0). Both the systems are
quenched to a common steady state whose total energy is smaller than the initial total
energies of P and Q. This is achieved by changing the driving strengths of P and Q to the
common driving strengths, ze # 0 and Gyz = 0 of the final steady state, keeping all the

other parameters constant for both the systems.

The condition for the Mpemba effect to be present is the same as that derived for the more
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general case [see Eq. (4.36)] but now the variable A is given by

A, Mg, 0, 1) = ;%jrix. (4.45)

In Fig. 4.4(a), we consider such a situation where Eq. (4.36) is satisfied and hence the
systems P and Q show the Mpemba effect. The trajectories cross at the point as predicted

by Eq. (5.11).

In Fig. 4.4(b), we identify the region of phase space (initial condition) where the Mpemba
effect is observable, based on Eq. (4.36). In the figure, the line denotes the variation of
right hand side of Eq. (4.36) with A [given by Eq. (4.45)]. The region below the line in
the phase diagram corresponds to the initial conditions AE;,, /AE; + [see Fig. 4.4(b)] that

show the Mpemba effect [Eq. (4.36)] whereas the other region does not show the effect.

Here, we consider that the systems P and Q have identical intrinsic parameters once the
quench is done to the common steady state. However, these intrinsic parameters that char-
acterise the initial conditions of P and Q or equivalently AE,,; /AE; r» could be different.
As aresult, one can tune these intrinsic parameters differently for P and Q to obtain initial
steady states that satisfy the condition given by Eq. (4.36) and hence show the Mpemba

effect.

However, when the intrinsic parameters other than driving strength is kept the same (both
before and after the quench), the ratio AE,,, /AE; ¢ for initial steady states has a simple
form:

AE; 2-a)
= >1.5. (4.46)
AEdif 2(1 — OC)

Note that o € [1/2,1] and hence the ratio in Eq. (4.46) is always larger than or equal to
1.5. However, we know from Eq. (4.36), with the variable A given by Eq. (4.45), that for
the Mpemba effect to be present, AE;,; /AE4iy < 0. Thus, Eq. (4.46) does not satisfy the
required condition for the existence of the Mpemba effect. We conclude that for initial

states that correspond to steady states where P and Q have identical intrinsic parameters
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Figure 4.4: (a) The time evolution of the total energy, E;,(¢) for anisotropically driven
systems P and Q of a two dimensional inelastic Maxwell gas driven along a single di-
0
£

rection with initial conditions EZ,(0)=28, EZ,(0)=22, E}+(0)=26 and Ej;,(0)=5 such

that EX,(0) > E,%,(O), which satisfies the condition for the Mpemba effect as described
in Eq. (4.36). The other parameters decribing the systems are chosen to be r=0.5 and
rwy = 0.6. P relaxes to the steady state faster than Q, though its initial energy is larger.
The time at which the trajectories cross each other is 7 = 1.07 as given by Eq. (5.11). (b)
AE;o; | AE4;s—A phase diagram showing regions where the Mpemba effect is observed and
A [given by Eq. (4.45)] is a function of the parameters of the system. The region below
the line given by Eq. (4.36) shows the Mpemba effect whereas the region on the other side
of the line does not show the Mpemba effect.

except for the driving strength, the Mpemba effect is not possible when the driving is

restricted to one direction.

4.6 Summary and discussion

In this chapter, we have shown an exact analysis for the existence of the Mpemba effect,
the inverse Mpemba effect and the strong Mpemba effect in an anisotropically driven
inelastic Maxwell gas in two dimensions. The Maxwell model for granular gases is a
simplified model where the rate of collision between the granular particles is independent
of their relative velocities. In addition, we assumed the well-mixed limit such that the
spatial correlations were ignored. The model allows for an exact solution as the two-point

velocity correlations form a coupled set of linear equations.

We show that anisotropic driving leads to the existence of the Mpemba effect starting
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from steady state initial conditions unlike the case of isotropic driving which required the
initial conditions to be non-stationary. We considered two different cases of anisotropic
driving in two dimensions: when particles are driven along one direction only and the
other case where particles are driven along both the directions. In both the cases, we
show that the Mpemba effect can exist for initial conditions which are valid steady states
characterised by the parameters of the system. We also demonstrated the existence of
the inverse Mpemba effect where a system is heated instead of being cooled. Here, an
initially colder system equilibrates to a final high temperature state faster than an initially
warmer system. We also derived the condition for the existence of the strong Mpemba
effect where for certain initial states, a system equilibrates at an exponentially faster rate

compared to any other states.

We note that in the Maxwell gas, the anisotropy can be introduced in two ways: two
different driving strengths (62 # O'yz) or through two different driving parameters (7, 7
rwy). However, the analysis reveals that the necessary condition needed to observe the
Mpemba effect is r,x # ryy even if the driving strengths are different (GXZ #* Gyz). This
is due to the lack of coupling between E;, and Ey;r when ry = ry,y. This feature is an
artefact of the model, and when the rate of collision is velocity dependent as considered in
Ref. [26], then it does not matter how the anisotropy is introduced. In that case, the model

for driven granular gas shows the Mpemba effect for ry, = r,y, = 1, and ze #* Gy2 [26].

The exact solution obtained for the Maxwell gas in this chapter puts on a more rigorous
footing the results for the Mpemba effect that we obtained earlier for an anisotropically
driven granular gas with a more realistic velocity dependent collision rate [26]. The main
result of Ref. [26] was that it is possible to have the Mpemba effect in granular systems
with velocity dependent collision rates when the initial states are stationary provided the
driving is anisotropic. Earlier studies of the Mpemba effect in granular systems required
non-stationary initial states. Since it is easier in experiments to create initial steady states

that are stationary, anisotropic driving was proposed as a probe to study the Mpemba
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effect in granular systems. However, for analysing the case of velocity dependent col-
lision rates in Ref. [26], we had to make several simplifying assumptions like assuming
the velocity distribution to be Gaussian, linearising the equations about the steady state,
restricting driving to ry, = ryy = 1 and the small noise limit [26]. In this chapter, the
simplification is made in the definition of the model, in that collision rates are velocity in-
dependent. None of the other simplifying assumptions made in Ref. [26] have to be made
for the Maxwell model. The solution obtained in this chapter for the Maxwell gas shows
that the assumptions made for the granular gas do not affect the existence of the Mpemba
effect. In addition, for the Maxwell gas, we are able to obtain an exact solution for a more
realistic general form of driving. The driving could be both “dissipative® (ryy, < 1) or
“diffusive” (ryx,y = 1). On the other hand, for the driven granular gas [26], the analysis
could be carried out for only a specific form of driving (r,x = r,, = 1) and in the limit

n —0.

Combining the results of this chapter and Ref. [26], we conclude that anisotropic driving
would allow the Mpemba effect to be observable in driven granular gases with stationary
initial states, allowing for an experimental realisation, which has been hitherto lacking,
of the Mpemba effect in granular systems. Stationary states are much easier to achieve
in experiments than non-stationary states. In a two dimensional experimental set up,
anisotropic driving can be achieved by choosing the amplitude and frequency of shaking

to be different in the x- and y-directions.

Obtaining exact solution for the Maxwell model has certain other advantages. In general,
for studying the Mpemba effect, it is necessary to define a distance of a state from the
final steady state. When the trajectories of two different initial states cross (distance
from final steady state become equal), then the Mpemba effect is said to exist. However,
this choice of distance appears ad hoc. For instance, we have chosen the difference in
granular temperature as the distance, like previous studies [22, 23, 24, 25, 26]. However,

we could also have chosen a metric distance in the two dimensional space (E;or, Egif).

119



A third choice could be Kullback-Leibler divergence [11, 6, 5]. Is the Mpemba effect
dependent on how the distance is defined? This question is important to answer, and
1s best answered within a solvable model. We believe that the model and the solution

described in the chapter will be very useful for answering the question.
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Chapter 5

Mpemba effect and role of distance

measures in driven granular gases

5.1 Introduction

The protocol that is followed to test for the existence of the Mpemba effect considers
two identical systems which are prepared in different initial states. Both the systems are
then quenched to a common final state, and the Mpemba effect is said to be present if the
system that is initially further away from the final state equilibrates faster. To quantify
which initial state is further away as well as crossing of trajectories, a distance measure

for points in the phase space has to be defined.

For systems relaxing to thermal equilibrium, the distance to the final equilibrium state is
measured in terms of the probabilities of the different states [11]. It was argued that any
distance measure satisfying the following properties should result in a unique definition
of the Mpemba effect: (1) As the system relaxes toward thermal equilibrium, the distance
function should decrease with time, (2) for three temperatures 75, > T > T, the distance

from 7}, is larger for 7, compared to T, i.e., the distance measure should be a mono-
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tonically increasing function of temperature and (3) the distance function should be a
continuous, convex function of probability distribution [11]. Let 7 denote the equilibrium
Boltzmann distribution, and p;() the probability of state i at time 7. Then, examples of
such distances are entropic distance D, = Y ;(p;(t) — 0, )E; /T, + pi(t) In p;(t) — m;Inm; [11],
total variation distance L;(t) = Y; |pi(t) — m;| [4] and Kullback-Leibler (KL) divergence

defined as Dk (t) =Y, pi(t)In(p;i(t)/m;) [82].

The calculation of the above definitions of distance rely on knowing the probability dis-
tribution p(r) at all times. Analytical calculation of p(¢) is possible only for exactly
solvable problems which, in the context of the Mpemba effect, are restricted to simple
single particle systems [4, 83, 84] and to systems with only a few states [11]. For inter-
acting many-particle systems and more so in the context of out of equilibrium systems,
the distance measures defined in the probability space are, however, inaccessible through
direct measurements in experiments or computationally expensive to measure in simula-
tions. The more natural choices for the distance measures that have been used in experi-
ments are moments of the distribution which are directly observable like mean energy per
spin [17, 8], magnetization [2, 8], granular temperature as used in the previous chapters
and in Refs. [22, 23, 24, 25, 26, 27, 85], etc. In addition, the generalization to far from
equilibrium systems, like driven granular systems is not clear. There are no conclusive
studies about the correspondence or similarity between the directly observable measures
and the distance measures defined in probability space. Thus, it is not evident whether
the Mpemba effect that has been established using these proxy measures for distances is

unique or its existence depends on the distance measure used.

To address the above issue, we study the dependence of the Mpemba effect on the choice
of different measures in driven granular systems, a prototypical interacting, many-particle
far from equilibrium system. The advantage of granular system is that it allows exact
analysis for two-point correlation functions, at least in the linearized regime. Being an

athermal system, granular temperature or the mean kinetic energy of the system has been
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used to track the evolution of the system with higher granular temperature being consid-
ered further away from the final steady state [22, 24, 23, 25, 26, 27]. However, it is not
known a priori whether mean kinetic energy correctly predicts the distance of the initial
states from the final steady states. In the following, we summarize the several results
that demonstrates the existence of the Mpemba effect in granular systems. For a system
of smooth monodispersed particles [22, 24, 25], the Mpemba effect is due to the cou-
pling of the translational granular temperature with the excess kurtosis of the velocity
distribution function or correlations between the velocities of the different particles. In
the case of rough granular gas [23], the Mpemba effect is due to the coupling of gran-
ular temperatures defined for translational and rotational degrees of freedom. In these
cases, for the Mpemba effect to exist, however the initial states need to be different from
steady states. Existence of the Mpemba effect for evolution of systems from initial steady
states could be realised in the context of binary inelastic gases or when inelastic gases
are driven anisotropically. For the case of binary gas, Mpemba effect was traced to the
energy-exchange between the energies of the smaller and bigger particles [25], while in
anisotropically driven gas [26, 27], the Mpemba effect is due to the coupling between the
granular temperatures along x and y directions. However, in all the above mentioned anal-
ysis, the time evolution of the system is projected onto only one of the variables which is
the total granular temperature defined by the second moment of velocity distribution of

the system.

In this chapter in addition to total energy, we introduce other measures such as Manhattan
measure (L), Euclidean measure (£;) and KL divergence which can describe the evolu-
tion of the system in the phase space of all the relevant variables. We perform the analysis
in the setup of anisotropically driven granular gas as well as driven inelastic Maxwell
gas [26, 27]. We derive the criteria for the existence of the Mpemba effect with the vari-
ous measures and determine the region of phase space which shows the Mpemba effect.
We show that these phase diagrams are non-universal in the sense that they depend on the

measure used. The content of this chapter is published in Ref. [34].
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5.2 Model

In this chapter, we analyse two models for anisotropically driven granular gas: inelastic
Maxwell model and the hard disc granular gas model, both in two dimensions. The hard
disc granular gas model and inelastic Maxwell gas model are discussed in Chapter 3 [see

Sec. 3.2] and Chapter 4 [see Sec. 4.2] respectively.

5.3 Characterising the steady states

In this section, we define and briefly discuss the relevant two point correlation functions
for both the models. The detailed description about the two point correlations, their time
evolutions and their steady state values are already derived in Chapter 3 and Chapter 4 for

the hard disc granular gas model and inelastic Maxwell gas model respectively.
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5.3.1 Inelastic Maxwell model

We first discuss the case of inelastic Maxwell model. We are interested in the time evolu-

tion of the following two-point correlation functions:

1 N
Edt) =+ ;<V?x(t)>,
1 I
Ey(t) = ;<V?y(t)>,
Ey(1) = le Zi(vl-x(t)vz'y(f)%
c l; N N .1
0= N & & (v, -
j#i
1 N N
Cy(r) = NV ) ; ;my(f)vj-y(t)%
T
Coy(t) = L f‘, f‘, (vix(t)vjy(1))
Xy N(N— 1) = 29 Jy )

\.T-
-~

where E,(¢) and E,(f) denote the mean kinetic energies of the particles along x and y di-
rections respectively. E,(¢) denote the correlations between v, and vy, of the same particle
whereas Cy(t), Cy(t) and Cy,(t) denote the velocity-velocity correlations between pairs of
particles. We have already derived the time evolution of these correlation functions in

Chapter 4 [see Sec. 4.3].

In the steady state, in the thermodynamic limit, the velocity-velocity correlations and the
correlation between v, and v, of the same particle, i.e., Ex, vanish as shown in Chapter 4.
In that case, the steady state is described by the non-zero mean kinetic energies, i.e., Ey
and E,. We will be using a different set of variables than E, and E, for the analysis. We

define the new set of variables, namely the total kinetic energy, E;,;, and the difference of
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energies, Ey;¢, as:

Etor = Ex+ Eyy (5-2)

Egif = E.—E,. (5.3)

The time evolution equations for £y, and Ey;¢ [see Eq. (4.25) in Chapter 4 for details of

the calculations] is expressed as

Ejor(t) — Epgy = K+€_Mt ‘*’K—e_l*ta
(5.4)

Egif(t) —Ejfy =Lye ™' +L e ™,

where E¥! and ES!. . are steady state values of E;;(t) and E;;¢(t) respectively. The coeffi-
tot dif y f p y

O,
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cients K, ,K_,L and L_ along with E}j, and EY, p are given by

1
K, = [ — (A= = 211)Ei0r (0) + X12E4i£ (0)

;d (12— (A= —x11)) 02 — (x12+ (A- —Xn))Gyz]],
N

1
K_ = [(M — X11)E10:(0) — x12E4ir(0)

2 = (= 00) 2 (112 + s — 1) 7]

o ld[(%n—(l—Xll))ze—(Xlz*F(/l_xll))Gyz
Et()t =
Y Ay
B (12— (A =) o7 — (X2 + (A+ _Xll))cyz]
li )
L, :H— (e _xugzl(j_ _xn)Etr)t(O) + (A+ — x11)Eair(0)
- [~ )~ p)(6E - o) |
A A —
k- :;’[( — 7511)21(2 %11)Etoz(0)—(M—Xu)Edif(O)
o [ =2 = (02 - o))
Eip=22 al S [CEP A MICETD
1 1
(Z_A_)]v
Y=Ar —A_.

5.3.2 Hard disc granular gas model

For the model of anisotropically driven hard disc granular gas, the mean kinetic energies

along the x and y directions are defined as

2 1
1) = Z/dvimvizf(v,t), i=Xx,y, (5.5)

where n = [dvf(v,t) is the number density, m is the mass of the particles. The details of

the derivation for the time evolution of the mean kinetic energies is discussed in Chapter 3.
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Please note that, for convenience, we use the notation of E; in this chapter instead of 7; (as
used in Chapter 3) to denote the various mean kinetic energies for the hard disc granular
gas model. Otherwise, the expressions for the time evolutions of the various mean kinetic
energies remain the same. For the convenience of description, we use the variables E;;
and Ey; as defined as in Egs. (5.2) and (5.3). However, as discussed in Chapter 3, the time
evolutions of E;, and Ey;r form a non-linear set of coupled differential equations [see
Eq. (3.10)]. In order to make the analysis analytically tractable, we linearize the non-
linear equations by considering only the initial states that are close to the final steady state.
We define 6 Eyor(t) = Eior(t) — Ejy and 8Ey;(t) = Eqif(t) — Ejj;; as the time-dependent
deviation of the energies from the stationary state values. The linearized solutions for

OE;,(t) and S Eg;¢(t) are then given by

OF;o (t) = K-i-e_l# ‘I'K—e_litv

(5.6)
6Edif(l) = L+€_l+t +L—e_l_t7
where the coefficients K, ,K_,L, and L_ are given by
1 -
K, = & x125Edif(O) - ()L— - 111)6E10t(0)] )
1 -
K = 5/ — %125Edif(0) + (;L+ - x11>5Etot(0>:| )
‘1 -
L+ = 5/ (A«-Q- _XII)SEdlf(O)
G — ) (A — ) o
_ 6Etot(0)]7
X12
1
L = i (A— = x11)0E4£(0)
Ayr — A —
+( + %11)( XI1)5E,0t(0)].
X12

The details of the solutions are discussed in Sec. 3.2 and 3.3 of Chapter 3. Note that for
the choice of steady states which are far from the final stationary state, linearization is
not enough. In that case, one needs to use the numerical solution of the complete time

evolution equations.
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5.4 Mpemba effect and distance measures in phase space

We first define the protocol that we will follow for illustrating the Mpemba effect.
Consider two systems P and Q which have identical parameters except for the driving
strengths. Both the systems, in their respective steady states, are then quenched to a com-
mon steady state. This is achieved by instantaneously changing the driving strengths of
P and Q to the common driving strength of the final steady state, keeping all the other
parameters of both the systems fixed. The two initial steady states P and Q differ in their
initial distance (to be appropriately defined) from the final steady state. The evolution of
the systems P and Q correspond to two different trajectories in phase space. Then the
Mpemba effect is said to exist if the trajectory that was initially at a larger distance from
the final steady state approaches the final state faster than the trajectory that was initially
at a shorter distance. For granular systems, several distance measures have been used
to explore the Mpemba effect. We derive the criterion for the existence of the Mpemba
effect for the different measures and for each measure, we illustrate the Mpemba effect.

We also ask how much the Mpemba effect depends on the distance measure being used.

The steady state of the two models for driven granular systems considered in this chapter
is completely specified by the velocity distribution P(v). Distance between two probabil-
ity distributions may be defined in terms of an information theoretic quantity known as
Kullback-Leibler (KL) divergence [86, 87, 88]. However, the velocity distribution can-
not be solved exactly and therefore the KL divergence becomes unwieldy for studying
Mpemba effect, though we will study this numerically. Instead, the steady state of the
system has been parametrised by the moments of the velocity. Note that the equations for
the two point correlation functions close among themselves for both the Maxwell gas as
well as the linearized granular gas. This motivates using the second moments of veloc-
ity distribution to characterize the steady states. For the system of anisotropically driven
granular gas, the mean kinetic energies, E; and E\, along x- and y- directions respec-

tively, are different. Thus, the total energy, E;,, = Ex + E\ and the difference of energies,
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E4ir = Ex — E), serve as the appropriate variable to describe a state of the system. Thus, a

steady state is characterized by (Eror, Eg; 7)-

In this section, we introduce different measures that have been used to define the dis-
tance between two steady states of the system. When the steady state is defined through
(Etor,Eqif), the distance measures can be defined in terms of the difference of the to-
tal energy of the two states (Sec. 5.4.1), in terms of two dimensional Euclidean distance
(Sec. 5.4.2) or two-dimensional Manhattan distance (Sec. 5.4.3) of the phase space vari-
ables of the two states. In terms of the velocity distribution, the convergence to the steady
state can be characterized through KL divergence (Sec. 5.4.4). The different measures
track the temporal evolution of the system as it evolves from an initial state to a final

state, and we derive the conditions for the Mpemba effect to exist.

5.4.1 Total energy

The most common variable that is used in literature of driven granular gases to describe
its state is the mean kinetic energy. The existence of the Mpemba effect in driven gran-
ular systems has been shown in Chapters 2, 3, 4 and in Refs. [25, 26, 27] in terms of
these variables. In this section, we briefly discuss the condition for the existence of the
Mpemba effect in an anisotropically driven granular gas in terms of the total mean ki-
netic energy. We consider two systems P and Q whose initial steady states are denoted by
[EF,(0),EL, #(0)] and [E,%(O),Eg. #(0)] respectively. Here, the distance of the initial states
compared to the final state is measured in terms of the total energy. The initial steady
states for the two systems are prepared such that EZ,(0) > EZ,(0). Both the systems are
then quenched to a common steady state having the total energy lower than the initial total

energies of both the systems.

The Mpemba effect is present if the two trajectories EX, (f) and E2,(¢) cross each other at
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some finite time ¢ = T at which

EP,(7) = E2 (7). (5.8)

To obtain the value of 7, we equate the total energies of P and Q using either Eq. (5.4) or

Eq. (5.6) depending on the inelastic Maxwell gas or hard disc granular gas respectively to

obtain
Kie*}‘” + KPe 7= ng*)“” + ng*’LT, (5.9
whose solution is
1 kP — K2
T— 1n[ + +]. (5.10)
Ay —A- Lk _kP

In terms of the parameters of the initial steady states, T reduces to

AE;ir— (A — 11)AE;s
o 1 ln[)az aif — ( X11)AE o 7 5.11)
A=A LxiAEgir — (A — X11)AE o
where
AE;o = EzI;t(O) - Etht(O)a
(5.12)

AEgiy = Ej;¢(0) — Einf(O)‘
For the Mpemba effect to be present, we require that 7 > 0. Since A, > A_, the argument

of logarithm in Eq. (5.11) should be greater than one.

Figure 5.1 illustrates the existence of the Mpemba effect where the trajectories of the
initial states leading to final steady state are defined in terms of the total energy and their

crossing time is given by Eq. (5.11).
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Figure 5.1: The time evolution of anisotropically driven (a) inelastic Maxwell and (b) hard
disc granular gas is illustrated in terms of the mean kinetic energy, E;,; for two systems
P and Q. The initial conditions for the inelastic Maxwell gas in (a) are EX, (0) = 1.148,

EZ,(0) = 0.92, Egif(O) = —0.595 and Einf<0> = 0.455, corresponding to the choice of
the driving strengths o} = 0.25, o} = 1.0, 02 = 0.6 and 62 = 0.45. The choice of the

other parameters defining the system are r = 0.3, r,, = 0.88, r,,, = 0.39, 0,y = 0.1 and
o, = 0.05. The initial conditions for the hard disc granular gas in (b) are EP (0) =10.05,

EZ (0) = 10.04, Ef;if(O) =2.797 and Egl.f(O) = 1.979, corresponding to the choice of the
driving strengths 67 = 0.476 and 6} = 0.003 and o = 0.405, 6’ = 0.070. The final
steady state is characterized by E}, = 10.0 and EJ; = 2.82 corresponding to the driving

strengths 0 = 0.476 and 6, = 7.351 X 107>, The choice of the other parameters defining
the system are r = 0.65, m = 1, n = 0.02. P relaxes to the steady state faster than Q,
though it is initially at a larger distance compared to the final steady state.
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5.4.2 Euclidean Distance

Mean kinetic energy as a measure of distance has the possible issue that the trajecto-
ries may appear to cross in this one-dimensional projection, though in the two dimen-
sional phase they do not cross. More natural definitions are to use Euclidean or Man-
hattan distances. As the initial and the final states are defined by the pair of variables
{Et0t(t),Eqif(t)}, we can define an Euclidean measure for the trajectory connecting the

two states as

L2(6) = /(B (1) = Ey)? + (Eaig (1) — Egf ) (5.13)

Here, the initially hotter system or equivalently the system which is initially farther from
the final steady state has an initially larger £, compared to the colder system. For this
measure, we define the Mpemba effect as follows. Let us consider two systems P and
Q such that P is initially at a larger distance from the final steady state compared to Q,
ie., LL(0) > LZQ(O). Here, the systems P and Q are identical in all respect except for
the pair of driving strengths (oy,0y) that is required to prepare the systems in their initial
steady states. Then both the systems are quenched to a common steady state by applying
a same pair of driving strengths. In this case, the Mpemba effect is said to exist if the two
trajectories for the systems P and Q quantified in terms of £%(¢) and £2Q(t) cross each

other at some finite time ¢ = T at which

L5 (r) = LY (7). (5.14)

To obtain the value of 7, we equate the Euclidean measures for the systems P and Q at
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t=7Tas

VB (0) — Efi) + (B (1) Ejf )2

= \J(ES:(2) — Egi 2+ (ES (1) — B ). (5.15)

For the inelastic Maxwell gas, using Eq. (5.4) we obtain the crossing times as

N 1 [ 2a }
— 1 , 5.16
4 (Ar—A2) ! d++/d?—4ab (5.16)

where,

a=[(KP)?+(LF)? - (k2)*— (L9)],
b=[(KP)>+(L7)* - (K2)* — (L2)], (5.17)

d=2[K2k®+121° —KTK" —LPLP].

A similar expression for the crossing time [see Eq. (5.16)] is also obtained for the case
of hard disc granular gas for which the constants AL, a, b, and d are computed using

Eq. (5.7).

Note that there are two possibilities for the crossing time in Eq. (5.16). Figure 5.2 illus-
trates such a scenario where both the crossings are present. However, the presence of two
crossings will eventually lead to no Mpemba effect. Thus, we are interested in only those
cases or the initial conditions where there exists only one crossing of the trajectories of
the initial states leading to the final steady state. For the Mpemba effect to be present,
we require that T+ > 0 or 7~ > 0, but not both positive. Since A, > A_, the argument of
logarithm in Eq. (5.16) should be greater than one for +(—) and less than one for —(+).
Figure 5.3 illustrates the existence of the Mpemba effect where the trajectories of the ini-
tial states leading to final steady state are defined in terms of the Euclidean measure and

their crossing time is given by Eq. (5.16).
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Figure 5.2: The time evolution of the anisotropically driven inelastic Maxwell gas in
terms of the Euclidean measure, £;(¢) for two systems P and Q with initial conditions
L£%(0) = 6.34 and EZQ(O) = 6.15, shows two crossings as illustrated in (a) and (b) for the
different times. The multiple crossing times are obtained using Eq. (5.16). The choice of
the other parameters defining the system are r = 0.1, r,,x = 0.95, r,,, = 0.39, 0, = 1.6 and
o, =1.1.
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Figure 5.3: The time evolution of anisotropically driven (a) inelastic Maxwell and (b)
hard disc granular gas is illustrated in terms of Euclidean measure, £,(z) for two systems
P and Q. The initial conditions for the inelastic Maxwell gas in (a) are E‘; (0) =3.13 and
EZQ (0) = 2.79, corresponding to the choice of the driving strengths o = 1.9, GyP =1.2,

o2 =1.55 and GyQ = 2.0. The driving strengths corresponding to final steady state are
0, = 1.6 and o, = 1.1 whereas the choice of the other parameters defining the system
are r = 0.3, ryy = 0.95, ry,y = 0.39. The initial conditions for the hard disc granular
gas in (b) are £5(0) = 0.432 and CZQ(()) = 0.208, corresponding to the choice of the
driving strengths ¥ = 0.491 and Gf =7.572x 107 and GXQ =0.444, GyQ =0.037. The
driving strengths corresponding to final steady state are o, = 0.476 and 6, = 7.351 X 1073
whereas the choice of the other parameters defining the system are » = 0.65, m = 1 and
n = 0.02. P relaxes to the steady state faster than Q, though its initial Euclidean distance
from the final steady state is larger.
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5.4.3 Manhattan Distance

Similar to the Euclidean measure, we can define another measure for the time evolution
of the trajectory connecting the initial and the final states in terms of Manhattan distance.

In the plane of {E;(t),Egif(t)}, the Manhattan measure is defined as

L1(t) = |Eor(t) = Egy| + |Eqif () — Egi.- (5.18)

Here, the system having larger £1(0) at time t = 0 is termed the “hotter* system while
compared to the initially “colder” system having a comparatively smaller £;(0). For
this measure, we define the Mpemba effect as follows. Let us consider two systems P
and Q such that P is initially at a larger distance from the final steady state compared
to Q in terms of Manhattan measure, i.e., £f(0) > EIQ(O). Here, the systems P and Q
are identical except for the pair of driving strengths (o, 6y). Both the systems are then
subjected to same pair of driving strengths. As a result, both the systems are driven to
a common steady state. Then the Mpemba effect is said to exist if the two trajectories
for the systems P and Q quantified in terms of £f(¢) and ﬁlQ(t) cross each other at some

finite time ¢ = T at which

LY (1) = LY(q), (5.19)

or equivalently,

|(Efor () — E) | + [(Egiy (7) — EG )|

= [(EZ,(v) — E3)| +(ES (1) — ESf ). (5.20)

Now, using Eq. (5.4) for the case of inelastic Maxwell gas and solving Eq. (5.20), we
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obtain eight different solutions for the crossing time as

1KY+ KO+ 18+ 18 1. —KP—K2—1F +19
Te,1 :—ln< 0 0 >7TC72 —ln< Q 0 )
Y KP—K¥—IP 1% Y KP+K¥+LF — L%
1 KY —K9+1h 19 I R LQ
T3 = —In T d In
Ty VKPP 419 ’ Y\ kP KQ+LP+LQ
(5.21)
1. —KY—K2+1P 19 1. —KP+K2—1P +19
Tc.5:_1n< )7Tc6 _ln< )7
Ty KP+KQ P —1° ’ y kP k24P ¢
1 KP4 KO LD L8 1 (KP4 KE L 41D
Te7 = In 0 0 , Te 8 In 0 0 .
Y VKP_K¥Y—IP 4L 14 KP + KX +LP +17

For the Mpemba effect to be present, there should be odd number of crossings. Thus, we
look for those initial conditions in the phase space that lead to odd number of solutions
to the Eq. (5.20). Figure 5.4 illustrates the existence of the Mpemba effect where the
trajectories of the initial states leading to final steady state are defined in terms of the

Manhattan measure.

5.4.4 KL Divergence

In this section, we define the Mpemba effect in terms of an information theoretic quantity

known as Kullback-Leibler (KL) divergence. The measure is defined as

D (t) / dvP(v,1)In (igfzvt )) ) (5.22)

where P(v,t) is the instantaneous velocity distribution of the particles at any time ¢ and
P*(v) is the final steady state velocity distribution function. The above quantity is not a
true measure of geometric distance as it is not symmetric between two given distribution
functions. But it is a good candidate for the study of relaxation dynamics of an arbitrary
initial state to a given reference steady state for the following reasons: (a) it is a monoton-
ically non-increasing function of time as has been shown in earlier studies [86, 87, 88],

(b) it provides information regarding the measure of deviation and its temporal evolution
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Figure 5.4: The time evolution of anisotropically driven (a) inelastic Maxwell and (b) hard
disc granular gas is illustrated in terms of Manhattan measure, £;(¢) for two systems P
and Q. The initial conditions for the inelastic Maxwell gas in (a) are £(0) = 7.54 and
L£2(0) = 7.06, corresponding to the choice of the driving strengths 67 = 2.2, of =12,

62 =0.1 and GyQ = 1.2. The driving strengths corresponding to final steady state are
o, = 1.6 and oy, = 1.1 whereas the choice of the other parameters defining the system
are r = 0.9, r,, = 0.88 and r,, = 0.3. The initial conditions for the hard disc granular
gas in (b) are £1'(0) =0.52 and E?(O) = 0.42, corresponding to the choice of the driving
strengths 67 = 0.466 and 6}’ =0.023 and 6 = 0.444, 62 = 0.037. The driving strengths
corresponding to final steady state are o, = 0.476 and o, = 7.351 X 10~ whereas the
choice of the other parameters defining the system are r = 0.65, m = 1 and n = 0.02. P
relaxes to the steady state faster than Q, though its initial Manhattan distance from the
final steady state is larger.
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of any two initial states from the final reference state.

Although being a good candidate for the study of relaxation dynamics, the above measure
is not much fruitful in the context of granular gases. It is because Eq. (5.22) requires
to have information regarding the time evolution of the velocity distribution function at
any time ¢ which is not analytically feasible in the case of granular gases. The previous
theoretical studies on velocity distribution of driven granular gases attempts to find the
velocity distribution of the steady state for different contexts [89, 90, 59, 60, 57]. But in
all the cases, it was not possible to derive the form of instantaneous velocity distribution

at an instant of time ¢ even for the simplest model of inelastic Maxwell gas.

As a result, we use numerical methods to compute the KL divergence. We briefly discuss
the procedure for the numerical computation of KL divergence for the case of inelastic
Maxwell gas. Starting from a random configuration of velocities for N particles, the sys-
tem is evolved to an initial steady state corresponding to an initial pair of driving strengths
(0x,0y). The pair of driving strengths acting on the particles is then changed to those of
the desired final steady state. The system evolves in time as follows. At each time step,
either two particles collide or a particle is driven, based on the corresponding rates. At
each time step we measure the time evolution of the velocity distribution, P(v,?) of the N
particles. The distributions are averaged over 10* realizations. The final steady state ve-
locity distribution is measured separately and is averaged over 10° different realizations.
Thus, having information about P(v,¢) and P (v), we can then numerically determine

the time evolution of KL divergence using Eq. (5.22).

We now discuss the notion of a “hotter* and a “colder” system using the measure of KL
divergence when two systems are quenched to a final steady state. The system having
larger divergence at t = 0 is referred to as the “hotter* system as it is farther off from the
final steady state whereas the system having comparatively smaller divergence is referred
to as the “colder” system. Similar to the previous definitions of the Mpemba effect for the

other measures, if the hotter system equilibrates faster than the colder system to the final
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Figure 5.5: The time evolution of anisotropically driven (a) inelastic Maxwell and (b) hard
disc granular gas is illustrated in terms of KL divergence measure, D (¢) for two systems
P and Q. The initial conditions for the inelastic Maxwell gas in (a) are D%, (0) = 0.82 and

DI%L(O) = 0.64, corresponding to the choice of the driving strengths 67 = 1.4, GyP =4.0,

GxQ = 2.45 and GyQ = 2.3. The driving strengths corresponding to final steady state are
o, = 1.5 and 0, = 0.9 whereas the choice of the other parameters defining the system are
r=20.3, ryy = 0.88 and r,,, = 0.39. The initial conditions for the hard disc granular gas in

(b) are D%, (0) = 0.01 and D,Q(L(O) = 0.0078, corresponding to the choice of the driving

strengths 6f = 7.148, 6/’ = 0.026, o = 1.144 and 6 = 5.609. The driving strengths
corresponding to the final steady state are 6, = 6.62 and oy, = 0.026, whereas the choice
of the other parameters defining the system are r = 0.65, m = 1, n = 0.02. P relaxes to the
steady state faster than Q, though its initial KL. divergence with respect to the final steady
state is larger.

steady state, the Mpemba effect is said to exist.

Figure 5.5 illustrates the existence of the Mpemba effect where the trajectories of the

initial states leading to final steady state are defined in terms of the KL divergence.

5.5 Comparison between various measures

We now compare the effect of different distance measures on the Mpemba effect. For
a given initial condition in terms of intrinsic system parameters and the pair of driving
strengths, we look for the existence of the Mpemba effect using the different distance

measures.
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We first show that for the same initial condition, different measures can give different
results, as illustrated in Fig. 5.6 for the inelastic Maxwell gas. In the example shown, the
Mpemba effect is absent for distance measure corresponding to the total energy distance
[see Fig. 5.6(a)] which it is present for the other three measures [see Fig. 5.6(b)—(d)]. In
addition to the non-uniqueness of the Mpemba effect, even the notion of “hot* and “cold”
system in terms of distance from the final steady state for a pair of initial conditions
is not unique among the various definitions. What is initially hotter (shown in red) in

Fig. 5.6(a)—(c) is initially colder (shown in blue) in Fig. 5.6(d)

Given that there is non-uniqueness among the definitions, we now check whether all defi-
nitions show the Mpemba effect as well as whether there is any overlap in the phase space
regions that corresponds to the Mpemba effect for the different measures. The phase
space is labeled by the free parameters: final steady states in terms of (E;;, EJ. f), initial
steady states of P and Q, i.e., (Ef;t, Egl. f) and (E,%, Ein f) for a fixed value of other in-
trinsic parameters such as r, r,, and r,,. However, we notice that the equations for the
correlation functions [see Egs. (5.4) and (3.16)] are linear equations in the differences in
energies 0Eo = Eior — Ej}y, OEgif = Egif — E(sfl.f for both P and Q, giving four variables.
We also note that the equations for the correlation function, and hence the crossing times,
are invariant if all the §Es are scaled by the same factor, thus reducing the number of
factors by one. To make it a two dimensional phase diagram, we fix the initial values of
SEf, and SEJ;, for P, and determine the phase diagram in terms of (5EY +/OEf,) and
(8ES,/SEL,).

The phase diagrams for the measures: total energy, Manhattan and Euclidean distance,
are obtained using the exact criteria derived for the existence of the Mpemba effect, both
for the inelastic Maxwell gas and hard disc granular gas (linearized analysis). However,
for the case of KL divergence, the phase diagram is obtained using discrete set of points
sampled from the phase space and checked individually for the existence of the Mpemba

effect through the analysis of evolution of the trajectories of systems P and Q. The KL
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Figure 5.6: The time evolution of the two systems P and Q for an anisotropically driven
inelastic Maxwell gas is illustrated for the following measures: (a) total energy, (b) Eu-
clidean measure, (¢) Manhattan measure and for (d) KL divergence. The initial conditions
for the various measures are identical and are given in terms of the driving strengths for
systems P and Q as (6} = 1.9,6F = 1.2) and (o = 1.55,06 = 2.0). The choice of the
other parameters defining the system are r = 0.3, r,x = 0.95, r,,, = 0.39, 0, = 1.6 and
o, = 1.1. The existence of the Mpemba effect and the notion of “hot* and “cold” system
in terms of distance from the final steady state for a given pair of initial conditions is not
unique among the various measures.

142



SEC ISEF. 6EC |SEF

tot

-1 | | |
02 04 06 08 1 1.2 14 02 04 06 08 1 1.2 14

6EQ /6Etlo)t 6Etgt/5EtI(;t

tot

Figure 5.7: The phase diagram in the (5EdQl. 7/ SEP )-(8E2,/SEL.) plane shows the exis-
tence of the Mpemba effect in the driven inelastic Maxwell gas for the use of different
distance measures: (a) total energy, (b) Manhattan, (c) Euclidean, and (d) KL-divergence.
The red (green) region corresponds to absence (presence) of the Mpemba effect, while
the regions outside the triangular shape are not valid steady states. The white regions
inside the triangle in (d) is due to discrete sampling of phase space. The choice of the
parameters defining the system are r = 0.4, r,,, = 0.44, r,,, = 0.95, 5Ef;t = 1.00 and
SE}, +/8E/, = 0.53, which are kept constant across all the various measures.
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Figure 5.8: The phase diagram in the (SES £/ SEL )-(8EZ, /SEE.) plane shows the ex-
istence of the Mpemba effect in the driven hard disc granular gas for the use of different
distance measures: (a) total energy, (b) Manhattan, and (c) Euclidean. The red (green)
region corresponds to absence (presence) of Mpemba effect, while the white regions are
not accessible. The choice of the parameters defining the system are n = 0.02, 0 =1,
m=1,r=0.1, 8E/, = 1.00 and $E};;/SE/,, = 0.11, which are kept constant across all

the various measures.
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divergence is used only for the Maxwell gas as in the case of granular gas, it is not possible
to make a direct comparison with the linearized theories. Figures 5.7 and 5.8 show the
phase diagram of the Mpemba effect in terms of various measures for the case of inelastic
Maxwell gas and hard disc granular gas respectively. The colored region corresponds to
the allowed parameter space, while the green (red) regions correspond to the Mpemba
effect being present (absent). It is clear that all the different distance measures show
the Mpemba effect. However, the phase boundary of the initial conditions that show the
Mpemba effect is very different for the various measures. We conclude that the usual
measures used for driven granular gases lead to a non-universal definition of the Mpemba

effect.

5.6 Conclusion

To summarize, we studied the Mpemba effect in the driven inelastic Maxwell and the
driven granular gases using different definitions of distances between points in phase
space. These definitions were motivated by the choices that have been used earlier in
the literature for establishing the presence of the Mpemba effect in granular systems. We
studied the Mpemba effect in terms of the following measures: total kinetic energy (as has
been used earlier), Euclidean measure (L,), Manhattan measure (L) and KL divergence.
While the first three are based on average kinetic energy in different directions, KL diver-
gence is based on the probability distribution of velocity. The analysis was performed for

the anisotropically driven gases [26, 27].

We derived the criteria for the existence of the Mpemba effect with the various measures
and showed the existence of the Mpemba effect for all the different choices of distance
measures. However, the phase diagrams for the different measures are not the same with
the presence or absence of the Mpemba effect for a particular phase space point depending

on the measure, resulting in a non-unique definition of the Mpemba effect. Moreover, the
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notion of ‘hot’ and ‘cold’ initial states is different for the different choices of distance

measures from the final steady state.

In a Markov process, the relaxation to the steady state at large times is dominated by the
first excited state of the transition matrix, i.e., P(C,t) = P;(C) +azexp(—t/T)P2(C) +...,
where P(C,t) is the probability distribution at time ¢, P is the steady state and P, is
the first excited state. The quantities 7, P; and P> depend only on the transition matrix,
and independent of the initial states, while the pre-factor a, is determined by the overlap
of the initial steady state with the first excited state. Given the above expansion, it is
clear that the system with smaller value of |a;| will equilibrate faster [11]. The same
observation will be true for the time evolution of an arbitrary observable f(C,t) such as
total energy, as it also follows a similar structure as P(C,t). Also it has been shown that
the order property of a, is captured by the KL-divergence [11]. Therefore, if system P
approaches steady state faster according to KL-divergence, then by the above argument
we should find a similar relaxation behavior when total energy is the distance measure
and the phase diagrams should be identical. But this is not what we find in this chapter.
This discrepancy is due to the fact that what is cold and what is hot may not be the same
for the two distance measures (see Fig. 5.6(a) and 5.6(d) for an example, where the higher
energy state corresponds to one with a lower distance in terms of KL divergence and
vice versa), thus giving contradictory results for the Mpemba effect. Since it is difficult to
come up with an observable f(C,t) that has the same characteristics as KL-divergence, we
generalized the total variation distance Y. |P(C,t) — P;(C)| (which also follows a similar
structure as P(C,t)) to the distances £; and £, used in this chapter, based on the mean

energies.

The ambiguity of characterising the Mpemba effect in granular systems is in contrast
to the unique identification of the Mpemba effect for the case of single particle Markov
systems, irrespective of the choice of distance measure. This is due to the existence of a

common criteria across all the measures which is given in terms of the coefficient a; [11]
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associated with the second eigenfunction in the eigenspectrum analysis of probability
distribution function. However, it is very challenging to calculate a; for an interacting
many particle system like the granular system considered in this chapter. The natural
choices are observables like kinetic energy, rather than probability distributions, which are
easier to track both in experiments and calculations. However, these choices for distance
measures may not necessarily decrease monotonically with time, a requirement that was
put forward in Ref. [11]. Based on the results in this chapter, the characterization of the

Mpemba effect with such ad-hoc distance measures should be done with caution.
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Chapter 6

Mpemba effect in a Langevin system:

Exact results and other properties

6.1 Introduction

The different physical systems that have been studied reveal different causes behind the
Mpemba effect. However, in the analytically tractable models with only a few states,
the description of the Mpemba effect has been in terms of the ruggedness of the energy
landscape [11, 4]. In particular, the presence of a metastable minimum in the free energy
traps a system at lower energy more effectively than one at higher temperature, resulting
in a faster relaxation of the hotter system. In this chapter, we study the role of the energy
landscape in inducing the Mpemba like behaviour in the relaxation dynamics of a single

particle Langevin system through an exact analysis.

Kumar and Bechhoefer [4] demonstrated experimentally the Mpemba effect for a single
Brownian particle diffusing in a double well quartic potential with linear slopes near the
boundaries of the domain. It was shown that the key to the observation of the Mpemba

effect is the asymmetric shape of the external potential, which was realized by introducing
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different widths for the left and the right domains of the potential. As the asymmetry in
the domain widths increases, even a stronger version of the Mpemba effect is found where
the relaxation is exponentially faster for a hotter system. This was the first experimental
proof of the strong Mpemba effect, which was theoretically predicted in Ref. [6]. More
recently, the condition for the strong Mpemba effect was derived for the Brownian parti-
cle in the overdamped limit [91]. However, other possibilities of inducing the Mpemba
effect through asymmetries in terms of different depths of the potential wells without
changing the domain widths were not explored. Thus, it is not clear about what sort of
asymmetry in the potential configuration is necessary or sufficient to induce the Mpemba
effect. Moreover, it is not well understood whether a double well potential is necessary
to realize the Mpemba effect in Langevin systems. Recently for a piecewise constant po-
tential where the minima of the potentials have neutral equilibrium, it was shown that the

Mpemba effect can be observed, questioning the need for a metastable state [13].

These issues are best addressed through an exactly solvable model. Motivated by the ex-
periment on the Mpemba effect by Kumar and Bechhoefer [4], we consider a Brownian
particle trapped in a double well potential, but in an external potential that is piece-wise
linear, making it analytically tractable. In this chapter, we solve for the time evolution
of the probability density using the method of eigenspectrum decomposition of the corre-
sponding Fokker-Planck equation [92]. The potential can be made asymmetric in several
different ways: (a) different widths for the left and right domains of the potential as dis-
cussed in the experiment by Kumar and Bechhoefer [4], (b) same domain widths but
asymmetric placement of the potential minima, (c) different depths of the potential wells,
and (d) for different heights for the left, center and right edge of the potential. We investi-
gate the presence of the Mpemba effect for the above scenarios. In addition, we show that
asymmetry of domain widths is not a necessary condition for the existence of the Mpemba
effect. Also, we show that asymmetry in the potential is not a sufficient condition for the
Mpemba effect. Finally, we show through an example that the presence of a metastable

state is not a necessary condition for the effect. The content of this chapter is published
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in Ref. [93].

6.2 Model system and general formalism

We consider a particle in an asymmetric double well potential U(x) in a thermal envi-
ronment characterized by noise 17 and damping y. The mean and variance of the noise

are

(n(t)) =0 and (n(r)n(t")) = 2ykpT;8(t —1'), (6.1)

where T}, is the temperature of the thermal bath and kp is the Boltzmann’s constant. We
consider the overdamped case where the damping ¥ is large compared to the mass of the

particle. The motion is then described by the following overdamped Langevin equation:

dx dU
T4 ) 2
ydt dx n() 6.2)

We define the following dimensionless variables: x = (2n/L)%, T =T /T, U = U / (kgT})
and t = (47%kpT,/yL?)i. Note that L is the characteristic length of the model. For a sym-
metric potential domain extending from —L/2 to L/2 about the origin, the dimensionless
variable x € (—m, ). The corresponding Fokker-Planck equation for the probability dis-

tribution function p(x,7) in the dimensionless variables reads [92, 94]

dp 0 [dU ] 9%p 6.3)

ot oxlax P17 ox

In here, we will solve p(x,t) analytically for the given configuration of the potential. To
this end, it will be first useful to review the formalism of eigenspectrum decomposition for

solving the Fokker-Planck equation (6.3) in the presence of a generic confining potential.
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6.2.1 Eigenspectrum decomposition

We follow closely the formalism described in Ref. [92]. We start by rewriting Eq. (6.3) in

the form of the continuity equation

dp o [dU ] d’p aJ 6.4)

o " oxlax?lTaw T T ox
from where the probability current density is given by

J(x)=— [CCIZ_Z + %]p = —e_U(x)i [eU(x)p} , (6.5)

corresponding to the Fokker-Planck operator

Lrp = i(i—g) +aa—xzz.

" (6.6)

The stationary solution of the Fokker-Planck Eq. (6.4) for the probability density is given

by the Boltzmann distribution at temperature 7;, = 1 (in the dimensionless variable)

—U(x)
g Y

m(x,T,=1) = (6.7)

where 2 = [ ¢~U@Wdx is the partition function. Note that the Fokker-Planck operator
in Eq. (6.6) is not self-adjoint. A simple transformation leads to its self-adjoint form .#

where

L=e?2 Lrpe 2 =——V(x), (6.8)

and

(6.9)
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is now the effective potential. Thus the original problem is now reduced to analyzing the

following eigenvalue problem

LYy = by, (6.10)

where v, are the eigenfunctions of the self-adjoint Fokker-Planck operator . corre-
sponding to the eigenvalue A,,. We denote the eigenvectors of the Fokker-Planck operator

Zrp by ¢,(x) having the same eigenvalues A, and are related to y,(x) as

Ya(x) =e 2 Gu(x). (6.11)

The eigenvalues A, follow the order: A; =0 > A, > A3..., where A; = 0 corresponds to

the stationary distribution for a bath temperature, 7. The first eigenvector corresponding
to A; = 01is given by y;(x) = e V02 /) /2 (T,).

Given the initial probability condition p(x’,0), the probability distribution function p(x,?)
can be obtained as

px,t) = /W()c,t|x/,0)p(x',O)d)c'7 (6.12)

where the transition probability or the propagator W (x,¢|x’,0) of the Fokker-Planck equa-

tion can be written in terms of the eigenfunctions and eigenvalues (see [92, 94])

— e Y ity (1) (). 6.13)

Substituting the transition probability into Eq. (6.12), one finds

U(

plat) = [axe” S E ety )y ()l 0). (6.14)
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Since A; = 0, we can write Eq. (6.14) for the probability density as

_U —U(x)
Mn\t
p('x7 ) gTb—l +nz>:2ane n ( )
where
v,
an:/dxp(x,O)e Ty, (x). (6.16)

At large times, since A, > A3, to leading order, we obtain

~U(x) _
‘ Fae 2 y(e el s 1 (6.17)

The equation above is central to further analysis of the relaxation properties for the particle

in the potential U (x).

6.2.2 Shape of the potential

The form of the potential well is crucial to the observation of the Mpemba effect as was
demonstrated in the experiment [4]. In there, U(x) is considered to be a double well
quartic potential with linear slopes near its boundaries or domain walls. Furthermore, the
potential is confined in an asymmetric domain and it was shown that the asymmetry in

the widths of the left and right domains about the origin can lead to the Mpemba effect

[4].

Likewise, we consider a double well potential which is piece-wise linear. In contrast to
the quartic double well potential, this problem is exactly solvable as will be evident below.
The boundaries of the well are situated at (—xyin, Xmax). The potential in Fig. 6.1 can be

quantified in the following way
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Xmin  —%%min () PXnax Xmax

X >

Figure 6.1: Schematic diagram of the piecewise linear double well potential. The bound-
aries of the potential are situated at —x,,;, and X,,,,. The two minima of the double well
potential are located at —Qxy;, and Bxpqy, where o, B € (0,1). The parameters ki, k»,
k3 and k4 refer to the various slopes. AU depicts the difference in the depths of the two
wells.

—kix, —Xmin < X < —OXpijn
U(x) = (6.18)
—k3x + a(ky + k2)Xmin, 0 <x < Pximax

where ki, ko, k3 and k4 are slope constants that play a crucial role in designating the

potential various shapes and the two constants &, 8 € (0,1).
The asymmetry in the shape of the potential can be introduced through various parame-
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ters such as different domain widths (changing x,,;; and x,,,,) about the origin, different
positions of the two wells (changing o and 3) about the origin or due to the different
depths (AU) of the potential wells. Thus, out of the many parameters in the model of the
potential, only the five parameters X;,ix, Xmax, &, B and AU are independent. The various
possibilities of asymmetry in terms of the five independent parameters will be explored in
Sec. 6.5. More importantly, it turns out that the different heights of the two wells is a key
factor to the observation of the Mpemba effect in contrast to the result shown in Ref. [4].
This potential set-up provides an amenable physical interpretation for underlying cause

in such systems as will be discussed and illustrated in Sec. 6.4.

6.2.3 Jump conditions

The potential in Eq. (6.18) is not differentiable at x = — txyin, 0 and Bxyqy, and diverges
at the boundaries x = —Xx,;i, and x = x;,,4,. Let x_ and x; denote the points just to the left
and right of boundary of a linear segment. For the choice of potential U(xy) = U(x_)
while U’(x;) # U’(x_). Across a boundary, both the probability currents are equal, i.e.,

J(xg,t) =J(x_,1), as well as the probabilities are equal. Thus, from Eq. (6.5), we obtain

d
U pl ) - PP
—U/(X ) _&p<x*7t)
_)p(x_,1) B (6.19)
p(xy,t) = p(x_,1). (6.20)

The jump conditions in Egs. (6.19) and (6.20) are satisfied by each of the eigenfunctions,

and hence from Eq. (6.14), we have

U' (x4 ) Wa(x) /

Ynles) + —— 5 =yl )+ (6:21)

Wn(x4) = Wa(x-). (6.22)
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At the boundaries, the potential diverges. This implies that the probability current must

vanish and it leads to the following condition in terms of the eigenfunctions

U'(x)
2

v (x) + Y (x) =0, at x = —Xpin, Xmax- (6.23)

The jump conditions [Egs. (6.22), (6.21) and (6.23)] are utilized to solve the eigenspec-

trum of the Fokker-Planck operator . [see Eq. (6.10)] as discussed in the next section.

6.2.4 Eigenspectrum analysis

We need to solve the following eigenvalue problem for the Fokker-Planck operator

LY = |l i, (6.24)

where v, are the eigenfunctions of the self-adjoint Fokker-Planck operator .2 [see
Eq. (6.8)] corresponding to the eigenvalue A,. We solve separately in each of the four
domains of the potential U(x), characterized by slopes ki, k», k3 and k4. This will lead
to eight constants of integration which will be determined by the jump conditions at the

boundaries of the regions, leading to a transcendental equation for the eigenvalue.

(a) Region I: —xin < x < — X — Here, U’(x) = —kj. Then, Eq. (6.24) takes the form:

d2 1 k2
I (=i =0, (6.25)
which has the solution
l//,ll (x) = A, sin(my,x) + B, cos(my,x), (6.26)
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where A,,, B, are constants and

(6.27)

The solutions for the eigenfunctions in the other regimes are similar, but with different

constants. We list them below.

(b) Region II: —0txyin < x <0 —
vl (x) = C, sin(mapx) + Dy cos(mox),
where

2
_ kZ
my, = n -

(¢) Region I1I: 0 < x < Bxpgx —
111

v, (x) = E,sin(ms,x) + F, cos(m3z,x),

where

(d) Region IV: Bxpax < X < Xpax —

vl (x) = G, sin(myux) + Hy, cos(myx),

where

2
_ k4
myy = n— . -
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(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)



We now determine the different constants using the matching and boundary conditions.

(e) Boundary condition at x,,,,: Since there is an infinite jump in potential at x = X4y,

the boundary condition in terms of eigenfunctions y, is given by

Uzlt(xmaX> v

1V 5 vl

v, (xmax) + (xmax) =0.

Substituting for y!” from Eq. (6.32), we obtain

G, = — V4an,
y K cos(manXmax) — Man SIN(ManXmax)
4dn = ; .
%4 Sln(m4nxmax) + myay Cos<m4nxmax)
Thus,
%

v, (x) = H, [cos(mapx) — Vay sin(ma,x)] .

(6.34)

(6.35)

(6.36)

(6.37)

(f) Boundary condition at —x,,;,: Since there is an infinite jump in potential at x =

—Xmin, the boundary condition in terms of eigenfunctions y;, is given by

U/(_xmin) I

Y (—5min) + =52 Y (—min) = 0. (6.38)
Substituting for y! from Eq. (6.26), we obtain
Ap = VinBn, (639)
ki cos(m in) — sin ;
Vi, = kzl ‘ ( lnxmm) mip (mlnxmm). (6.40)
2 Sln(mlnxmin) +myy, Cos(mlnxmin)
Thus,
vl (x) = B, [cos(manx) + Vi, sin(ma,x)] . (6.41)
g) Matching condition at x = —ox,,,;,,: Here, we use the jump conditions obtained from
Matchi diti t H he jump conditi btained f

158



the continuity of the probability current[see Egs. (6.21) and (6.22)], at x = —&Xin. On

simplification, we obtain

— Cpy Sin(my Qxppin ) + Dy O8(m2 0Xyin ) = Bylcos(my xpmin) — Vip sin(my Qxpin)]. (6.42)

ky . . k
C, [mz cos(my Axpin ) — 32 sin(my ocxmi,,)} + D, [mz sin(mp Qxppin) + 32 cos(mp Axpin)

Vlnkl

k .
—B, [(mlvl,, _ 31) COS (11 0min) + (1 + ) sin(m; chm,-n)] . (6.43)

The coefficients C,, and D,, are solved using Egs. (6.42) and (6.43) in terms of B,, and the

expressions are given by

B .
Cu 22’;11 [ — ((kl +ky — 2m1V1n) COS(sztxmin> +2my s1n(m2axm,-n)> COS(ml Ome,'n)
2

+ (((lq +k2) Vin +2my ) cos(mp 0xpin) + 2m2v1nsin(m2axm,-n)> sin(m axm,-n)] ,

(6.44)

B, .
D, :2_7712 COS(WZQOmein) [( —2myVi, + (2m1 + (kl + kZ)VIn) tan(mZaXmin)> Sln(ml axmi")
+ (2m2 — (k] +ky —2my Vln) tan(mzaxm,-n)> COS(ml chmin)} . (6.45)

(h) Matching condition at x =0: Similar to above, using the jump conditions

Egs. (6.21) and (6.22) at x = 0, we obtain

ky +k

E, = M 2t (6.46)
ms 2ms3

F, = D, (6.47)

(2) Matching condition at x = fx,,,,: Using the jump conditions Egs. (6.21) and (6.22)
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at x = Bxuqy, We obtain

my .
C— sin(m3 Bxmax)
ms3

kr +k
+ Dy ( 2115 sin(m3 Bxmax) + Cos(m3ﬁxmax)> (6.48)
2ms3
— Hn |:Cos(m4ﬁxmax) — V4 Sin(l’l’l4meax)] ’

and

kymy .
C, [mz cos(m3Bxmax) — gm_j sm(mgﬁxmax)]

+D,, [% cos(m3 Bxmax)
— <m3 + %ﬁ:ﬁ) sin(mgﬁxmax)] (6.49)

=H, [(k—; — v4nm4> oS (m4 B Xmax)

Vank. .
_ ( 43 4 —|—m4> sm(m;;ﬁxmax)} .

The coefficients C,, and D,, are solved in terms of H, using Egs. (6.48) and (6.49) and the
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expressions are given by

co_ —8m%Hn
" ma[k — K+ 8m + (k3 — k3) cos (253 Bxmar)]
k ko (ky + k3 .
X [[32 cos(m3Bxmax) — (m3 + (éng,)) sm(mgﬁxmax)]
cos(m4Bxmax) — Van sin(m4[3xmax)]
rl ko +k
-3 cos(m3Bxmax) + 24—’;3 3 sin(m3ﬁxmax)}
(ka — 2m4Van) cOS(maBxmar) — (2ma + Vanks) sin(m4[3xmax)]] , (6.50)
4dmsH,
D, = X

k3 — k3 4 8m3 + (k3 — k3) cos(2m3 Bxmax)

2m3 08 (3 BXmax) [cos(m4meax) vy sin(mmxmax)}

+ SiIl(m;;ﬁme) [(2m4 + (k3 + k4)V4n) sin(nuﬁxmax) — (k3 + kg — 2m4v4,,) Cos(m4[5xmax) .

(6.51)

Now, we consider the ratios of Egs. (6.44), (6.45), (6.50) and (6.51) that form a transcen-
dental equation to solve for the eigenvalues A,,. Thus, solving for the eigenvalues A, in

turn helps to find the constants A, B,, C,,, Dy, E;,, F;,, and H,,.

6.3 Distance function and the Mpemba effect

How to quantify the Mpemba effect as an anomalous relaxation phenomena? To see this,
let us consider two systems: first one P, initially equilibrated at temperature 7, and second
one @, initially equilibrated at temperature 7. where 7;, > T.. These initial equilibrium
distributions are denoted by 7(7},) and 7(7,) respectively. Now imagine that both P and
Q are quenched at once to a common bath temperature, 73, where 7;, > T, > Tj,. Even-

tually, both of them will equilibrate to the common distribution 7(7},) given long enough
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time. The Mpemba effect is said to exist if P equilibrates faster than Q during the tran-

sient/relaxation process.

To quantify this relaxation process, let us now define the distance from equilibrium func-
tion, D[p(t),n(T,)] which measures the instantaneous distance of a distribution p(x,?)
from the final equilibrium Boltzmann distribution, (7). It has been argued (see [11, 4])
that the Mpemba effect is independent of D[p(z),n(T})] provided that the distance mea-
sure obeys the following properties: (a) If 7j, > T, > T, then the distance from equilibrium
function should follow the order D[n(T},),n(1,)] > D[n(T.),n(T})], (b) D[p(t),n(T})]
should be a monotonically non-increasing function of time, and (c) D[p(t), 7(7})] should

be a convex function of p(x,1).

Notably, there are many well-adapted measures that exist in the literature namely the
entropic distance, L; or norm distance and the Kullback-Leibler (KL) divergence [11, 4,
14]. Thus, as a working definition, if one has D[7(7},), n(T},)] > D[n(T.),n(T})] initially
for T;, > T. followed by D[p"(t),n(T;)] < D[p(t), n(T;)] at a later time, we will state that

the Mpemba effect exists.

In the rest of the chapter, we will use the L; or norm measure for the distance from

equilibrium function. More precisely, this is defined as
Dlp(t),n(T,)] = Li(t /dx|p x,t) — m(x, Tp)|- (6.52)
Now substituting the form of p(x,#) from Eq. (6.17) into the above equation, we find
Dp(t = Y Jane 2y (x) eIl (6.53)

n>2

The condition for the Mpemba effect, as mentioned above, now boils down to

lax(T.)| = |a§| > |ab| = |ax(T5)| - (6.54)
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The condition demands that |a,(7')| should have a non-monotonic behavior with the in-
crease in temperature. Note that the coefficient a, is calculated using Eq. (6.16) and is a
function only of the initial temperature and the bath temperature. Also, ay(T) is zero at

the final temperature 7' = T}, since the eigenvectors are orthonormal.

6.4 Modulation of the potential and population — connec-

tion to the experiments

Following the colloidal experiment by Kumar and Bechhoefer, we learnt that the asym-
metry in the shape of the double well potential plays an important role to the Mpemba
effect. In particular, it was shown that there is no such effect if the asymmetry in the
width of the left and right domains of the potential vanishes [4]. In this section, we aim

to revisit these limits from our model system by suitably changing the potential barrier.

To this end, let us turn our attention to Figs. 6.2(a) and 6.2(c) which show two different
configurations for the potential barrier. The modulation of the potential barrier leads to a
rearrangement in the population of the Brownian particle between the two wells for the

two different temperatures as shown in Fig. 6.2(b) and 6.2(d).

In Fig. 6.2(a), we consider a configuration of a potential with a considerable potential bar-
rier between the two minima. The corresponding population distribution of the Brownian
particle for the temperatures 7}, T. and Ty, i.e., for the hot, cold and the bath temperatures
respectively is shown in Fig. 6.2(b). The initially colder system is more populated in the
lowest well compared to the initially hotter system. However, there is also a considerable
amount of population distributed in the metastable state for the colder system, which is
not the case for the initially hotter system whose population distribution is nearly uniform
i.e., it can not really ‘see’ the metastable state. As a result, post quenching, the popula-

tion distribution of the colder system takes a significant amount of time to rearrange and
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Figure 6.2: Modulation of the potential and its effect on the population distribution of the
Brownian particle in the two wells. Panel (a) and (c) corresponds to different configura-
tions of the potential well. The parameters of the potential in (a) are chosen to be o = 0.3,
B =0.3, Xpin =T, Xpax =T, k1 =2, kp =5, ks =6and kg =7 and in (c) a = 0.5, = 0.3,
|Xmin| = T, Xppax = T, ki = 0.1, kp = 0.1, k3 = 0.1 and k4 = 0.9. Panels (b) and (d) depict
the population distribution corresponding to the external potentials in (a) and (c) respec-
tively for the initial temperatures 7, (red), 7 (blue) and final temperature 7; (black) with
T, > 1. > Tp.
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eventually relax to the lowest energy well from the metastable state. On the other hand,
the initially hotter system ends with a higher population in the lowest well due to its fast
relaxation. This feature grants an advantage to the initially hotter system over the colder

one, and the Mpemba effect is observed.

Next, we consider the potential shown in Fig. 6.2(c), where the potential barrier between
the two minima is almost diminishing thus creating a flat barrier between the wells. In
this case, the population distribution at the bath temperature, 7, which corresponds to the
final equilibrium state, is almost equally populated between the two wells. Moreover, not
much difference can be seen in the population distribution of the initially hot and the cold
system. In other words, the ‘hindrance’ due to the metastable state in the relaxation to the
equilibrium state is absent. Owing to this, the relaxation process is similar for the both
initially hot and the cold system. The initially colder system (having distribution closer to
the final equilibrium state) relaxes faster compared to the initially hot system and hence,

no Mpemba like effect is observed.

The above physical scenarios naturally set the stage to make the connection with the
experiment [4]. In particular, the asymmetry in the widths of the left and right domains of
the confined potential in the experiment plays an analogous role to a finite barrier height
between the wells in our model set-up. As we have shown that this configuration leads to
the Mpemba effect similar to the asymmetric domain for the left and the right well of the

potential in the experiment.

On the other hand, the symmetric double well potential configuration in the experiment
with equal widths for the left and right domains is analogous to our second case with
almost a flat barrier between the two wells of the potential [see Figs. 6.2(c) and (d)]. It
is because the symmetric potential configuration has the population of the particle al-
most similarly distributed between the two wells of the potential for any temperatures
eliminating the effect of the presence of any metastable state. As a result, the relaxation

dynamics from an initial equilibrium distribution to the final equilibrium are similar for
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any temperature, and the initially cold system having an initial temperature closer to the
final equilibrium state relaxes faster. Hence, no Mpemba effect can be seen. These two
possible configurations thus draw physical similarities between the experiment and our

system.

6.5 Mpemba effect in double well potential

In this section, we showcase several key configurations of the double well potential that
can lead to the Mpemba effect. These results are analyzed based on the generic criterion
for the Mpemba effect as described in Sec. 6.3. The methodology we use is as follows.
Given a configuration of the potential, we solve the eigenvalue Eq. (6.24) to find the
eigenspectrum. Once this is known, we can immediately compute the time dependent
solution for the probability distribution using Eq. (6.15). This allows us to understand the
relaxation process by looking at the slowest eigenvalue. Next, we analyze the Mpemba
condition namely |a5| > |a%| (see Sec. 6.3). Specifically, this condition is scanned thor-
oughly to identify the set of initial temperatures for which |a,(7)| has a non-monotonic
behavior with temperature 7' so that the above-mentioned inequality is satisfied. We pro-
vide phase diagrams spanning in the parameter space of AU (will be discussed in the later
part) and temperature ratio to underpin the desired regimes for the Mpemba effect. We

make an attempt to provide physical reasoning behind all the possible cases.

It is now understood from the discussion in Sec. 6.4 that a fully symmetric potential
configuration does not lead to the Mpemba effect. In what follows, we first consider
an asymmetric potential configuration. This includes equal widths for the left and right
domains and equal heights at the left, center, and right edges of the potential. The only
asymmetry is in the form of different depths between the two potential wells. We show
in Sec. 6.5.1 that the mere presence of asymmetry in the potential configuration is not

a sufficient condition to induce the Mpemba effect. To explore further, we take other
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configurations that have restricted asymmetries.

This is done by keeping different heights at the left, center, and right edge of the poten-
tial. We carefully analyze these different configurations and explore the possibility of the
Mpemba effect. The following configurations are of our interest: (a) equal domain widths
(Xmax = Xmin) as discussed in Sec. 6.5.2, and (b) unequal domain widths (Xpqx 7 Xmin)
as discussed in Sec. 6.5.3. For both cases (a) and (b), we explore the different possible
configurations by varying the depths of the potential wells (AU) and also for different

positions of the wells characterised by a and f3.

6.5.1 Asymmetry is not a sufficient criterion

We start by showing that the asymmetry is not a sufficient condition for the existence of
the Mpemba effect. As an example, we consider the case where the asymmetry is only in
terms of different depths of the potential wells while keeping everything else symmetric,
as shown in Fig. 6.3(a). The heights of the left, centre and right edges of the potential
well are equal. Moreover, the potential minima are also situated symmetrically about the
origin and at the centre of their respective domains. For this case, there is no Mpemba
effect since |a(7T')| increases monotonically with T [see Fig. 6.3(b)]. As discussed in
Sec. 6.4, the absence of the Mpemba effect can be explained based on the similar nature
of the initial population distribution of the hot and the cold system for a particular choice
of Tj, and T, respectively, as shown in the inset of Fig. 6.3(b), leading to similar relaxations

for both the systems.

Hence, one would anticipate that additional asymmetries might be required in the po-
tential configuration to induce the Mpemba effect. However, we find that as long as the
potential heights at the left, center, and right edges are equal, there is no Mpemba effect.
In what follows, further asymmetric configurations are explored by considering the cases

of equal and unequal domain widths and also varying the depths between the two wells
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Figure 6.3: Illustration of the absence of the Mpemba effect in an asymmetric double
well potential indicating that asymmetry is not sufficient. (a) Asymmetric shape of the
potential with different depths for the left and right wells while keeping all the other
parameters of the potential symmetric about the origin. The potential heights at its left,
center and right edges are equal and so are the positions of the two wells about the origin.
The shape of the potential corresponds to the choice of the parameters X,,qx = Xpin = 7,
o= f=0.5,k =k, =0.32 and k3 = k4 = 0.57. (b) Monotonic evolution of |ay(T')| with
T showing the absence of the Mpemba effect. Inset: Initial population distribution of the
confined Brownian particle for the chosen temperatures 7;, = 50 (red) and 7, = 10 (blue)
showing almost similarly distributed populations across the potential landscape. The final
equilibrium distribution (black) corresponds to bath temperature 7;, = 1.
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of the potential while satisfying the necessary condition that the heights at the left, center,

and right edges of the potential are different.

6.5.2 Equal domain widths

We first examine the configurations of the potential with equal widths for the left and
right domains. The boundaries of the well are situated at x,,;;, = X, With the position
of the two wells equidistant from the origin at x = —0txy;, and x = Bxpee With o = B.
The various asymmetries in the configuration of the potential are introduced through the
choice of the slopes ki, k>, k3 and k4 for the different domains of the confined potential.

The shape of the potential with a specific choice of parameters is shown in Fig. 6.4(a).

The existence of the Mpemba effect for this particular configuration of the potential is
evident from the non-monotonic behavior of the coefficient |a(7)| with T as shown in
Fig. 6.4(b). The existence of the Mpemba effect for this configuration of the potential is
also qualitatively evident in terms of the population distribution of the particle as shown
in the inset of Fig. 6.4(a) for 7, = 1000 and T, = 7 which satisfy the criteria for the
Mpemba effect. The population distribution of the initially cold system is localised at the
intermediate potential well, thus experiencing a metastable state which leads to its slower
relaxation towards the final equilibrium. On the other hand, the initially hot system has
uniform distribution across the potential landscape and undergoes faster relaxation to the

final equilibrium distribution.

We next explore the phase space that shows the Mpemba effect, for this form of potential
configuration in terms of various asymmetries. It is done by varying the depths between
the two wells of the potential landscape AU [see Fig. 6.4(a)] as a function of the tem-
perature of the initially hot system 7, while keeping the temperature of the initially cold
system fixed at 7. = 4. Changing the depths of the two wells is equivalent to making

choices for different possibilities of the slopes ki, kp, k3, and k4. Figures 6.5(a) and (b)
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Figure 6.4: Illustration of the Mpemba effect in a confined double well potential with
equal domain widths. (a) Shape of the potential with equal domain widths (3 units) about
the origin. The asymmetry in the potential configuration is introduced through the choice
of different slopes in separate domains. The configuration of the potential is determined
by the choice of the parameters: Xux = Xmin =%, ¢ =B =0.1,k;y =2,k =5, k3 =6
and k4 = 7. Inset: Initial population distribution of the confined Brownian particle for the
chosen temperatures 7j, = 1000 (red) and 7, = 7 (blue) such that |a§| < |a§|. This shows
a significant population distribution for 7. around the metastable state compared to that
(which is almost flat) of 7;,. The final equilibrium distribution (black) corresponds to bath
temperature 7, = 1. (b) Non-monotonic evolution of |ay(T')| with T clearly indicates the
presence of the Mpemba effect in this set-up.
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Figure 6.5: AU-T), phase diagram illustrating the region of the Mpemba effect in the
case of double well potential with equal domain widths. The phase diagram is obtained
by varying the depth of the right well of the potential while keeping the depth of its
left well fixed and by changing the temperature ratio. The phase space is partitioned
into two domains: one where the Mpemba effect is present corresponding to the criteria
|| < |a5], and other complementary region. The phase diagrams correspond to different
choices of the position of the potential wells which are symmetric about the origin and
are determined by: (a) x = =0.1, (b) x = =0.5.

illustrate the phase diagrams of the possible asymmetries in the potential configuration
leading to the Mpemba effect, in the AU-Tj, plane for two different choices of positions

for the potential minima although symmetrically placed about the origin.

6.5.3 Unequal domain widths

We now consider the potential configurations with unequal domain widths and explore

the phase space of various possible asymmetries that might demonstrate the Mpemba
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effect. This is motivated from Ref. [4] where potential with unequal domain widths was

considered in order to study the Mpemba effect.

The unequal domain widths of the potential configuration correspond to the positions of
its boundaries situated at x,,;, and x,,,, respectively with the magnitudes X,ux 7# Xmin.
The positions of the left and the right wells are situated at x = — 0y, and x = By
respectively from the origin with o = . For the simplicity of our analysis, the magnitude
of the slopes ki, kz, k3, and k4 are kept equal for different domains. Thus, the only
asymmetry in the potential is introduced through the choice of different domain widths of
the confined potential, and one such configuration with a particular choice of parameters

is shown in Fig. 6.6(a).

The non-monotonic behavior of the coefficient |ay(7)| with T as shown in Fig. 6.6(b)
illustrates the existence of the Mpemba effect for this configuration of the potential. We
consider one such pair of temperatures 7j, = 50 and 7. = 10 for the hot and cold systems
respectively that satisfy the criteria |a5| > |a%| and study the nature of the population
distribution of the particle for the particular case as shown in the inset of Fig. 6.6(a). Here
too, the cold system exhibits localisation of its population distribution in the local minima

leading to slower relaxation towards the final equilibrium compared to the hot system.

We now explore the phase space of possible asymmetries that leads to the Mpemba effect,
for this form of potential configuration. Here, the asymmetries are introduced in terms
of the choices of different slopes and different widths for the left and right domains. We
explore the phase space by varying the depths between the two wells of the potential
landscape AU [see Fig 6.6(a)] as a function of the temperature of the initially hot system
T}, while keeping the temperature of the initially cold system fixed at 7;. = 4. Note that the
variation of the two well depths is equivalent to making different choices for the slopes
of the potential. We perform this exercise for two different choices of widths for the right
domain respectively keeping the width of the left domain fixed as illustrated in Figs. 6.7

(a) and (b) respectively. As mentioned earlier, the phase diagrams allow us to provide a
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Figure 6.6: Illustration of the Mpemba effect in a confined double well potential with
unequal domain widths while keeping every other parameters symmetric about the origin.
(a) Shape of the potential with unequal domain widths (x;4x # Xmin) about the origin.
The various slopes of the potential are kept equal. The configuration of the potential is
determined by the choice of the parameters: X, = T, Xpuax = 1.57, &« = B = 0.1 and
ki = ky = k3 = kg = 7. Inset: Initial population distribution of the confined Brownian
particle for the chosen temperatures 7, = 50 (red) and 7. = 10 (blue) such that |a§| <
|a5|. This shows a significant population distribution around the metastable state for 7.
compared to the same for 7;,. The final equilibrium distribution (black) corresponds to
the bath temperature 7, = 1. (b) Non-monotonic evolution of |a,(7 )| with T confirms the
presence of the Mpemba effect in this set-up.
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Figure 6.7: AU-Tj, phase diagram illustrating the region of the Mpemba effect for the case
of double well potential with unequal domain widths. The phase diagram is constructed
in the similar manner as in Fig. (6.5). The phase diagrams in the left- and right- panel
correspond to different choices of the widths for the right domain of the potential : (a)
Xmax = 1.2, (b) Xpmax = 1.57 keeping the width of its left domain fixed at x,,;, = 7. The
position of the two wells are determined by the parameters o = 8 = 0.1 for both the cases.

comprehensive picture in terms of the parameters that are pertinent to the Mpemba effect.

6.6 Mpemba effect without a metastable minimum

In this section, we show that the presence of metastable states is not necessary for the
existence of the Mpemba effect. We demonstrate this by configuring the potential with
no metastable state. In a recent study, the Mpemba effect was shown for a piece-wise
constant potential where the local stability of double well potential is replaced by neutral

stability [13]. Likewise, we construct potential configurations with no metastable states
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and yet demonstrate the possibility of observing the Mpemba effect. In short, such an
analysis would rationalize the claim that neither metastability nor neutral stability are

necessary for the Mpemba effect.

Let us consider the single well potential with two linear slopes at the edges and with fixed
magnitude in between x = —Xyin 10 X = Bxpax (see Fig. 6.8), where X, and X, are
the boundaries where the potential goes to infinity. We find that the minimal criterion to
observe the Mpemba effect in this configuration is to introduce an asymmetry in the form

of different heights for the left and right edge of the potential landscape with oc = 8 < 1.

One such configuration of the potential is shown in Fig. 6.8(a). The existence of the
Mpemba effect for this configuration is illustrated through the non-monotonic behavior
of the coefficient |a(T')| with temperature T — see Fig. 6.8(b). We consider one such pair
of temperatures 7;, = 48 and 7, = 6 for the initially hot and cold systems respectively that
satisfy the criteria |a5| > |a/| and study the nature of the population distribution of the

Brownian particle for the particular case as shown in Fig. 6.8(c).

In the case of the double well potential configuration, the presence of a metastable state
plays an important role in the existence of the Mpemba effect. Clearly, in this case, there is
no delay in the redistribution of the populations to the final equilibrium distribution start-
ing from two different temperatures due to the absence of any metastable state. However,
the existence of the Mpemba effect for this configuration shows that there is a trade-off
between the initial population density and kinetic energy of the particle in the redistribu-
tion process to the final equilibrium as evident from the population statistics near the edge

of the potential landscape [see Fig. 6.8(c)].

Although the initially hot system has more population of the particles near the edge of
the potential to redistribute than the same of the initially cold system, the higher kinetic
energy of the hot system dominates during the relaxation process for the given configu-
ration of the potential landscape, leading to a faster relaxation of the hot system than the

cold one and hence the Mpemba effect is observed.
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However, keeping the same configuration of the potential landscape and same tempera-
tures for the initial hot and the cold system, we find that the anomalous relaxation disap-
pears as the depth of the potential minimum is decreased as is illustrated in Fig. 6.8(d)
and (e). It is evident from the monotonically increasing nature of the coefficient |a,(T)|
with temperature, T [see Fig. 6.8(e)] that there is no Mpemba effect in this case. The
population distribution of the particle for this configuration of the potential is shown in
Fig. 6.8(f). A qualitative argument can be given based on the trade-off between the initial
population density and kinetic energy of the particles present at the edges of the potential
landscape. The presence of a smaller population for the initially cold system at the edges
(which would eventually redistribute to the potential minimum) dominates in the relax-
ation process to the final equilibrium. Naturally, one would expect that the initially cold
system will approach the final equilibrium faster than the initially hot system discarding

the possibility of a Mpemba effect.

Finally, we explore the phase space of the single well potential landscape with the temper-
ature ratio. We vary the minimum or the depth of the potential landscape AU measured
with respect to the potential height at the left edge [see Figs. 6.8(a) and (d)] as a function
of the temperature of the initially hot system 7, while keeping the temperature of the ini-
tially cold system fixed at 7. = 4. Figure 6.9 illustrates the phase diagram in the AU-T},

plane for a fixed choice of the heights for the left and right edge of the potential.

6.7 Illustration of the Mpemba effect in terms of distance

measures

In this section, we illustrate that the existence of the Mpemba effect is indifferent to
the choice of distance measures. We consider the case of the equal domain widths (see
Sec. 6.5.2) with the parameters of the potential as in Fig. 6.4 where the Mpemba effect

is shown to exist in terms of the criteria of |a;| for a wide range of initial temperatures.
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Figure 6.8: Illustration of the Mpemba effect in a confined single well potential with no
metastable state. (a) Shape of the single well potential is determined by the choice of
the parameters: Xyqx = Xpin = T, & =B =0.5, kp = k3 =0, k; = 3.18 and k4 = 5.73.
(b) Non-monotonic evolution of |ay(T')| with T showing the presence of the Mpemba ef-
fect. (c) Initial population distribution of the confined Brownian particle for the chosen
temperatures 7, = 48 (red) and T, = 6 (blue). Here, \aél] < |a§| which shows a signifi-
cant difference in the population density at the minimum of the potential well. The final
equilibrium distribution (black) corresponds to bath temperature 7;, = 1. The Mpemba
effect disappears for the above configuration of the potential if the depth of the potential
well is decreased as shown in (d). The modified potential configuration corresponds to a
change in the slopes to k; = 0.38 and k4 = 2.93 while keeping the other parameters same
as in the earlier case. (¢) Monotonic evolution of |ay(T)| with T shows the absence of
the Mpemba effect for the modified configuration. (f) Initial population distribution of
the confined Brownian particle for the same pair of temperatures 7, = 48 (red) and 7, = 6
(blue) show nearly similar population distribution at the minimum of the potential well.
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Figure 6.9: AU-T), phase diagram illustrating the region of the Mpemba effect for the
case of a single well potential. The phase diagram is obtained as before by varying the
depth of the potential minimum & the temperature ratio. Here, there are two distinct
regions and the criterion |a| < |a5| marks the one where the Mpemba is observed. Here,
T. = 4 as before and the other parameters determining the configuration of the potential
are: o = 3 =0.5.

Here in Fig. 6.10, we illustrate the existence of the Mpemba effect in terms of two differ-
ent measures, namely the norm, Ly = [ dx|p(x,t) — m(x,T})| and Kullback-Leibler diver-

gence, KL(t) = [dxp(x,t)In (p(x,t)/7(x,T,)) for the same choice of the parameters and

show that the effect is independent of the choice of the distance measures.

6.8 Conclusion

In summary, we have theoretically studied the Mpemba effect in a system of an over-
damped particle trapped in an external potential motivated by a similar experimental set-
up [4]. The potential is generically piece-wise linear but double-welled, and moreover
we can maneuver it to give various shapes. One can exactly solve this model analytically
to obtain the eigenspectrum decomposition of the corresponding Fokker-Planck equation.
This allows us to provide a comprehensive study of the Mpemba effect spanning a wide

panorama of physical scenarios.

As noted earlier in [4] and in other works that symmetric potentials are not expected to
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Figure 6.10: Illustration of the Mpemba effect in terms of the distance measures: the
norm measure (L) in left panel (a) and Kullback-Leibler (KL) divergence measure in
right panel (b). The configuration of the potential is the same as in Fig. 6.4 where it is
determined by the choice of the parameters: X,x = Xpmin =T, & =B =0.1,k; =2, k, =5,
k3 = 6 and k4 = 7. The temperatures of the initially hot and the cold systems are 7, = 100
and 7. = 8 respectively. Both the plots confirm the existence of the Mpemba effect.

exhibit the Mpemba effect. For symmetric potentials, a, is exactly zero and higher order
coefficients become important. By explicit calculation, absence of the Mpemba effect
was noted in piece-wise constant potential as well as the pure harmonic potential [13].
We expect the same to hold for symmetric piece-wise linear potentials. For the class
of symmetric potentials that we explored, we did not find any exceptions. Asymmetry
was introduced in the experiment in Ref. [4] through different domain widths for the two
minima. We also demonstrate the existence of the Mpemba effect when the two widths are
unequal. Through counterexamples, we also show that unequal domain widths are neither
a necessary nor a sufficient condition for the Mpemba effect to be present. We also show
that the Mpemba effect can be realized for equal domain widths but for other asymmetries
in the potential. In particular, we find that the Mpemba effect is easily realizable when the
heights of the potential at the left, center and right edges are different. This is a notable

feature of our work.

Concluding, the Mpemba effect in Langevin systems is usually depicted in terms of the
ruggedness in the energy landscape where the particles diffuse. The relaxation of the
colder system to the lowest energy state is usually hindered by the presence of metastable

states while the hotter system does not experience (i.e., can overlook) the metastable states
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due to its higher energy and thus can relax to the lowest energy state faster than the colder
system. In this chapter, we revisit this physical picture for a variety of different cases.
Generically it is understood that the larger energy barrier leads to a significant amount of
population concentration at the intermediate energy well (or the metastable state) for the
initially colder system as compared to the initially hotter system. This leads to the con-
sensus that metastability might be necessary for the Mpemba effect. We benchmark this
rationale within our exactly solvable model. However and in stark contrast, we also show
that metastable states are not necessary for Mpemba effect by demonstrating the effect
in a potential with no metastable states, questioning the current qualitative understand-
ing. This result also improves on the result in Ref. [13], where for piece-wise constant
potentials, metastability was replaced by neutral stability. Taken together these new ob-
servations, we believe that our work offers a significant aid to the current understanding of
the Mpemba effect in Langevin systems. Finally, it is within our understanding that there
is a subtle interplay between the initial population (manifesting the energy landscape) and
the hopping frequency for particle rearrangement (which crucially depends on the tem-
perature), however a rigorous quantification is yet to be made. This is a key aspect that
requires further investigations. Our recent study with single well potential is an attempt
in that direction where we analyse the detailed phase diagram in terms of the asymmetries

of the potential configurations that show the Mpemba effect [95].
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Chapter 7

Conclusions

In this thesis, we have studied an anomalous relaxation phenomenon known as the
Mpemba effect wherein an initial state of a system placed at a further distance from
a reference state in phase space relaxes faster compared to another similar initial state
placed at a closer distance from the reference state. We have studied the existence of the
Mpemba effect in both single particle and many particle systems. While the system of
driven granular gases is chosen as an example for the many particle setup, a Langevin
system of single Brownian particle diffusing in a potential landscape is chosen for the

single particle setup.

In Chapter 2, we have studied the nature of the initial conditions required for the existence
of the Mpemba effect in the system of isotropically driven granular gases through an exact
analysis. We find that while non-stationary initial conditions are necessary to realise the
Mpemba like anomalous behaviour in the relaxation dynamics of mono-dispersed gran-
ular gases, it can be realised for steady state initial conditions in bi-dispersed granular
gases provided both the species of the bi-dispersed gas are driven with different driving
strengths. However, the existence of the Mpemba effect in isotropically driven granu-
lar gases are far from experimental realisation as either the initial states from where the

quench is done involves a non-stationary state or it involves a complicated way of driving
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the system (in bi-dispersed gases).

But in Chapters 3 and 4, we showed that the existence of the Mpemba effect is possible
starting from steady state initial conditions by considering anisotropically driven granular
gases. We did the analysis for both exactly solvable simple model of granular gas as well
as validated our results in a more realistic model through theoretical studies and molecular
dynamics simulations. We showed that anisotropy in the velocity distribution of mono-
dispersed granular gases is the key to the observation of the Mpemba effect starting from

initial steady states.

In the study of Mpemba effect in driven granular gases, mean kinetic energy is used as the
measure to describe the distance of an initial steady state from the final reference state.
However, the definition to define the closeness of an initial state from the final reference
state in terms of mean kinetic energy seems ad-hoc as it is not known apriori whether it
correctly predicts the distance between the states. As a result, we studied the Mpemba
effect in terms of four different measures in Chapter 5. We illustrated the existence of the
Mpemba effect using the various choices of the distance measures. However, it is found
that the phase diagrams for the different measures are not the same with the presence
or absence of the Mpemba effect for a particular phase space point depending on the
measure, resulting in a non-unique definition of the Mpemba effect. Moreover, the notion
of ‘hot’ and ‘cold’ initial states is different for the different choices of distance measures

from the final steady state.

In Chapter 6, we studied the existence of the Mpemba effect in a Langevin system con-
sisting of a single Brownian particle connected to a heat bath and diffusing in the presence
of an external potential. Here, we studied the role of external potential in inducing the
Mpemba like anomalous behaviour in the relaxation dynamics and is motivated from the
experimental study in Ref. [4] where it was shown that asymmetry in the shape of the
potential is the key to the observation of the Mpemba effect. We presented our results

for exactly solvable models of external potential. We showed that while asymmetry in
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the shape of the external potential is needed to realize the Mpemba effect, it is not the
sufficient condition. We have studied the existence of the Mpemba effect in the presence
of both double well and single well external potential. We showed that the presence of
higher barrier between the two wells of the double well potential landscape induces the
Mpemba effect due to the presence of the metastable state in the local minima of the land-
scape. However, we found that the presence of metastable state is not the minimal criteria
for inducing the Mpemba like relaxations in Langevin systems as we also showed that the
effect exists even for the case of potential without metastable state. Thus, the fact that
the Mpemba effect exists even in the case of single well potential landscape draws inter-
ests to look beyond the concept of metastable state and to look for the minimal criteria
that induces the Mpemba effect in Langevin systems for the better understanding of the

counterintuitive phenomena.
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Appendix A

Derivation of the Boltzmann equation

Let us first derive the Boltzmann equation in two dimensions by considering only the
collision part and then we will consider the contribution from the driving. We will follow
closely the derivation as described in Ref. [74] for three dimensions. Consider the number
of particles f(x,v,t) at position (x,x; +dx) of phase space having velocity in the
interval (vy,v] +dwv). In time interval Ar, these particles collide with another particles
leading to different velocities and hence results in the loss of particles from the considered
phase space region. Such events contributes to the loss term. To obtain the number of such
collisions, we consider the collision or the scattering of particles having velocity v; with
particles of velocity v,. These particles move with the relative velocity v, and obey the
momentum conserving collision rules given by Eq. (1.1). The number of such scatterers
is given by f(vy,t)dv,dx;. In the time interval Az, these scatterers form an area in phase

space as shown in Fig. A.1. The area of the section is given by
dA = 6d6|v;.e|Ar, (A.1)

where o is the radius of the disc shaped particles and 0 is the angle of collision measured
with respect to the normal vector e. The number of particles having velocity v; that

undergoes scattering is given by f(v;,f)dvidA. Hence, the total number of collisions
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Figure A.1: Schematic diagram for the collision between two hard discs.

that occur with particles of velocity v; in the interval Ar and leads to a loss of particles

from the considered phase space region is given by

N = f('v1,t)dvldAf(vz,t)dvzdml,
(A.2)

= Gd6|v12.e|f('v1,t)f(vz,t)dmd'vzdw]At.

On the other hand, we can have other collisions where particles having velocities v{ and
vé’ collide and results in the velocities v; and v,. Such collisions lead to an increase in
the number of particles in the previously considered phase space and hence contributes to

the gain term of the Boltzmann equation. The change of velocities after the collision is

given by
" 147, » A
V1= - — (v),.€)é,
" 1+r " (A3)
vy = v, + > (v,.€)é
It can be rewritten in the form
" 14+r AN\ A~
v =v- (v12.€)é€,
" 1+r (A4)
vy, =2+ > (’l)lz.é)é.
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From the similar argument as before, we can write for the total number of collisions in

the interval Ar that leads to a gain of particles in the considered phase space region as

Ny = f(v],0)dvdAf (vy,1)dvyda,
(AS5)
= 0dO|vy.e|f(v;,t)f(vy,t)dv dv,da) At.

. . .. "o, X
For our convenience, we write the velocities vl,'vz in terms of V1,2 accordmg to

Eq. (A.4) and the Jacobian of the transformation is given by
" " 1
dvdv, = ;d'vldvz, (A.6)

and the transformation of the normal components of the relative velocities can be obtained

using Eq. (A.3) as
"o 1 N
lvj,.€| = ;|vlz.e\. (A7)
With these transformations, we can write .4 as

1 n "
Ny = —0dB|vi.e|f(v),1) f(vy,1)dvdvrda At (A.8)
T

The total number of collisions that lead to the gain or the loss of particles in the considered
phase space is obtained finally by integrating over all possible scatterer’s velocities v, and
for all possible angle of collisions 8. Note that only those events in the integrations make
an impact where v1;.e < 0 and 'v/l/z.e < 0. Thus, the net increase in the number of particles

in time At in the considered phase space region dxdv; is given by

Afd’l)]dil)] = /d'v2/d9®(—v12.e)(,/V+—JV), (A.9)
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where @(y) is the Heaviside step function and is defined as
O(y) = (A.10)

Substituting for Ny and N_ from Eqgs. (A.8) and (A.2) and taking the limit At — 0, we

obtain the Boltzmann equation for the collision terms

a " "
Ef(vl,t) =0 [dvy [dOO(—vz.€)|viz.€] rl—zf(’vl,t)f('vz,t) — f(v,1) f(va,1)].
(A.11)

Similar to the collision terms, the driving also leads to a loss and a gain in the number of
particles in the considered phase space. A single particle is chosen at random and is driven
at a constant rate A,. If the chosen particle already has the velocity v; in the considered
phase space then it contributes to the loss term in the Boltzmann equation. On the other
hand, if the velocity of the chosen particle is different than v; (say, v}) then it can lead to
v after driving has occurred according to Eq. (1.2). The net contribution from such term
is obtained by integrating over all possible velocities v} and all possible noise realisations
7 that can lead to velocity v;. Hence, after incorporating the loss and the gain terms due

to driving, the Boltzmann equation takes the form

%f(vlat) =0 [dvy [dO®(—viz.e)|vize| | 5 f(vy, 1) f(v3,1) — f(v1,1)f(v2,1)

—Aaf(vi,t) +Aq [ [dndvio(n)f(v],1)0[—ri+n—vi]. (A.12)

Here, the third and the fourth terms are the loss and the gain term due to driving as de-
scribed above. Note that while counting the number of collisions between the scatterers
and the scattered particles that lead to the gain or loss in the number of particles in the
desired phase space region, we considered the individual product of their velocity dis-

tribution functions f(vy,t)f(vy,t) or f (v/l/,t) f (vg,t). However, the rigorous way to do
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the counting is by considering a joint distribution f>(vy,v;,t) for the scatterers and the
scattered particles as there may be correlations between two particles. The assumption
that allows us to write the joint distribution function as the product of single particle dis-
tribution function is called the molecular chaos hypothesis. The assumption is fairly valid

for low densities of the particles.

Even in the spatially homogeneous case, correlations occur due to excluded volume ef-
fects when possible colliders are screened by other particles. An approximation for the

finite volume effect was suggested by Enskog in the form

Fo(vi,v2) = x(0) f(v1)f(v2), (A.13)
where x (o) is the Enskog factor. For hard discs in two dimensions, x (o) is given by
1 —(1)N
x(0)=—161 (A.14)
=iy
where 7 is the packing fraction of the particles given by
1 2

n(o) = Zno‘ n. (A.15)

With the above correction for the Enskog factor, Eq. (A.12) becomes

%f(vl,t) =x(0)o [dvy [dOO(—viz.e)[viz.e] [r%f(v'{,t)f(v;t) _f(Vlat)f(V27t)]

—Aaf (v1,1) +Aa [ [dndvig(n)f(v),1)8[—rwoi+n—vi], (A.16)

and is called as the Enskog-Boltzmann equation.
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Appendix B

Motivations for the choice of driving

The contribution from the driving terms in the Enskog-Boltzmann equation is of particular
interest for the system of driven granular gases. There are certain motivations for the
chosen form of driving as given in Eq. (1.2). First is that the system reaches a steady
state for r,, # —1. It is because if r,, = —1, then the driving is equivalent to the diffusive
driving, dv/dt = n, in which case the total energy diverges with time and therefore there
is no steady state [59, 60]. This model of dissipative driving [Eq. (1.2)] can be thought of
as particles colliding with a vibrating wall. In that case, the velocity of a particle v after
the collision with the wall is given by: v' — V| = —r,,(v —V,), where r,, is the coefficient
of restitution between the wall and the particle and V;, being the wall velocity. Since the
velocity of the wall remains unchanged during a collision, we have V,, = V. Therefore,
we can write v/ = —r,v + (1 +r,)V,,. We assume that the velocity of the wall in each
collision is like an uncorrelated random noise. Hence, we can write v/ = —r,,v + 7). The
physical values for r,, lie in [0, 1], where zero denotes completely inelastic wall collisions
and one denotes elastic wall collisions. However, as a mathematical model for driving, it

is valid for the range r,, € (—1,1].

Moreover, the driving terms in the Enskog-Boltzmann equation can be related to the

Fokker-Planck diffusive terms in the limit of small noise 17 and r,, = 1. In order to analyse
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the small noise limit, we consider the driving terms separately for r,, =1 as

I = —Aaf(v1,1) +ld//dndv’lq)(n)f(v’l,t)é'[—v’l +n—w]. (B.1)

Integrating over v/, we obtain

Ip=~2af(wr.0)+ 2 | [ ano(m)f(or—n.0) (B.2)

For the small noise 77, we Taylor expand the integrand about |7| = 0, and integrating over

7, we obtain

2
Ip= Mvzﬂvw.... (B.3)

For the small noise |n|, we can neglect its higher moments which leads to Fokker-Planck
diffusive term in the Enskog-Boltzmann equation. The previous studies based on the
kinetic theory [73] incorporates a phenomenological Fokker-Planck diffusive term in the
Enskog-Boltzmann equation which has its origin from v’ = v + 7). However. as discussed
earlier, it does not lead to a steady state as in that case mean square velocity, <v>2 o< t.
In contrast, the present model of driving as given in Eq. (1.2) provides a microscopic
model of driving and allows us to realise the diffusive driving with the system reaching

the steady state.
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Appendix C

Velocity distribution of driven granular

gases

Here, we briefly discuss an outline and important results on the analysis of the velocity
distribution function of driven granular gases. The knowledge about the form of the ve-
locity distribution function for the system of driven granular gas will be important for the

later chapters as well.

The equilibrium velocity distribution of an ideal gas where the particles undergo elastic
collisions is a Maxwell distribution. However, there is a change in the energy in the
system of driven granular gas due to the interplay of dissipation and gain of energy in the
system. As a result, the velocity distribution function must be a function of time. The
time dependence in the velocity distribution is accounted for by the time dependence in
the mean energy. If we assume that the inter-particle collisions are only slightly inelastic,
1.e., r ~ 1 then it is fair to consider that the velocity distribution function is close to the
Maxwell distribution. Hence, the analysis is done by expanding the velocity distribution

function around the Maxwellian as,

f(v,1) = D)1 + i apSy,(v)], (C.1)
p=1
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where {S,(v?)} are the Sonine polynomials, a, are their corresponding coefficients and

d(v,1) is the Maxwell distribution defined as

mn my
2T (t)

B(v,1) = I (C2)

Here, T'(¢) is called the granular temperature and is related to the second moment of

velocity distribution in two dimensions as

T(1) = % / dvmv?f(v,1). (C.3)

Note that Sonine polynomials {S,(v?)} form a complete set and the expansion is valid
if the distribution is close to Maxwellian and the summation of higher order terms in the
Sonine polynomials must converge. The orthogonality of the Sonine polynomials is given
by

/ dv®(v)S,(v*)S,(v*) = %%/, (C.4)
where 6, is the Kronecker delta. In order to the obtain the solution f(w,t) for the
Enskog-Boltzmann equation, one needs to compute the Sonine coefficients a,. However,
it needs altogether a separate discussion. The recent developments in theoretical, numer-
ical and experimental studies can be found in the Refs. [60, 59] and the references there
in. Here, we briefly discuss the known results for the velocity distribution function which

might be useful for our later studies.

The classic result [73] for the form of the steady state velocity distribution function of a

driven granular gas is a stretched exponential of the form
f(v) ~ Aexp(—bv*/?), (C.5)
where A and b are constants. The result is based on the addition of a phenomenological
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Fokker-Planck diffusive term and the perturbative expansion of the velocity distribution
function about the Maxwellian. A more exact analysis [60, 59] without the consideration
of perturbative expansion of the velocity distribution function and based on the calcula-
tion of higher moments while incorporating a microscopic model of driving shows two

universal regimes for the tail of the distribution function

f(v) ~exp(—bv*(Inv)?), forr, <1, (C.6)

whereas

y—1

f(v) ~exp(—=byv(lnv) 7), forr,=1. (C.7)

Here, b1 and b, are the constant pre-factors of the distribution, 7 is an exponent depending
on the details of the noise distribution and 7y is the exponent of the noise distribution whose

asymptotic form is characterised by

() ~ exp(—cln|?). (C8)

There are numerous experimental setups to investigate the tail of the velocity distribution
function but with less success. If the tail of the velocity distribution function is charac-
terised by an exponent 8 as f(v) ~ exp(—bv?) then the experimental findings predict the
exponent ranging from f = 1 to B = 2. Similar is the case with numerical simulations
as well. The result is ambiguous due to the poor sampling of tails in experiments and
simulations. However, specific numerical algorithms that can sample the tails of distribu-
tions with good accuracy can provide better information about the low probability tails.
Our findings [96] implementing sophisticated algorithms to sample the rare events corre-
sponding to the low probability tails of driven granular systems confirms the exact results

about the two universal regimes of the distribution function as predicted in Refs. [60].
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